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Abstract

In this paper we revisit the mild-solution approach to second-order semi-linear PDEs of Hamilton-Jacobi type in
infinite-dimensional spaces. We show that a well-known result on existence of mild solutions in Hilbert spaces can
be easily extended to non-autonomous Hamilton-Jacobi equations in Banach spaces. The main tool is the regu-
larizing property of Ornstein-Uhlenbeck transition evolution operators for stochastic Cauchy problems in Banach
spaces with time-dependent coefficients.
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1. Introduction

Let E be a real Banach space and let 7 > 0 be fixed. The object of this paper is to study the existence of a mild
solution V: [0,T] Xx E — R to the following final-value problem for the non-autonomous semi-linear Hamilton-
Jacobi partial differential equation (HJ-PDE) on [0, 7] X E,

%—‘;(r, xX)+ L V(t, )(x)+ H(t,x,D,V(t,x)) =0, (t,x)€[0,T]xE
V(T,x) = ¢).

(1.1)

The final condition ¢: E — R and the nonlinear Hamiltonian operator H: [0, T] X E x E* — R are given, and for
each r € [0,T], L, is the second-order diftferential operator

1
(Lig)(x) := (A0, Dih(x)) + 5 Tra [G(1)' D3¢()G ()], x € DA®)).

Here (-, -) denotes the duality pairing between E and its dual E*, {—=A(#)},¢o.r7 are densely defined closed linear
operators generating a parabolic evolution family on E, {G(#)} [0 1 are (possibly unbounded) linear operators from
a Hilbert space H into E, Trg[-] denotes the trace in H, and D,¢(x), D§¢(x) denote first and second order Fréchet
derivatives of ¢: E — R at x € D(A(r)).

In this paper we revisit the mild solution approach to Hamilton-Jacobi equations initiated by Da Prato (1985)
and Cannarsa and Da Prato (1991), and continued by Gozzi (1995, 1996), Cerrai (2001a, 2001b) and Masiero
(2005) (see also Da Prato & Zabczyk, 2002; Zabczyk, 1999 and the references therein). This approach consists in
rewriting Equation (1.1) in mild-integral form (cf. variation-of-constants formula)

T
V(t, x) = [P, T)pl(x) + f [P(t, N"H(r,-, D V(r, )] (x)dr, (t,x)€[0,T]xE (1.2)

where P(s, 1) is the backward transition evolution operator

[P(s, D¢l(x) := E[@(Z(1)IZ(s) = x], x € E, 1 € [5,T], ¢ € By(E) (1.3)
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associated with the Ornstein-Uhlenbeck process {Z(t)},¢o.r solution to the non-autonomous stochastic Cauchy
problem on E
dZ(t) + AW Z(t)dt = G(t) dW(r), t€[0,T].

Here {W(#)},0.r) is an H-cylindrical Wiener process defined on a probability space (2, ¥, P), E[-] denotes expec-
tation in the Bochner-integral sense with respect to the probability measure I’ and 8, (E) denotes the set of bounded
Borel-measurable real-valued maps on E.

Under the so-called null-controllability condition (see Assumption A.2 in Section 5 below) the backward transition
operators P(s, t) satisfy a strong regularizing property, see Theorem 5.8. For the case in which E is a Hilbert space
and Equation (1.1) is autonomous with respect to time variable (i.e. A(#) and G(¢) do not depend on ?), this
regularizing property has been used in conjunction with a fixed point argument to prove existence of a unique
solution to the integral Equation (1.2) in a certain space of functions, see e.g. Theorem 9.3 in Zabczyk (1999, Sec.
9), Da Prato and Zabczyk (2002, Part III) and Masiero (2005).

The main purpose of this paper is to show that this result can be easily generalized to the non-autonomous and
Banach-space setting. Namely, we obtain the following (see Theorem 6.6 below)

Theorem Let ¢ € Cy(E). Suppose Assumptions (AT) and A.1-A.4 hold true. Then there exists an unique mild
solution to Equation (1.1).

We refer the reader to Sections 4-6 below for the precise statement of Assumptions (AT) and A.1-A.4. As an
example, we consider a non-autonomous HJ equation in L7(0, 1) with p > 2, see Example 6.7 below.

It should be emphasized that our proof does not present any significant innovation as we follow closely the ar-
guments in the proof for the Hilbert-space case in (Masiero 2005, Theorem 2.9). However, to the best of our
knowledge, this is the first paper that deals with infinite-dimensional non-autonomous semi-linear HJ equations
in the general Banach-space framework, particularly in Lesbesgue spaces L”(O) with p > 2. This is our main
motivation to study HJ equations in a more general Banach-space setting that led to the writing of this paper.

The rest of the paper is organized as follows. In section 2 we recall some basic facts on Gaussian measures in
Banach spaces, reproducing kernel Hilbert spaces and the Cameron-Martin formula. We present an alternative
proof of a well-known result on regularizing property of Gaussian convolutions which first appeared in the seminal
paper Gross (1967). In section 3 we review some results from van Neerven and Weis (2005a) on stochastic
integration of deterministic operator valued functions with respect to a cylindrical Wiener process.

In section 4 we recall the setting of Acquistapace and Terreni for parabolic evolution families and non-autonomous
evolution equations. In section 5 we introduce backward Ornstein-Uhlenbeck (OU) transition evolution operators
in Banach spaces and extend some results from (van Neerven 1998, Section 1) on the relation between the associ-
ated reproducing Kernel Hilbert spaces. In section 6, we state and prove the final result Theorem 6.6. Throughout,
as the main working example, we consider a linear parabolic second-order stochastic PDE with time-dependent
coefficients and space-time white noise formulated as an evolution equation in L?(0, 1) with p > 2. We prove the
transition operators of the (mild) solution verify the assumptions of the main result. This leads to our final Example
6.7.

Discussion. Of particular interest are Hamiltonians H of the form

H(t, x, p) = 1&’[/"1 {(F(t, x,u), p)y + I(t,x,u)}, (t,x,p)€[0,T]xExXE" (1.4)

where M is a separable metric space, F: [0,T]XE XM — Eand l: [0,T] X EX M — (—c0,00]. In this case,
Equation (1.1) is the Hamilton-Jacobi-Bellman PDE associated with the dynamic programming principle approach
to the following finite-horizon stochastic optimal control problem

T
minimize J(U) = IE[ f 14, XU (1), U(t)) dt+‘I‘(X(T))] (1.5)
0

where U = {U(t)}[0,r] 1s an M-valued control process and {X U(t)}ze[o - is the E-valued solution to the controlled

non-autonomous stochastic evolution equation with additive noise

dX(t) + AOX@)dt = F(t, X(1), U(t)) dt + G(t) dW (1),
X(0)=xy €E.
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For the case in which E is Hilbert, under certain additional differentiability assumptions on the Hamiltonian (1.4),
the mild solution of (1.1) can be used to formulate optimality criteria and verification-type results for optimal
control problems in Hilbert spaces for stochastic PDEs, see e.g. (Da Prato & Zabczyk, 2002, Part III) or (Masiero,
2005, Sec. 4-6). This can also be combined with Malliavin Calculus and backward stochastic evolution systems in
Hilbert spaces to prove existence of an optimal feedback control, see e.g. Fuhrman and Tessitore (2002a, 2002b,
2004a, 2004b) and the references therein.

Using regularizing properties of stochastic convolutions, Masiero (2008) proved existence of mild solutions of a
certain class of autonomous HJIB equations on the space of continuous functions C(O). Under additional, somewhat
restrictive conditions on the nonlinear coefficient F, particularly a dissipative-type condition and a very specific
form of dependence with respect to the control variable, Masiero also solved the control problem using backward
SDESs but with no use of Malliavin calculus.

