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Abstract

In this paper we overcome a lacks of Black-Scholes model, i. e. the infinite
propagation velocity, the infinitely large asset prices etc. The proposed model
is based on the telegraph process with jumps. The option price formula is
derived.
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1. Basic model

We consider the continuous-time model with one risky asset (a share with
price S; at time ¢) and a riskless asset (with price B; = € at time t). We
suppose the stock price S; follows the equation

dS; = Si—(adt + cd( Xy — mt)). (1.1)

Here
t

X, = /(—1)Nsds (1.2)
0
is the so-called telegraph process driven by a Poisson process N = Ny, t >0
(with parameter A > 0), 7, is some pure jump process. We suppose the
process S;, t > 0 to be right-continuous.
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It is well known that the telegraph process X posesses inertia and thus if
1n; = 0, the model has the arbitrage opportunities. The respective arbitrage
strategy (at least for a, ¢ > 0, r = 0) can be described as follows. Let 7" > 0
be a fixed time horizon. For arbirary A, B, Sy < A < B < Spe®97T one
can buy the risky asset at the time ¢; = min{t € [0, T] : S; = A} and, then
sell it at time to = min{t > ¢;, t < T : S, = A or S; = B}. Note that
t; coincides with the turn of trend with zero probability. If Sy, = A, then
we have no losses. Thus this strategy creates the positive capital with the
positive probability IP{S;, = B}.

Hereafter we consider the process 7; of the following form

me=gy (1- (-1 (13)

It makes the process X; — 1, t > 0 to be a martingale (with respect to the
driving Poisson process N = N;).

Remark 1.1. In the model (1.1) the jumps’ values are +5. If the jumps’
values |An,,| # 5, the model (1.1) does not have martingale measures (see
the proof of Lemma 1.1 below).

Remark 1.2. [t is well known (see e. g. [2], [3]), that the process cXy, t €
[0, T] converges to vwy, t € [0, T] as ¢, A — oo, 2/\ — v?. Clearly, n
defined by (1.3) a. s. converges to 0. Thus in such rescaling the model (1.1)
converges to Black-Scholes model.

Equation (1.1) can be rewritten in the form

ds, = 5, ((a Y cop)dt + 23@) , (1.4)

where 0; = (—1)M. The solution of (1.4) has the form of stochastic expo-
nential

C
St = 575 <at + CXt + 2>\O't>

= Spexp <at +cX; + ;}\at> g (1 + ;\A%) e~ A0s

= Spexp(at + ¢X;)kg, (1.5)



where Ao, denotes the jump value of ¢ at time s and

(1 — /A%, Ny =2n
KS = , n=0,1 2 ...

(1—=c/A)"(1—c/N), Ny=2n+1
We assume the following restrictions on the parameters:
Ir —al| <|c, (1.6)

le] < A (1.7)
If (1.6) fails, the model has the arbitrage opportunities. Assumption (1.7)
guarantees the stock price S; to be positive.

As the process N is the unique source of randomness, there is only one
equivalent martingale measure. We are looking for the respective martingale
in the form M; = u(Xy —m), 0 <t < T (cf. [1], Chapter 1.3). Denote
Zy = &E(M).

Lemma 1.1. The process (Z:B; ' S;)io is the martingale (with respect to the
original measure P) if and only if

p=——"=. (1.8)

Proof. First notice that Z,B; 'S, = Spe & (M;)E (at + c(X; —n;)). By
the Yor’s rule it equals to

Soe_rtgt(\l/>,

where
U=V, =at+c(X;—mn) + M +cp Z(Ans)?

s<t

To finish the proof it is sufficient to make ¥; — rt to be a martingale.
This is plain that

U, —rt=(a—r)t+ (c+ pu)( Xy —m) + %Nt.