At the moment, we are unable to obtain optimality criteria and verification-type results for optimal control problems
in Banach spaces for non-autonomous stochastic PDEs as this requires approximation results in C,(E) by smooth
functions that do not seem available at the moment in the general Banach-space setting. However, we believe this
can be overcome by employing recent results on Malliavin calculus in Banach spaces (see e.g. Maas, 2010). We
will address this issue in a forthcoming paper.

2. Gaussian Measures in Banach Spaces, Cameron-Martin Formula and Regularizing Property

We recall first some basic facts on Gaussian measures in Banach spaces, particularly the Cameron-Martin formula
and the smoothing property of Gaussian convolutions.

Let B(E) denote the Borel o—algebra on the real Banach space E, let E* be the continuous dual of E and let (-, -)
denote the duality pairing between E and E*.

Definition 2.1 A Radon measure u on (E, B(E)) is called Gaussian (resp. centered Gaussian) if, for any linear
functional x* € E*, the image measure y o (x", 7! is a Gaussian (resp. centered Gaussian) measure on R.

If e is a centered Gaussian measure on E, there exists an unique bounded linear operator C € L(E*, E) called the
covariance operator of u, such that for all x*,y* € E* we have

(Cx.y') = fE (02 oy pld).

see e.g. Bogachev (1998). Notice that C is positive in the sense that (Cx*, x*) > 0, Vx* € E*, and symmetric in the
sense that (Cx*,y*) = (Cy*, x*), Vx*,y" € E*. The Fourier transform f of yu is defined as

A(x") = exp (—% (Cx",x7)), x"€E".

This identity implies that two centered Gaussian measures are equal whenever their covariance operators are equal.

For any C € L(E*, E) positive and symmetric, the bilinear form on ImC c E
[Cx",Cy"]:=(Cx",y"), x",)" €E

is a well-defined inner product. We denote with H¢ the Hilbert space completion of Im C with respect to this
inner product. The inclusion mapping from Im C into E is continuous with respect to the inner product [-, -]y, and
extends uniquely to a bounded linear injection ic: Hc — E.

Definition 2.2 The pair (ic, Hc) is called the reproducing kernel Hilbert space (RKHS) associated with C.

It can be easily shown that the adjoint operator i.: E* — Hc satisfies i x* = Cx" for all x* € E*. Therefore, C
admits the factorization

C= ic o iE.
This factorization immediately implies that C is weak™-to-weakly continuous and that, if E is separable, so is Hc.
We identify for the sake of simplicity H¢ with its image Imic C E.

Proposition 2.3 (van Neerven, 1998, Proposition 1.1) Ler C, C € L(E*, E) be two positive symmetric operators.
Then, for the corresponding reproducing kernel Hilbert spaces we have Hc C Hg (as subsets of E) if and only if
there exist a constant K > 0 such that

(Cx*, x"y < K(Cx*,x*), Vx* €E".
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We will denote with H,, (resp. i,) instead of H¢ (resp. ic) whenever C is the covariance operator of a Gaussian
measure u on E. In this case, we introduce a linear isometry from H,, into L*(E, ) as follows: first observe that
(x*,-) € L*(E, ) for every linear functional x* € E* and that we have

X [(x, ) = fl(x, K u(dx) = (Cx*, x*y, x* € E*. .1
E

Here E# denotes the expectation on the probability space (E, B(E), u). Since C is injective as an operator from E*
into Im C, the linear map
ImC 3 C(x*) — (x*,-) € L*(E, 1) (2.2)

is well-defined and is an isometry in view of (2.1). We denote by
Gu + Hy > L*(E.p) 23)

the unique extension of the isometry (2.2) to H,. This isometry, known as the Paley-Wiener integral, has the
property that for each h € H,, ¢,(h) is a N(0, lhllz’h) random variable. Indeed, for & € H, fixed, if (x},), is a
sequence in E* such that Cx;, — hin H,, then

(x5, ) = ¢u(Cx) = ¢yu(h), in LA(E, p)

and this implies, in particular, that E/[¢X%-)] — E#[¢i2%™"] as n — oo for all A € R. Since (x, -) is normally

.. . . 2
distributed with mean 0 and variance |Cx;‘l| n» We have
1

A X, /12 |2
E#[ei5)] = exp(—7 lcx[, ). AeR,

and by dominated convergence, taking the limit as n — oo we get
A (h 2o
EH[e9] = exp(—7 Ihi3,), A€R,

which implies that ¢,(h) is a N(0, IhI%IM)-distributed random variable.

Definition 2.4 For each i € H, we denote by 1" the image of the measure x under the translation z — z + A, that is,
{'(A) = WA~ h), AeBE).

We call i the shift of the measure y by the vector h.

Theorem 2.5 (Cameron-Martin formula) Let u be a centered Gaussian measure on E with covariance operator
C € L(E"E) and let (iy, H,) denote the RKHS associated with u. Then, for any h € H,, the measure wh s
absolutely continuous with respect to u and we have

d/.lh
d/l = Pnp, M —a.s.

with py = exp (¢u(h) = 3 |hl7, ), h € H,.
Proof. See (Bogachev 1998, Corollary 2.4.3). ]
For the remainder of this section, we fix ¢ € B;,(E) and define the mapping ¥: E — R as

Y(x) = ft,o(x +z)u(dz), x€E.
E

Recall that : E — R is Fréchet differentiable at x € E in the direction of H, if there exists an element of H,,
denoted by Dy, ¥ (x), such that

|persn = v - (Dueo) o)
lim =0.

yeH, |y | H,
y—0
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The following regularizing property is a classical result proved by L. Gross in his seminal paper (Gross 1967,
Proposition 9) using directly the notion of Fréchet derivative. Here we present an alternative proof based on
Gateaux differentiability.

Proposition 2.6 The map : E — R is infinitely Fréchet differentiable in the direction of H,. The first Fréchet
derivative of Y at x € E in the direction of y € H,, is given by

(Dm,v(0) 3) = fE 6 (x + 2) Bu()(@) u(d2). 24)

and the second Fréchet derivative of y at x € E in the directions y,y, € H, is given by

(D3, w(0) 51, ¥2) = =9(x) [y1, 321, + fE O0x +2) (V1)) $u(2)(2) u(d2). 2.5)

Moreover we have the estimates ||DHu‘/’(x)||H; < l¢ly and ||D%1,1‘!’(X)HL(H“,H;) <21l -

Proof. Let us prove first that ¢ is Gateaux differentiable in the direction of H,, i.e. that forall x e Eandy € H,,
the mapping
Reamyx+ay) eR

is differentiable at @ = 0. Let x € E and y € H,, be fixed and let « € R. Observe that by the Cameron-Martin
formula, we have

Y(x +ay) = j]; @(x+2)p*(dz) = fE @(x + 2)Pay(2) u(dz). (2.6)

Since ¢, (ay) = ad,(y) in L*(E, 1) observe that the random variable p,, = exp (aqﬁﬂ(y) - % |a/y|12qﬂ) is defined on a
setE = E(y) of full u-measure which depends only on y, for all @ € R. Thus, the mapping

g:RXE3 (a,2) > g(a,2) := pe,(z) € R 2.7)

is well-defined and measurable. Moreover, for € > 0 fixed we have the following estimate for all |ay| < &, z € E

0
‘%(ao, 2| = (a0, D) [ - a0 bl | < exp (2 [.0)@) (|| + b, ). 238)

We know ¢,(y) is Gaussian random variable with moment generating function
2,
E['% )] = exp (7 |y|Hy), 1eR.
This implies, in particular, that exp(e '(ﬁﬂ(y)i) belongs to L*(E, ). Since du(y) € L*(E, u), by Holder’s inequality the

right hand side in (2.8) belongs to L' (E, u). Thus we may differentiate in the right hand-side of (2.6) with respect
to a under the sign and obtain that the Gateaux derivative of ¢ at x in the direction of y is given by

d
(A p)0) = 7] _wix+an = [ ot

0
%'azopay(z)] u(dz), = ngo(x + 2)¢,(0)(2) u(dz),

as well as the following estimate
| dp, () Nl £, )< el -

In turn this implies that the Gateaux derivative dy: H, — L(H,,R) is continuous and uniformly bounded. Since ¢
is also continuous and uniformly bounded on H,,, by Theorem 3 in (Aronszajn 1976, Ch. 2, Section 1) we conclude
that ¢ is Fréchet differentiable in the direction of H, and (2.4) follows.