Thus Z,B; 'S, is the martingale iff y fits the equation

C
—_— —:O
a T+>\ ,



which completes the proof. 0O
The density of martingale measure P* is

_ 4By

7, =
7]

= &(M) = exp(uXe)ky,

where p is defined in (1.8) and, so

(1—(a—r7)*/c*)", N, =2n
{;‘ Con=0,1,2 ...
(1—(a—7)?/A)"(1—(a—7)/c), Ny=2n+1

2. Pricing and hedging options

Fix time horizon T" and consider a trading strategy II; = (¢, 1¢)o<i<7, Where
© represents the amount of the risky asset held over time and v is the same
for the bond. We suppose the processes ¢ and v to be adapted with the
driving Poisson process. To take the jumps in account we will constrain the
processes ¢ and ¥ to be left-continuous.

The value at time ¢ of the strategy II; is given by V; = ¢;S; + e, 0 <
t < T and the strategy is self-financing if

d‘/t = gptdSt -+ ¢tdBt = gotSt(adt + CdXt) + wtrertdt

between the jump times, and at the jump time 7; the value V; jumps by
AVr = @rASy = $07,07 57,
The condition of self-financing can be written now as

t t N,
Vi=Vo+ /cpsSs(ads + cdX;) + /@/}Sre”ds + ; Z 707,57, (2.1)
0 0 J=1

Consider the function

F(t, z, o) =TE (e*T(T*t)f (xea(Tft)JrcaXT,tﬁ%git))

_ e_r(T_t)IE <€MUXT_'5I€%U_tf (xea(T—t)-i-chT—t%%U_t)) , (22)

0<t<T, —0o<x<o00, 0==1,



where IE* denotes the expectation with respect to the equivalent martingale
measure P* defined in section 1. We decompose F' into two parts, i. e.
F =F,_+F_, where F'; and F_ respect to the even and odd number of turns
at time T — t of the telegraph particle.

Denoting by p, = p,(y, t) the probability densities of the telegraph par-
ticle, which commences n turns at time ¢, we can rewrite F as follows:

F.(t, z, o) i — 1 /A"
[ e (s = B o T -y, (23)
F ot z o) i) 12/02)7(1 — o))
[ e (e 21— 063 (T — Oy, (2.

such that F(t, z, o) = F,(t, x, o)+ F_(¢t, z, o).

Theorem 2.1. Let X = f(Sr) be the non-negative claim, which is square-
integrable under the probability P*. Then there exists the replicating left-
continuous in t strateqy Iy = (@1, ¥i)o<i<r, where

1
P o = oINS, {(A = po) (FL (8, Sty 00) — Fiu (8, 5:(1 = o/ A), 01))
O 1) (P (£, S0y 00) — P (£, Sy(1 + cou/A), o))} (2.5)
2 OF_ g
+1—;wt//\ Oz (t: Sy 01)

between jumps and

F(rj, Sy, 07) — F(15—, Sr,, 0r,)

T, 57,/ A ’

Pr; =

Yo = e (Vi — 0Sh).
The strategy value V; s

Vo= (e 7T f(Sr) | ) = F(t, S, o).



By the definitions it is easy to prove the following assertion.

Lemma 2.1. Let ¢, 0 <t < T be an adapted, left-continuous process and
let Vo € R . There exists a unique process Y,0 < t < T such that the pair
I, = (o, ), 0 <t <T defines the self-financing strategy with initial value
Vo. The value of this strategy at time t is given by

t t o c N
V;:‘/Q—FT/V;CZS—FC/QOSSSO‘S (1_MAS>dS+>\Z(ijUTjSTj_'
0 0 J=1

Proof. Inserting in the self-financing condition (2.1) 15 = e™"*(V; — sS;)
one can see, that

t t N,
Vi :Vo+7“/V5ds—|—/<psSs (a—r—iros)ds%—;Z%jUTjSTj,.
0 0 j=1

To finish the proof of the lemma it is sufficient to note that by (1.8) a—r+co =

co(1-5), oc==x1. O

Further, let us notice, that, as usual,
V=T (e "I f(Sr) | F)

By (1.5)
‘/t — E* (e—r(T—t)f<SoeaT+cXT li%) | -7:t)

T
- <6_T(T_t)f(5t€a(T_t)+cft O-Sdsﬁ%/’ig) | ft) - F<t7 Sta Ut)a
where F is defined by (2.2).

Lemma 2.2. LetV,, 0 <t < T be the value of strategy with the initial value
Vo =IE (e f(S7)) = F(0, Sy, +1). Then

¢
¢
V, = %+T/\/;ds+/ (A —pos) (Fy(s,Ss,05) — Fi(s,95(1 — cos /M), 05)) ds
0
0

+ /Ot@ 4 103) (F_(s, 54,04 — F_(5,8,(1 + cos/\), 0,)) ds

Ny
—i-QC/aSSS&a];_(S, Ss,04)ds + Z (F(Tj, Sr,0r) — F(1;—,5:,_, JT],,)) .
0 j=1



Proof. First notice that between the jumps
[ OF [ OF
V,=Vo+ / (5. S0 0)ds + / S (5.800)S 0+ co)ds. (26)
0 0

Then by Appendix the densities p,, resolve the equations (3.3)-(3.4).
To detalize (2.6) we use (2.3)-(2.4) and (3.3)-(3.4). After some simplifi-

cation we have between jumps

OF OF
E(Lx?(j) - (T—i_ )\)F(t,LZ',O') o ax%(mxu(j)
OF, 3
—CO'I'%(t,QZ,O') +C0x%(t,x,0'>

AN+ op/NF_(t,x(1 +co/N),0) + (1 —ou/N)Fi(t,z(1 —co/N),0))
—po(Fi(t,x,0) — F_(t,z,0)).

Combining this with representation (2.6) we complete the proof of the lemma.
O

To finish the the proof of (2.5) it is sufficient to compare the results of
Lemma 2.1 and Lemma 2.2. O

To demonstrate that ¢ is left-continuous we need in the following lemma.

Lemma 2.3. Let7;, j =1, 2, ... be the jump times and F. are defined by
(2.3)-(2.4). Then

O~ 2uor,_ F_(1j—,S7,_,07,_)
F—i—(Tja STj7o-Tj) = F+(7_j_a ST]-— <1 - \ > ’ Tj_)_ A 1j_ ILLO-T]'—/A

OF_
_2c07, 5y T (=55, 07, )

A 1 —po /X

14 por, /A
1= o /A

(2.7)

F,(Tj, STj7UTj) F*(TJ'_7STJ'* (1 + COTj_) 70‘7]'*)' (28)

A

Proof. First notice that by (1.5)

O =~y Sy =5, (1 - CT;‘) . (2.9)
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Then, by the exact formulas (3.7)-(3.8) (see Appendix) one can see that

2 Opan+1
p2n(_x> t) p2n($ t) + )\ aLC ('Ta t)a

Pant1(—2, t) = pansa(, ). (2.11)

Applying (2.9)-(2.11) to the definitions (2.3)-(2.4) of F and integrating
by parts (if it is necessary) one can obtain the lemma. O

By Lemma 2.3 it is easy to check the left-continuity of ¢;. Indeed, apply-
ing (2.7) and (2.8) to the representation (2.5) we obtain

(2.10)

1

R T v va {O = por, ) (Fi (7=, Sy 00,) = Fi(7, 85y, 00,))
2uor,_ F_(1;—,Sr,_,0.,_) N 2c0,, S, — a;;‘ (75—, Sr,—, 0x, ))
A L —po-_ /A A 1 — por_ /A
+(A + por,-) (F_(Tj—, SriyOr-) — WF_(T]-, Sx, mj.))}
- Mf, P s Smsm)

F<Tja STja UTj) _F(Tj_7 STj-? UTj—)

- O'TjSTj—C//\ | —

Theorem 2.1 is proved.