For the second-order Géteaux derivative, if y;,y, € H, and @ € R we have
(dp,Y(x + ay2))(y) = j]; @(x + @y + 2)¢u(y1)(2) p(dz)
= fE @(x + O ()& — ay2) u™ (dé)
= fE @(x + ) (Y1)E = ay2) Pay, (&) u(dé)
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where we have used again the Cameron-Martin formula and the change of variable & = z+ay, whose push-forward
measure with respect with u is given by u®2.

If y; = Cxj for some xj € E*, from the definition of ¢, it follows that

1€ — ay2) = (x], € — ay2) = (x],€) — a{x},y2) = ¢,(1)(&) — aly1, y21a,

in which case we have

(dy, Y(x + ay))n) = fE (x+ &) (B 0DE) — alyr. 2], ) P () u(dE). 2.9)

Since both sides of (2.9) are continuous in y; € H, and Im C is dense in H,, the above equality holds for any
y1 € H,. In addition, the equality

0

| 16.00@ = a Dryaliy, ) @y, O] = = biovaly, + SODEOB02E.

holds for all ¢ in a subset of E with full y-measure that only depends on y,. Again, we can differentiate under the
integral sign with respect to « to obtain the second Gateaux derivative of ¢ at x in the direction o y; and y,,

G p(x+ay2)(v)

(¥ () 01.72) = % |

- fE olx + f)%‘azo (6,00 = @ [y1, 7211, ) Pays (6] ()

= fE o(x + ) (8,0)EB )@ = [y1.y21y, ) ()

together with the following estimate

I d?i‘,l//(x) | cca,.m< 2 lely »

for all x € E. By the same argument as above ¢ is also twice Fréchet differentiable and (2.5) follows. ]

By identifying H, with its dual H,,, the map D%,H (x) defines a bounded linear operator on H,,. The following lemma
shows that it is actually a Hilbert-Schmidt operator. The proof follows the same argument as in the Hilbert-space
case, see e.g. Da Prato and Zabczyk (2002, Chapter 3). We include the proof for the sake of completeness.

Lemma 2.7 For each x € E we have D%IM Y(x) € To(H,) and

Il D3, ) N7y < V21l - (2.10)

Ifpe C},(E) we have

Il D3y () Nl < 1ol - (2.11)

Proof. Let (e;); be an orthonormal basis of H, and let x € E be fixed. Let us prove first the case ¢ € C ;(E). By the
same argument used in the proof of (2.4) one can derive

(D7, y(0y1, 2] = fE [De(x + 2), y11H, du(y2)(2) pu(dz),  y1,y2 € Hy.

Since the map ¢, is an isometry from H, to L*(E, 1), the random variables ¢,(ex),k € N, form a complete or-
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thonormal system in L?(E, ) and by Parseval identity and dominated convergence we get

| D300 1B, s, = Z|DH vel, Z|D%, W(en el

Me L

(IDg(x + ), eiln, duten)

L2(E.p) ‘
1

Il
% iNMe T

” [DQD(.X'F ) el]H ”LZ(EM)
Z [[DeCx + 2), e, | u(d2)
i=1

= [ 1Dgtx+ 2wt
E
< gl

and (2.11) follows. For the general case ¢ € B, (E), we define the random variables

(oo [ (Outer —1) ik
ik +— .
duledpler), ifi # k.

Since ¢,(ex), k € N, are independent Gaussian random variables with mean 0 and variance 1, we get
(Giks G Yizqegy = 0 For i) # (', K)
and
I ik 12y = B2 (¢,,<e‘>2¢,l<ek>2) =1, i#k
16 ey = BZ = 3B (u(e0* - 26,060 + 1) = 3G -2+ D =1,
i.e. the system {jx: i, k € N} is orthonormal in L*(E, ). Recalling (2.5), for i,k € N we have

\/5 <ﬂ’ é’i,l‘)LZ(E’#) , ifi=k,

D2 . = o
(D, ¥(x)ei, exln, { (B, {i,k)LZ(E,y)’ ifi #k,

where () := ¢(x + z). Thus, from the Parseval identity and Bessel inequality it follows that

1 D2, 00 I, = Z|D w<x>e,| Z]D yWenedn,|

=2 Z 8. 5f,i>L2<E,u>|2 + Z 8. gisk>L2(E,/4)|2
i=1

ik=1
ik

0 2
<2 Z B, &) 125,10
ik=1
2
<2|pB ”LZ(E,,u)

<206l
O

3. Stochastic Integration of Deterministic Operator-Valued Functions in Banach Spaces

In this section we review some of the results from van Neerven and Weis (2005a) on stochastic integration of
deterministic operator valued functions with respect to a cylindrical Wiener process. From this point onwards
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(Q,F,P) is a fixed probability space endowed with a filtration F = {F},50, (¥,)s 1s a sequence of real-valued
standard Gaussian random variables and (H, [+, -]gy) is a separable Hilbert space.

Definition 3.1 Let W(-) = {W(f)},s be a family of bounded linear operators from H into L>(Q; R). W(-) is called a
H-cylindrical Wiener process (with respect to the filtration IF) iff

1) E[W(@)h W(t)hy] = t[hy, ho ]y, for all Ay, h, e Hand > 0
(ii) For each i € H, the process {W(f)h};»o is a standard real-valued F-Brownian motion.

Definition 3.2 A linear bounded operator ®: H — E is said to be y—radonifying iff there exists an orthonormal
basis (e,),>; of the Hilbert space H such that the random sum };,. y,®e, converges in L*(Q;E).

We denote by y(H, E) the class of y—radonifying operators from H into E. It can be proved that this a Banach
space with the norm

2
o PEevHE).

| © ||)2/(H,E):: EIZ YnPey
n>1
This definition is independent of the choice of the orthonormal basis (e,),>1 of H. Moreover, y(H, E) is embedded
continuously into £(H, E) and is an operator ideal in the sense that if H’ and E’ are Hilbert and Banach spaces
respectively such that §| € L(H',H) and S, € L(E,E’) then ® € y(H, E) implies S,®S ;| € y(H',E’) with

I S2DS 1 llyw en<ll S2 llzeenll @ llyaell St llzar

It can also be proved that @ is y-radonifying if and only if ®®* is the covariance operator of a centered Gaussian
measure on B(E), and if E is a Hilbert space, then @ is y-radonifying iif and only if ® is a Hilbert-Schmidt operator
from H into E (see e.g. van Neerven (2008) and the references therein).

The y—radonifying property in the following example goes back to Brzezniak (1996), and will be used later in our
main Example 5.3. For the sake of completeness, we include a proof which follows closely arguments from (van
Neerven 2008, Chapter 15).

d2
&
Then, for o € (i, 1), the identity operator on D(A;) extends to a continuous embedding j: D(A;) — D(A},’”) that
is y—radonifying.

Example 3.3 For p > 1, let A, denote the realization of —-= in L?(0, 1) with zero-Dirichlet boundary conditions.

Proof. The functions e,(¢) = V2sin(nzé&), n > 1, form an orthonormal basis of eigenfunctions for A, with
eigenvalues 4, = (nm)?. If we endow D(A,) with the equivalent Hilbert norm [y, := |A2yl12(0,1) » the functions
/l;llen form an orthonormal basis for D(A;).

Let (y,), be a Gaussian sequence on a probability space (Q2, ¥, P). Then, we have

IE|Z Yud, e, ;Al_n) = IE|Z yn/lglAIl,_”en = E'Z Yo(nm) e,
r n>1 n>1

n>1
Using Holder’s inequality, we have

2

3.1)

2
Lr(0,1) Lr(0,1)

2/p
2 P
Lr(0,1) L"(O,l))

I M 2/p
=|E fo 1> yunm) e, )| d«f]
n=N

1 M 2/p
- fo EIZn(nn>‘2"en(§)|”df)

n=N

- NI
< fo (B yam) > en)) df]
n=N

By Kahane-Khintchine inequality, there exists a constant ¢’ such that

M M
IE|Z Yu(nm) e, < E'Z Yau(nm) e,
n=N n=N

M M M
B> yum) P e, @) < [y e, @) = ¢ Yy )

n=N n=N n=N
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Hence, we obtain

M

von <1 [ o Som o] ae " = | e
ron = \Jo U & " ‘ 4 "

Since |eﬁ|m2(0’1) = |€n|in(0,1) < 2 for all n > 1, it follows that

M M
-2 4o | 2
E|Z 711("71-) 0'en L”/Z(O 1) S C/ Z(”lﬂ) 7 |en'Lp/2(0’1)
n=N ’ n=N

) M
<2c Z(mr)““’.
Lr(0,1) P
n=N

The right-hand side of the last inequality tends to 0 as N, M — oo since o > }1. Therefore, the right-hand side of

(3.1) is finite, and the claim follows. O

M
E|Z Ya(nm) e,
n=N

Before we discuss the integral for £(H, E)—valued functions, we observe that we can integrate certain H-valued
functions with respect to a H—cylindrical Wiener process W(-). For a step function of the form ¢ = 1(,,y with
y € H we define

T
fo Y(r)dW(r) := W)y — W(s)y.

This extends to arbitrary step functions y by linearity, and a standard computation shows that

T 2 T
E| f Y dWe)| = f WOy dr.
0 R Jo

Since the set of step functions L% (0, T;H)is dense in L*(0, T; H), the map

step
T
h:L@gany)a¢P+f‘wannwneL%Qﬂm
0

extends to a (linear!) isometry from L*(0, T; H) into L2(Q). We now define the stochastic integral for deterministic
L(H, E)—valued functions with respect to W(-).

Definition 3.4

1) A function ®: (0,7) — L(H, E) is said to belong scalarly to L*(0, T;H) if the map
[0,T]2t—> ®@)'x" €eH

belongs to L*(0, T; H) for every x* € E*.

2) A function ®@: (0,7) —» L(H, E) is said to be stochastically integrable with respect to W(-) if it belongs scalarly
to L*(0, T; H) and for all A c (0, T) measurable there exists a random variable Y, € L>(Q, ¥, P; E) such that

T
(Yu,x"y = f 1.(OD@) x* dW(r), P —a.s., forall x" € E*.
0
‘We denote
fCD(t)dW(t) =Yy
A

By Fernique’s theorem, the E—valued random variables Y4 are uniquely determined almost everywhere and Gaus-
sian. In particular Y4 € LP(C}; E) forall p > 1.

For a function ®@: (0, 7) — £L(H, E) that belongs scalarly to L*(0, T; H) we define an operator Re: L*0,T;H) —
E** by

T
(X", Rof) = f (D) X", f(Oludt, feL*0,T;H), x* €E".
0
Observe that Iy is the adjoint of the operator
E* 3 x" > O(1)*x" € L*0,T; H).
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If ®(-)y is strongly measurable for all y € H then Rg maps L*(0, T; H) into E. The following theorem characterizes
the class of stochastically integrable functions with respect to the H—cylindrical Wiener process W(-).

Theorem 3.5 (van Neerven & Weis, 2005a, Theorem 4.2) Let E be a separable Banach space. For a function ®:
(0,T) = L(MH, E) that belongs scalarly to L*(0, T; H) the following assertions are equivalent

1) @ is stochastically integrable with respect to W(-);

2) There exists an E—valued random variable Y such that for all x € E*
T
Y, x*)y = f o) x* dW(r), P—as., Vx" eE".
0

3) There exists a centered Gaussian measure p on E with covariance operator C € L(E, E*) such that for all
xeE*

T
(Cx*,x") = f ()" X[ dt;
0
4) There exist a separable Hilbert space $) a linear bounded operator S € y($, E) such that for all x € E*
T
f |O(r)" x* [y dt < IS”X°[5, -
0

5) Ry maps L0, T;H) into E and Ry € y(Lz(O, T;H);E).

Moreover, for all y € H the function ®(-)y is stochastic integrable with respect to W(-)y and we have the series

representation
T © AT
f HOXOEDY) f D(1)e, dW(1)e,
0 = Jo

where (e,),>1 is any orthonormal basis for H. The series converges P—a.s and in LP(Q; E) for all p € [0, o). The
measure ( is the distribution of fOT (1) dW(t) and we have the isometry

T
| [ 00 awo], =1 Ro lorae,
0

We conclude this section with a sufficient condition for stochastic integrability in spaces of type 2 (see e.g. van
Neerven & Weis, 2005a, Theorem 4.7 or 2005b, Theorem 5.1).

Definition 3.6 E is said to be of fype 2 iff there exists K, > 0 such that

E'i E,'xi’i <K, zn: |X,’|]2§ (2)
i=1 1

i=

for any finite sequence {x;};_, of elements of E and for any finite sequence {€;};_, of {—1, 1}—valued symmetric i.i.d.
random variables.

Theorem 3.7 Let E be a separable real Banach space of type 2. If ®: (0,T) — LM, E) belongs scalarly to
L*(0, T; H), for almost all t € (0, T) we have ®(t) € y(H, E), and

T
[ 100 By, dr<oo
0

then @ is stochastically integrable with respect to W(-) and

T 2 T
]E’ fo ) dW(r)]E <K fo 1 D) 1P gy dr-

Proof. See Theorem 5.1 in van Neerven and Weis (2005b). O
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4. Parabolic Evolution Families

Since there is no unified theory for parabolic evolution families and non-autonomous evolution equations, we
restrict in this paper to the class of parabolic problems and setting introduced by Acquistapace and Terreni (1987).
We start this section by recalling the definition of positive operators with bounded imaginary powers.

Definition 4.1 Let A be a densely defined closed linear operator on a Banach space E. The operator A is said to be
positive if (=0, 0] C p(A) and if there exists a constant k > 1 with

k
Nowl + Al g@) < o forallw>0.

It is well known that every positive operator A admits (not necessarily bounded) fractional powers A® of any order
z € C, see e.g. Amann (1995, Chapter III, Section 4.6).

Definition 4.2 We define the class of operators with bounded imaginary powers on E with parameter ¢ € [0, 7),
denoted BIP(¢, E), as the class of positive operators A on E such that A" € £(E) for all r € R and there exists a
constant k > 0 with

A"l 2y < ke, r € R.

For each t € [0,T1] let A(r) be a densely defined closed linear operator on a Banach space E. For each s € [0, T],

consider the following non-autonomous Cauchy problem

V(@) +Ay(t) =0, te(sT]
“4.1)
y(s) =xekE.

Definition 4.3 We say that y € C((s, T];E) N C'((s, T];E) is a classical solution of (4.1) if y(f) € D(A(?)) for all
t € (s,T] and (4.1) holds.

Definition 4.4 We say that a classical solution y of (4.1) is also a strict solution if in addition y € C'([s, T1; E),
x € D(A(s)) and A(?)y(f) — A(s)xast — s.