Now we consider the standard call option with the maturity time 7" and
with the strike K. Hereafter we suppose that K < SpellctaT,

The strategy value V; can be obtain conditioning with respect to the
number of jumps

Vi =F(t, S, oy) th . (2.12)

Here
VO = glumA=n)T=) ( S,elcotta)(T—) _ K)+,
T—t .
‘/;(2") = (25)"(z3)" / pon(x, T — t)eTtH" (Stea(T t)+c"t$z"zi K) dx,
—(T—t)



Vt(2n+1) _ (Zi)nJrl(Zi)n / Dot (x, T—t)e (Stea(T*t)JrCUtxzﬁ“zﬁ — K)erx.

—(T-t)
Here
r—a r—a
z c ) Z+ c )
and c c
_=1—-= =1+ —.
z % Z4 —I—)\

notice that 27, 2" — 0, as n — 0o0. Therefore the sum (2.12) contains only

the finite number of summonds: Vt(%) = 0 for n > ny and Vt(%H) = 0 for
n > ny, where

nozmax{n:n<

lns—(c+a)(T—t)}

In(z1z-)

{ In & —(c—i—a)(T—t)}
ny =maxin:n < e )
In(zy2_)

The non-zero terms have the following form:
for n < nyg

—t
f pon(x, T — t)eTth® (S e(T—) +C‘”$znzi K) dz, cop > 0

2n *\N [ % \N
Ve = (z2)" ()" N ’
[ pon(x, T —t)eth® (S edT—Oteorzyn n K) dx, cop <0
—(T-1)

T—t
[ ponyr(z, T —t)e”H® (Ste“(T*tHc"“zﬁHzﬁ — K) dx, cop >0
Un
V(2n+1) = (2 ntl( g,

o = Gyl
[ pongi(z, T —t)eotH® (Ste“(T_tHc"”zE“zﬁ — K) dz, coy <0
(1)

Here we denote

In& —a(T —t) —nln(z_z
Tn = Tn(So, K, T, t) = —2 ( ) ( +)’
CO¢




In 2 —a(T —t) —nln(z_z
Un :yn<SO, K, T, t) _ Siz_ ( ) ( +).

CO¢

Notice that under the above assumptions —(7' —t) < z,,, y, < T — t.
Densities p,, are obtained in Appendix.

3. Diffusion-telegraph model

Now we consider two independent processes: the standard Brownian motion
w = (wy)i>p and the Poisson process N = (N;);>¢ with parameter A > 0.
Consider the model of the market with the two risky assets S* and S?, which
are defined by the following equations:

dS; = S (d'dt + o'dw, + ¢d(X, —m)), Sp>0, i=1,2
As before we are looking for the martingale M = (M;):>o in the form
M; = vw; + p( Xy — ).

Lemma 3.1. Let Z, = &(M). If A = 0'c® — o%c' # 0, then Z,B; 'S}, i =

1, 2 are the martingales if and only if

2

(r—a')c* — (r —a?)ct

= 3.1
1% A ) ( )
(r—a')o? — (r —a?)o!
= -\ 3.2
p A (3.2)
Proof. Asin Lemma 1.1 Z,B;'S! = Sie "&,(¥?), where
Uy =a't+ o'wy + ¢ ( Xy — ) + vwy + w( Xy — ) +vo't + %Nt, i=1, 2.

Thus ,
pc
A
Therefore Wi — rt,1 = 1,2 are the martingales, if and only if v and pu fit the

system

Ul —rt = (a' + vo' +

— )t + martingale.

ai—i—ucri—i—%—r:(), 1=1, 2,

10



which leeds to (3.1) and (3.2). The lemma is proved.
The martingale measure P* has the density

V2t
- (X - m)) [1(1 = pAn,)erar

s<t

dP*
7, =
T ap

=&(M) = exp (th —

2

It is clear that the process w; = w; — vt is the Brownian motion w.r.t.
equivalent martingale measure P*.