We say that condition (AT) is satisfied if the two following conditions hold
(AT1) There exist constants w € R, K > 0 and ¢ € (%, ) such that

(g, w) = whU A€ C\ w} : |arg(d — w)| < ¢} € p(~A®)
and for all A € Z(¢p,w) and t € [0, T1],
A + A0 ey €
1+21—-w|
(AT2) There exist constants L > 0 and u,v € (0, 1) with u + v > 1 such that for all A € £(¢,0) and s,t € [0,T],

[t — s|

w00 + DA™ = A4 N g, < L

where A, (t) := A(t) + wli.

Operators satisfying (AT1) are called sectorial (of type (¢, K, w)). Equation (4.1) is called parabolic because of the
sectoriality of the operators A(?).

If Assumption (AT1) is satisfied and the domains are constant i.e. D(A(f)) = D(A(0)) for all # € [0, T], and the
map [0,7T] 3 t — A(t) € L(D(A(0)), E) is Holder continuous with exponent 1, then (AT2) is satisfied with u = n
and v = 1, see e.g. (Acquistapace & Terreni, 1987, Section 7). In this case such conditions reduce to the theory of
Sobolevskii and Tanabe for constant domains (see e.g. Pazy, 1983 or Tanabe, 1979).

In what follows we denote ¥ := {(t, $)e[0,T]P:s< t} .

Definition 4.5 A family of bounded operators {S (t, 5)}.sex on E is called a strongly continuous evolution family
if the following hold

(1) S(t, 1) =1, forall t € [0, T].
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2)Sit,s)=St,rNS(r,s)forall0<s<r<r<T.
(3) The mapping ¥ > (t,5) — S(t, s) € L(E) is strongly continuous.
We say that the family {S (¢, )}, s)ex solves non-autonomous Cauchy problem (4.1) if there exist a family (Y)ef0,7)
of dense subspaces of E such that for all (s,7) € ¥ we have
S(t,5)Y; C Y € D(A(1))
and the map y(r) = S (¢, s)x is a strict solution of (4.1) for every x € Y;. In this case we say that {—=A(?), D(A(%))},¢[0.1
(or simply {=A(#)},¢[0.77) generates the evolution family {S (, 5)}¢. gz

Under the condition (AT) we have the following well-known result, see e.g. Acquistapace and Terreni (1987,
Theorems 6.1-6.4) and Yagi (1991, Theorem 2.1).

Theorem 4.6 If condition (AT) holds then there exists a unique strongly continuous evolution family {S (t, $)},sex
that solves the non-autonomous Cauchy problem (4.1) with Y; = D(A(t)) and for all x € E, the map y(t) = S(¢, s)x
is a classical solution of (4.1). Moreover, {S (t, 5)}.sex is continuous on 0 < s < t < T and there exists a constant
C > O such that forall 0 < s <t <T and 0 € [0, 1],

[A® +wD'S @, $)| ;) < Ct = )
[ @, 5) = e V| ) < C— sy

Moreover, for all 6 € (0,u) and x € D ((A(t) + wl)e) we have

|S (2, $)(A@) + wD x|, < Cu—0)"(t = ) |xlg - 4.2)

5. Backward Ornstein-Uhlenbeck Transition Evolution Operators

Let {—A(?)}¢[0.77 be the generator of an evolution family {S (¢, 5)}(,sex on E and let {G(#)},¢[o 11 be closed operators
from a constant domain D(G) C H into E. We start this section by discussing the existence of mild solutions to the
non-autonomous linear stochastic equation

dZ(t) + AZ()dt =G@)dW(), tels, T],
Z(s) =x9€E,

5.1

with moving time origin s € [0, 7] and initial data x; € E.

Definition 5.1 We say that an E—valued process Z(-) is a mild solution of (5.1) if for all (¢, s) € T the map-
ping S (z, s)G(s) has a continuous extension to a bounded operator from H into E, which we will also denote by
S (t, 5)G(s), such that the operator-valued function (s,7) 3 r — S(¢,7)G(r) € L(H, E) is stochastically integrable
on the interval (s, ) and

Z(t) = S(1, )xo + f S@t, G dW(r), P-as

We know from Theorem 3.5 that existence of a mild solution for (5.1) follows from the following condition

Assumption A.1 For each (t,s) € ¥ the mapping S(t, s)G(s): D(G) — E extends to a bounded linear operator
from H into E, also denoted by S (t, s)G(s), such that the positive symmetric operator C,; € L(E*, E) defined by

(Crx™,y") = f S, NGNS, rGr)x,y)ydr, x*,y"€E" (5.2)

is the covariance operator of a centered Gaussian measure (1, s on E.

Notation For each (,5) € %, let (H; [, ]n,,) denote the Reproducing Kernel Hilbert Space associated with the
positive symmetric operator C, ; defined by (5.2), and let i, ; denote the inclusion mapping from H, ; into E.

Example 5.2 Let E be a type-2 Banach space and suppose that for each (¢, s) € T we have S(t, 5)G(s) € y(H,E)
and

T
f IS (&, )G(5)[ gy di < +oo. (5.3)
0
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Then, by Theorem 3.7, Assumption A.1 holds.

For the next example, consider the following linear parabolic second-order stochastic PDE perturbed by additive
space-time white noise on [0, T'] X (0, 1),

Z 1,6+ (AX)N1,6) = g(t,8) G(1,€),
X(1,0) = X(t,1) =0, (54)
X, =x(),
where, for each t € [0, T'], A; is the second-order differential operator

d? d
2O+ b(LE) (@) + (1, E)X(E), £€(0,1)

(AX)E) = —a(t, 8@ dz

with a, b, C € C*([0,T];C([0, 1])) and a € C*([0, 1]; C([0, T])) for u € (%, 1] and & > O fixed. Assume further that
infieo,71.2¢(0,1) a(t, &) > 0.

For p > 2 and t € [0, T], let A,(¢) denote the realization in L”(0, 1) of A; with zero-Dirichlet boundary conditions,

D(A,(1)) := H*(0,1) N H}(0, 1),
A0 = A,

Itis well-known that for w sufficiently large, the operator A ,(-) +wlI satisfies (AT) with parameters y and v = 1 (see
e.g. Acquistapace & Terreni, 1987 or Tanabe, 1979). We will assume for simplicity and without loss of generality
that w = 0.

Let {S p(t, s)}(m€ . denote the family of evolution operators generated by {—A p(t)}te[O,T] .Letg e L'(0,T;L>(0,1))

be fixed and define, for almost every ¢ € [0, T'], the multiplication operators from L*(0, 1) into LP(0, 1) as follows

D(G(1) := LP(0,1) c LX0, 1)
Gy :={(0,1) 3 & - g1,y € R}

Notice that G(7) is not a bounded operator unless p = 2. However, we can prove the following

Example 5.3 For each (t,s) € T the map § (¢, s)G(s) can be extended to bounded operator from L*(0, 1) into
L?(0, 1) that is y—radonifying and satisfies (5.3). Since L?(0, 1) has type-2 for p > 2, from Example 5.2 it follows
that Assumption A.1 holds for {S ,(z, S)G(s)}(t jex With H = L*(0,1) and E = LP(0, 1) with p > 2. Equivalently,
Equation (5.4) has a mild solution in L”(0, 1). ’

Proof. The argument of the proof follows closely (Veraar & Zimmerschied, 2008, Section 5). We show first that
if o> % then A ,(#)”7 extends to a bounded operator from L*(0, 1) into L”(0, 1), which we also denote by A,(1)77,
such that

Ay € y(L7(0,1),L7(0,1)). (5.5)
We know from Example 3.3 that the identity operator on D(A;) extends to a continuous embedding j: D(A;) —
D(A[l,‘”) which is y—radonifying. Moreover, the family of operators {A »(DA ‘,,(s)‘1 15,1, €0, T]} is uniformly
bounded in £(L”(0, 1)) (see e.g. Tanabe, 1979, Section 5.2). This implies, in particular, that both domains D(A (1))
and D(A,(0)) coincide with equivalent norms, uniformly in ¢ € [0, T]. Since D(A,(0)) = D(A,) with equivalent
norms, we conclude that D(A ,(¢)) = D(A,,) with equivalent norms uniformly in 7 € [0, T].
Using the e—~Holder continuity assumption on the coefficients of (A, it can be proved that the operators A, () belong

to BIP(L?(0, 1), ¢) for some ¢ > 0, see e.g. Denk et al. (2004) or Priiss and Sohr (1993). Hence, by Theorem
1.15.3 in Triebel (1978) we have

D(A,(0)'7) = [L(0, 1), DA (t)]1-o = [LP(0,1), D)1 = DA, )

isomorphically, with equivalence in norm uniformly in 7 € [0, T]. Therefore, by the ideal property of y(D(A,),
D(A,™")), we obtain

Ayt = A, jAr (D €y (L2(0, 1), L(0, 1))
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with || A, ()™ ||,Y(L2(0’1)’Lp(0’1)) uniformly bounded in ¢ € [0, T'].
Now, from (4.2) it follows that, if o~ € (0, ) then the map S ,(z, 5)A,(s)” extends to a bounded operator S, -(z, 5)
on LP(0, 1) with
1S por(t, ) laro.in< Cu = )~ (1 = )™
Hence, again by the ideal property of y—radonifying operators, we conclude that if o € (%, W), for each (¢,5) € T

the linear mappings
S p(t, )G(s) = S p(t, $)Ap(5)7Ap(5) 7 G(5)

have a continuous extension to bounded operators from L>(0, 1) into L”(0, 1) that are y—radonifying and satisfy
(5.3). ]

We now introduce the transition evolution operators associated with the linearized Equation (5.1). Suppose that As-
sumptions (AT) and A.1 are satisfied. Let B,(E) denote the set of Borel-measurable bounded real-valued functions
on E.

Definition 5.4 The Ornstein-Uhlenbeck (OU) transition evolution operators {P(s, 1)} sez associated to Equation
(5.1) are defined by

[P(s, Del(x) := ftp(S (t, $)x+2) s 5(dz), x€E, pe By(E), (t,5) €T
E

Before we discuss the smoothing property of the OU transition operators, we extend to the non-autonomous frame-
work some results by (van Neerven 1998, Section 1) on the relation between the spaces H, ; for different values of
s < t. The first observation is the following algebraic relation between the operators C, 5, which is immediate from
their definition

Ci=C,,+S5t,nC.Stnr", 0<s<r<t

The following is a direct consequence of Proposition 2.3,
Proposition 5.5 H,, c H;forall0 < s <r <t

This combined with the identity S (¢, r)C, S (¢,r)* = C,5s — C,,, implies that S(z, ) maps the linear subspace
Range C, ;S (t,r)" of H,, into H, ;. The next result shows that we actually have S (¢,r)H, s C H, ;.

Theorem 5.6 For all 0 < s < r <t we have S(¢,7)H,.; C H; 5. Moreover || S(t,7) Il g, 1,0)< 1.

Proof. For all x* € E* we have

|C,.sS (2, 1) x" (5.6)

2 * %k * %k * * k * * k k 2
= (CrsS(t, 1) x*, 8 (1, 1) x*) = (Cpx", X7y = (Cppx®, x*) < (Cpyx®, x*) = |C,,Sx u,,

Hence,
[(C.sS (1. 1) X", ")

For y* € E* fixed we define the linear functional i,.: Range C;; — R by
Yy (Cpgx™) := (CiS (8, 1) X", y").

This is well-defined since, by (5.6), if C,x* = 0 then C,.;S (¢, r)*x* = 0. By (5.7) y,+ extends to a bounded linear
functional on H, ; with norm bounded by |C,,Xy* o Identifying r,- with an element of H, ;, for all x € E* we have

= [[CrsS (0. 1) X", Crsy" 1,

* *
<|Cisx’|,, |Croy
Ls

(5.7)

H!',J ’

(U, X°) = [Coax”™, Yy I, = (CraS (6,17, y) = (S (1, NCry", x7).

Therefore, S (t,1)C,.;y" = ¥, € H;; and |S (t, r)C,,Sy*l H, < |C,.,5y*| 0. and the desired result follows. U
Next we characterize the equality of the Hilbert spaces H,, and H, ; in terms of the restriction S (¢,r) € L(H, s, H, ).
Theorem 5.7 For all 0 < s < r < twe have H;; = Hy,, as subsets of E, if and only if || S (¢, 7) |l z#,,.1,,)< 1.

Proof. We know already that H,, C H,,, so it remains to prove that H,, C H,,, if and only if || S (¢, 7) || zn, .1,/ < 1.

We assume first that || S(z,7) |l ga,,.1,,)< 1. By Theorem 5.6, for y* € E* we have S(¢,7)C,.;y" € H;,. Then, if
x* € E* it follows that

[CV,SS (ta r)*X*9 Cr,sy*]Hm = <S (t9 r)*X*’ Cr,Sy*> = <X*, S (L r)Cr,Sy*> = [Ct,S-X*9 S(t’ r)Cr,Sy*]H,_S' (58)
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Hence

|CmS @ r)x

o, = S0P {[CAS (1) X, Coy'lu, ¥ € B, [Co], < 1)

= sup {[C,x", S (. NCo I, 1y € B [Cry'], <1}
IS Nz - |Cosx’], -

Using the last inequality, we get

* 2 * 2 * ok 2 * % 2
|Ct,sx o= |C,,sx H, |CmS(t, r)x H. + |C,,SS(t, r)x H.
= (Cpox, XY = (S (1, IC S (1, 1) X, 27 + | S (6, 1) X[},
* L2
<(Cop X XY+ 1S W,y *[Cos®' [y
That is,
. 2 1
(Cpox®, X"y = |Cpx” y < 5 (Cppx", x").
v = ISED) g, m,,)

By Proposition 2.3, this implies the inclusion H;; C H,,. Conversely, assume that H,; C H,,. Then there exists
K > 0 such that
(Crx™, x"y < K{C,,x", x*) = K{C, ;x".x") = K{(S(t,r)C, S (t,r)"x, x")

for all x* € E*. Notice that K > 1 since {C,,x*, x*) < (C, x*, x*) for all x € E*. Then, the above inequality yields

C,.sS(t,r)'x

2 1 .
H,, < (1 - E) |C[’SX

2
Hys "
Using (5.8) again we get
1S (2.1Crsy*, Coyx" 1| = [[Crsy™, CpsS (1, 1) 5" 1y,
< |Cr,sy*|Hr1x : |Cr,sS (L r)*x*

<(1-%) "lcy

Hi

-|1C ‘x*|
Hyy | LS 1 H,

1/2
which shows that [| S (¢, ) lLg.,0< (1 - £) < 1. 0

Finally, we establish the smoothing property of the Ornstein-Uhlenbeck transition operators. We need the following
assumption, usually referred to as null-controllability condition (see Remark 5.9 below).

Assumption A.2 For all (¢, s) € ¥ we have
Range S (¢, s) C H, 5.9)

Notation If condition (5.9) holds, we denote by X(z, s) the map S (¢, s) regarded as an operator from E into H, ;.
Notice that Z(z, s) is bounded by the Closed-Graph Theorem, and we have S (¢, s) = i, 5 o X(t, ).

Asin (2.3), let ¢, H,; — L*(E, i, ;) denote the unique bounded extension of the isometry
Cis(E) 3 Cpox* 1 (x", ) € LA(E, ).