The price of the option with the claim f = (S} — K)T can be calculated
as follows.

Notice that

vt "
=exp | vwy — — + pu(Xe —ne) | KL

~1¢1 1 1 1 ()T ct
B Sy =Syexp|a T+ o wr — 5 +c (Xp —nr) —rT | k%
and
1 1 1 1 1 4. et
cwr+(a —r)T'=cwp+ovl+(a —r)T =0 wy )\T.
Therefore

1 1\2
Bjjlsjlw = Sé exp (alw; —+ Cl(XT — T]T) — (Iu; —+ (02> ) T) /ﬂ%.

Using the independence of the processes w* and N with respect to P* we
obtain

er =T (Bilsh — Ke ')

1 1,2 +
1 _ _ pe 1 1,% _(0)°T _
= IE" <Séec Xr=nr) =BT e eo =2 — Ke TT)

oo
—\T
=€ Z Ona
n=0

where (), are defined below. Conditioning on the number of jumps we have

'T
Co=e'T . cB5 (Sé exp {clT - MC)\}) :

11



T

)2k 2\ k AT PN
C?k = ((2k))' <1 — /;2> / el‘zcgs (S{% exp {Clﬁl} — ’u/\ <1 — ()\2) > }) d:U,
-T
B (AT)2k+1 B 12 ’f( - M)
ot = (2k + 1)! =% U3

T 1 12\ k 1
© BS puctT (ch) c
. /e“ cr (S& exp {clx Y (1 ~ ) <1 — A) }) dx.

-T

Here c£°(s) denotes the price of the standard Black-Scholes call option
with the initial asset price s (and with the maturity time 7', the volatility
ol, the strike K and the interest rate r).

That is in this model the option price of the claim f = (S} — K)* takes
the form of the mixture of the Black-Scholes prices.

Appendix. Telegraph process and its distribu-
tions

Let X = X, t > 0 be a telegraph process defined by (1.2). We denote by
pn(z, t), n > 0 the generalized probabilty densities of the current position
of telegraph process which has n turns, i. e. for any measurable set A

P(X(t) € A, N, =n) :/pn(:p, t)da.
A

First notice that the functions p,(z, t), n > 2 form the solution of the
following equations:

ap?n aan
= —Apan + APan_1, 3.3
5 T oy Pan + APan_1 (3.3)
ODon+1 ODon+1
ot or P2 Pon+1 ( )
and then
Ppn  Ppn

Opn, 9
= — > 9.
ot? Ox? 2 Ot FA (P2 = pn)y M 22

12



After the change of variables ¢, = ep,, we have

¢ Pqn

Ot2 - o2 + )‘Qan% n 2. (35)

These equations should be supplied with zero initial conditions.
To describe the first two density functions p,, n = 0, 1 note that

po(x, t) = e M5(z —t).

Further, notice that the conditional distribution of X (¢) under the condition
N, =1 is the uniform on [—¢, ¢]. Thus

1 A
pi(x, t) = )\te_’\tz—tﬁ(tz —1%) = 56_)‘t9(t2 — 7).

Respectively
A
qo = 6(z — 1), G = 59(t2 —z?).

Equations (3.5) are equivalent to

)\2 t :I)+(t—8) !
wo ) =% [ds [ asly, pay=| 220"
alo, )= / o [ st van= | TN
22 t—wite s —y § 4+
= / / Qs ( 5 y D y > ds'dy’. (3.6)
0 0
Repeatedly applying (3.6) one can obtain
>\2n (t + LL’) (t2 _ I2)n—1 ) )
= oy ) nzl (3.7)
and A2+ (42 _ 2
n 2 — n
( z) 0(t* — 2*), n>0. (3.8)

P2n+1 = 22nt1  (pl)2

13
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