Let C;’(E) denote the set of infinitely Fréchet-differentiable real-valued functions on E. Using Proposition 2.6
together with the condition (5.9) we obtain the following

Theorem 5.8 Let Assumptions (AT), A.1 and A.2 be satisfied. Then the Ornstein-Uhlenbeck transition operators

{P(s, D}t sex satisfy
p € BLE) = P(s,Hp € C;O(E)

The Fréchet derivative of the function P(s,t)¢: E — R at x € E in the direction y € E is given by

(DP(s, 1)p(x), y) = fE @(S (1, )x + 2) by, s(X(t, $)y)(2) ph1,s(d2),
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and the second Fréchet derivative of P(s,t)p at x € E in the directions y1,y, € E is given by

(D*P(s, (Y1, y2)
= _P(Ss t)(p(-x) [Z(t’ s))’l’ Z(I» S))’2]H

1,

Lt fE @S (2, $)x + 2) §r s (X(1, )y1)(2) 1,5 (E(2, $)y2)(2) pr,5(d2)
In particular, we have the estimates
| D P(s, De(x) |le- <l Z(z, $) ||l .21, 1lo (5.10)

| DIP(s, 0)@(x) || ey < 2 1 22, 8) g, 1€lo - (5.11)

Remark 5.9 The condition (5.9) has a well-known control theoretic interpretation: for each s € [0, T'] consider the
nonhomogeneous Cauchy problem

Y0 +ADy@®) =GOu®), telsT],

(5.12)
y(s) =xek,
with u € L*(s, T; H). The mild solution of (5.12) is defined as
13
YHU(E) = S(t, s)x + f S, rGru(r)dr, tel[s T]. (5.13)
N

We say that (5.12) is null-controllable in time t iff for all x € E there exists a control u € L*(s,t; H) such that
y**(¢) = 0. Using the following characterization of the Hilbert spaces H, ,

H = {fSS(t, rNGu(r)dr : u e Lz(s, t; H)} , (1,s)e® (5.14)

(see e.g. van Neerven, 2001, Lemma 5.2) it follows that (5.12) is null-controllable in time ¢ if and only if condition
(5.9) holds, and we have

!
x|z, = inf {lule(s’,;H) Tu€ Lz(s, t; H) and f S, NG(ru(r)ydr = x} . (5.15)

That is, |x|%1, _ is the minimal energy needed to steer the control system (5.12) from O to x in time 7 — s.

Example 5.10 Suppose that for each ¢ € [0, T'] the map G(¢) is injective and for each (¢, s) € ¥ we have
Range S (¢, s) € Range G(7).
Suppose also that for each s € [0, 7] we have
T
f IG(t)™'S (1, ) gy dt < +o0.

Then Assumption A.2 holds. Indeed, let x e Eand 0 < s < ¢ < T, and define
1 -1
u(r) := t—G(r) S(r,8)x, rels,t].

-s
Then u € L*(s,t; H) and we have
! 1 !
f S, nNG(ru(r)dr = P f S, nS(r,s)xdr =S(t, s)x

that is, S (¢, s)x € H, ; according to (5.14), and Assumption A.2 follows. Moreover, by (5.15), we have

| ; ) 1/2
2 $)xl,, < —— Il ( f IG(r) 'S (r, )y dr) , s<t<T.
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6. Mild Solutions of Hamilton-Jacobi Equations in Banach Spaces

Let {—=A(?)},¢[0.r) be the generator of an evolution family on a Banach space E. Let H be a separable Hilbert space
and let {G()} 0,y be a family of (possibly unbounded) linear operators from H into E. We consider the Hamilton-
Jacobi equation on E

(1, x) + Lv(t,)(x) + H(t, x, Dov(t,x)) =0, (1,x) €[0,T]xE,
wT,x) = @(x).

6.1)

The final condition ¢: E — R and the nonlinear Hamiltonian operator H: [0, T] X E X E* — R are given, and for
each t € [0, T], L, is the second-order differential operator

1
(Lig)(x) := = (A(O)x, D:§(x)) + 5 TrulG(1) D3¢(0)G(1)], x € D(A®)), ¢ € C4(E).

Using the associated OU-transition evolution operators { P(s, )} sex (see Definition 5.4) we rewrite Equation (6.1)
in the integral form

T
v(t, x) = [P, T)el(x) + f [P(t, $)H(s, -, Dyv(s, )] (x)ds. (6.2)

Observe that the trace term in (6.1) may not be well-defined since G(¢) is not necessarily a bounded operator.

Definition 6.1 For « € (0, 1), we denote with &7, the set of bounded and measurable functions v: [0, T] X E — R
such that v(z,-) € C})(E), for all ¢ € [0, T), and the mapping

[0,T)XE > (t,x) — (T —1)*D,v(t,x) € E*

is bounded and measurable.

The space &7, is a Banach space endowed with the norm

Ivller,:= sup [[v(t,) llo + sup (T =0 || Dxv(t,-) llo -
t€[0,T] 1€[0,T]

Definition 6.2 We will say that a function v: [0,7] X E — R is a mild solution of the Hamilton-Jacobi Equation
(6.1)if v € &y, for some a € (0, 1), for each (¢, x) € [0, T] X E the mapping

[t,T]> s [P(t, s)H(s, -, Dw(s,)](x) € R

is integrable and v satisfies (6.2).

Assumption A.3 There exists a € (0, 1) and C > 0 such that
2t )l eEn,) <Ct-s5)"" 0<s<t<T.

Example 6.3 Under the same assumptions of Example 5.10, assume further that there exists g € [0, %) and C > 0
such that
IGO'S(t, ) pEm <Ct—5)F, 0<s<t<T.

Then Assumption A.3 holds with @ = 8 + %
Assumption A.4 For all (¢, p) € [0, T] X E*, the map

E>x— H(t,x,p)eR
is continuous and bounded, and there exists C > 0 such that
|H(t, x,p) —H(t, x, )| <Clp—qlg-, t€[0,T], x€E, p,qeE"
Example 6.4 If the Hamiltonian H has the form
H(t,x,p) = ;élﬂt; {(F(t, x,u), p) + (t, x,u)}, (t,x,p)€[0,T]XEXE" (6.3)
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where M is a separable metric space, F: [0,T] X ExX M — E is uniformly bounded and weakly-continuous in
x € E uniformly with respectto u € M, and I: [0,T] X E X M — (—c0, o] is continuous in x € E uniformly with
respect to u € M and satisfies

sup |I(t, x, u)| < +oo, ¥t € [0, T]
xeE, ueM

then Assumption A.4 holds, see e.g. the proof of Theorem 10.1 in (Fleming & Soner, 2006, Chapter II) or (Bardi
& Capuzzo-Dolcetta, 1997, Chapter III, Lemma 2.11).

Recall that if Hamiltonian H takes the form (6.3), Equation (6.1) is the Hamilton-Jacobi-Bellman PDE associated
with the dynamic programming approach to stochastic optimal control problems of the form

T
minimize J(U) = IE[ f 14, XU (1), U)) dt + P(X(T)) (6.4)
0

subject to
o U = {U(#)} 0,1 18 an M-valued control process

U
° {X (t)}re[O,T]
additive noise

is the E-valued solution to the controlled non-autonomous stochastic evolution equation with

dX(t)+ A)X(1)dt = F(t, X(1), u(t)) dt + G(t) dW(t),
X(0) = xo € E.
Remark 6.5 A Banach-space framework seems more suitable for certain control problems for stochastic PDEs.

Consider for instance the following controlled stochastic PDE of reaction-diffusion type perturbed by additive
space-time white noise on [0, T'] X (0, 1),

O+ (AX)1,6) = [(X(1,6),U0) + g1,€) 521, 6),
X(t,0) = X(t,1) =0, (6.5)
X0, = xo(),

where, for each r € [0, T], A, denotes the second order differential operator introduced in Example 5.3. In ap-
plications, it is useful to study running cost functions that allow to regulate the solution X(-) at some fixed points

iy 8 €(0,1), say .
JWU) = IE[ f o, XY (t,00),.... XY (1, &), UD) dt|. (6.6)
0

This running cost functional clearly requires that the solution X(#, &) is continuous with respect to the space vari-
able £. Recently, Veraar (2010) (see also Veraar & Zimmerschied, 2008) have proved that weak solutions to the
uncontrolled version of Equation (6.5) exist and have trajectories almost surely in

C([0,T1; D(A,(0)°)) for & < %

where A, (7) denotes the realization in LP(0, 1) of A, with zero-Dirichlet boundary conditions, see Example 5.3. If

we choose
1

1
p>2 and (56(%,1)
using Theorem 1.15.3 in Triebel (1978) and Sobolev’s embedding theorem, it follows
D(A,(0)°) = [LP(0, 1), D(A,(0)]s = Hé‘”’ (0,1) = Col0, 1]

that is, cost functional (6.6) is now well-defined. This suggests to choose E = L7(0, 1) with p > 2 as state space
for the above control problem and the associated Hamilton-Jacobi-Bellman Equation (6.1).

As we mentioned, at the moment we are unable to obtain optimality criteria and verification-type results for optimal
control problems in Banach spaces for non-autonomous stochastic PDEs as this requires approximation results of
in C»(E) by smooth functions that do not seem available at the moment in the general Banach-space setting. We
will address this issue in a forthcoming paper.
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We now present the final result of this paper, which generalizes to the non-autonomous Banach-space setting
Theorem 9.3 in Zabczyk (1999) on existence of mild solutions to HJ equations in Hilbert spaces (see also Da Prato
& Zabczyk, 2002, Part III and Masiero, 2005).

Theorem 6.6 Let ¢ € C,(E). Suppose Assumptions (AT) and A.1-A.4 hold true. Then there exists a unique mild
solution to Equation (6.1).

Proof. The argument is largely based on the proof of Theorem 2.9 in Masiero (2005). For any v € Gr, we define
the function y(v) by

T
Yy, x) = [P(1, T)¢](X)+f [P(t, YH(s, -, Dyv(s, )] (x) ds,

for (t,x) € [0,T] x E. By Theorem 5.8, estimate (5.10) and Assumptions A.3-A.4, the map y(v) belongs to &r,.
We will show that v is a strict contraction on &7, when endowed with the equivalent norm

v, := sup e Tl w(z,) llo +H(T = D || Dev(t,-) llo]
te[0,T]

and S > 0 is a parameter to be specified below. Let vi, v, € Gr,.

Step 1. From Assumptions A.3-A.4 and estimate (5.10), we obtain
T
by, x) = y(2)(t, X) < f |[P(t, ) (H(s, -, Dvi(5,-) = H(s, -, Dyva(s, )] (x)| ds
t
T
<C [ D2 - Dova(s. Wl ds
t

T
<C f (T = )T vy =, gy, ds.
t

Let € € (0, 1). We can estimate the above integral as follows

T 1
f (T _ s)—aeﬁ(T—s) ds = (T _ t)l—a f r—aeﬂ(T—z‘)r dr
t 0

& 1
— (T _ t)l—a [f r—aeﬁ(T—I‘) dr + f r—ae,B(T—t)r dr]
0 &

_ Al-a
< (T t) [8l—aeﬁ(T—t)s + (l _ gl—a)éﬁ(T—l):I

-«
Then
ePTD Y y(w))(t,-) = y(v2)(2,-) llo

C(T—- 1-a _ _ _ —& _
< % [.91 @p-BT-0(1-2) 4 (] - gl (y)] v =2 gy, -

We may choose & € (0, 1) such that
CTl—a
1l-a

1
1 - l-a —.
( & ) < 3

Now, for 8 > T(ll;_‘;) the map
(0,713t [e(T — )] e PT-D0-20)

1-a

Bl-e1)*

attains its global maximum at7 =7 — Hence,

sup [ (T — 1)]' e T [
te[0,T]

a1l - a) }1‘“
ef(1 —&p)

which tends to zero as § — oo. Therefore, we can choose 8; = (&) sufficiently large such that

1-c
CleiT =™ pr-na-en o 1
€107} l-a 5
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Thus, if € € (g1, 1) and 8 > B1(¢), we have
sup e PT | y(wi)(t, ) = y(m)(t, ) ||0< Zlvi-nllgs,, -
t€[0,T]

Step 2. Using again Assumption A.3 and estimate (5.10), it follows that
T
|DX7(V1)(I’ x) - ny(v2)(t’ x)'E* S f |DxP(t9 S) [H(Ss y val(sv )) - 7'{(.5', y DXVZ(S’ ))] (x)|E* dS
t
T
< Cf (s =" |H(s,+, Dyvi(s, ) — H(s, -, Dyva(s, )| ds
t
T
<C? f (s =) |Dwi(s, x) — Dyva(s, x)|g- ds
t

T
<C? f (s=0)%T = )TV | vi =2 lpe,, ds.
t
For the last integral we have

flT(s —1)"T - 5)"%PT=9 ds

(T _ t)1—2¢1 [j(;b(l _ r)—arfﬂreﬁ(T—l)r dr + L](l _ r)—arfaeﬁ(T—t)r dr]

IA

T2 (1 - ) e exp(B(T = 1)e) + (1 - &) ~"&™ exp(B(T - )]

Hence,
FT(T — 1) || Dyy(vi)(t,-) = Dyy(v2)(t, ) llo

2 1-a
< S -ee mexpBT ~ e~ 1) +(1 =)' e v~ v ey, -
As in step 1, we may choose &, € (0, 1) such that
C& T —e)]'™ 1
< —
l-a 5

and B, = Ba(&2) > 0 sufficiently large such that
Clean(T = D] (1 — &)™

1€[0,T] l-a

1
exp(Bo(T —t)(ery — 1) < 5
Thus, for € € (&, 1) and 8 > B> (),

s ) 2
sup e PTT — 1) || Dyy(v1)(t,) — Deym)(t, ) llo < SlIvi=vlssr, -
t€[0,T]

We conclude that for € € (max {€1, &}, 1) and 8 > max {8;(¢), B>(¢)} we have

4
Iy(v) = y(») lp.s,, < 3 Iy = y(»2) lig.sr,

and the desired result follows from the Banach fixed point Theorem. ]

Example 6.7 Let p > 2 be fixed and let A,(7) and G(¢) be as in Example 5.3, with g satisfying k; < |g(#, )| < k; for
all (¢,&) € [0,T] x (0, 1), for some k; > 0. Let p* := p/(p — 1) and let H: [0, T] x LP(0,1) x L” (0,1) — R and ¢:
LP(0,1) — R satisfy Assumption A.4. Consider the following non-autonomous HJ equation on [0, 7] x L?(0, 1),

%(l, x) + Ly(t, - )(x) + H(t, x,Dv(t,x)) =0, (t,x)€[0,T]xLPO,1),
v(T,x) = e(x),

where, for each ¢ € [0, T'], L, denotes the second-order differential operator on L”(0, 1),

(6.7)

1
(L)) = = (A,(0x. Di() + 5 Trr20) [GO DIFDICD). x € DAND). ¢ € CULIO, 1).
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Here (-,-) denotes the duality pairing between L”(0, 1) and L” (0, 1). As shown in Examples 5.3, 5.10 and 6.3,
Assumptions A.1-A.3 also hold. Then, by Theorem 6.6, there exists a unique mild solution to HJ Equation (6.7).
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