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Introduction

During the past four decades, researchers and professionals of financial markets have
developed and adopted different models and techniques for asset pricing. Pioneering work
in this area were carried out in the seventies by Black, Scholes and Merton [BS 73, M 73].
These papers assume that the price of risky assets are modeled by means of a Geometric
Brownian Motion (GBM). By introducing the concept of no-arbitrage the unique prices
for the European option and other financial derivatives can be found. The remarkable
achievement of Black, Scholes and Merton had a profound effect on financial markets and
it shifted the paradigm of dealing with financial risks towards the use of quite sophisticated
mathematical models.

However, it is widely recognized that the dynamics of risky assets can not be described
by the GBM with constant tendency and volatility parameters, see, for example, the early
works by Mandelbrot [M 63] and Mandelbrot and Taylor [MT 67]. Therefore, a variety
of sophisticated models have been developed to describe better the characteristics of the
financial assets. See, for instance: [G12] for the models with stochastic volatility and
[CT 03] for the models which are based on Lévy processes. These models, although they
are robust in general, are successful only in the computation of theoretical and practical
formulas for the case when the underlying random processes have independent and statio-
nary increments, and so they are time homogeneous (Brownian motion, Poisson processes,
Lévy processes; and others). Empirical work has suggested introduce time-inhomogeneity
in asset price models by a underlying finite state Markov chain, see, e.g., Konikov and
Madan [KM 02] and the reference therein.

This option pricing models with Markovian dependence are called Markov Modulated
Models, which are also called Regime Switching Models (see, e.g. [MEQ7]). The original
motivation of introducing this class of models is to provide a simple but realistic way
to describe and explain the cyclical behavior of economic data, which may be attributed
to business cycles. From an empirical perspective, Markov modulated models can describe
many important stylized features of economic and financial time series, such as asymmetric
and heavy-tailed asset returns, time-varying conditional volatility and volatility clustering,
as well as structural changes in economics conditions.

The idea of regime switching has a long history in engineering though it also appeared in
some early works in statistics and econometrics. Quandt [Q 58] and Goldfeld and Quandt
[GQ 73] adopted regime-switching regression models to investigate nonlinearity in economic
data. Tong [T 78, T 83] introduced the idea of probability switching in nonlinear time
series analysis when the field was at its embryonic stage. Hamilton [H 89] popularized the
application of Markov modulated models in economics and econometrics. Since then, much
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attention has been paid to various applications of Markov modulated models in economics
and finance.

The main subject of this thesis is to give a modern and systematic treatment for option
pricing models driven by jump-telegraph processes, which are Markov-dependent models.
The telegraph process is a stochastic process which describes the position of a particle
moving on the real line with constant speed, whose direction is reversed at the random
epochs of a Poisson process. The model was introduced by Taylor [T 22] in 1922 (in discrete
form). Later on it was studied in detail by Goldstein [G 51] using a certain hyperbolic partial
differential equation, called telegraph equation or damped wave equation, which describes
the space-time dynamics of the potential in a transmission cable (no leaks) [W 55]. In 1956,
Kac [K 74] introduced the continuous version of the telegraph model, since the telegraph
process and many generalizations have been studied in great detail, see for example [G51,
090, 095, R99], with numerous applications in physics [W 02], biology [H99, HH 05],
ecology [OL 01] and more recently in finance: see [MR 04] for the loss models and [R07a,
LR 12b] for option pricing.

The outline of this thesis is as follows. In Chapter 1 we introduce the general definition
and basic properties of the telegraph process on the real line performed by a stochastic
motion at finite speed driven by an inhomogeneous Poisson process. The explicit formulae
are obtained for the transition density of the process, the first two moments and its mo-
ment generating function as the solutions of respective Cauchy problems. In Chapter 2
we present the main properties of the inhomogeneous Poisson process and its generaliza-
tion. In Chapter 3 we introduce the jump-telegraph process, the fundamental tool for the
applications to financial modeling presented in Chapters 5 and 6. The explicit formulae
are obtained for the transition density of the process the mean and its moment generating
function, and then we proof some martingale properties of this process.

In Chapter 4 for the reader’'s convenience and in order to make the thesis more self-
contained, we recall some general principles of financial modeling. In Chapter 5 we propose
the asset pricing model based on jump-telegraph process with constant jumps. In this
chapter we find the unique equivalent martingale measure given by the Girsanov transfor-
mation, derive the fundamental equation for the option price and strategy formulae; and
finally calculate the price of a European call and put options. In Chapter 6 we propose the
asset pricing model based on jump-telegraph process with random jumps, describe the set
of risk-neutral measures for this type of models and introduce a new method to choice an
equivalent martingale measure. Finally, we derive the fundamental equation for the option
price and calculate the price of a European call and put options.
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Chapter 1

Telegraph processes

In this chapter we define the telegraph process, describe its probability distributions and
their properties, such that mean and variance among others. These properties will allow
to obtain closed formulas for the prices of European options in the framework of option
pricing models described in chapters 5 and 6. Let us consider a complete probability space
(2, F,P) supplied with the filtration F = {F¢}+>0. We assume all processes to be adapted
to this filtration.

1.1 Two-state continuous-time Markov chain

Let € = {e(t)}+>0 be a continuous-time Markov chain, defined on (2, F, P), taking values
in {0, 1} and with infinitesimal generator given by

(=X o
A= < A _)\1> , Ao >0, Ay > 0. (1.1)

Let {7,}n>1 denote the switching times of the Markov chain €. By setting 7o := 0 we can
prove the following.

Proposition 1.1. The inter-arrival times {7, — Tp—1}n>1 are independent random variables
exponentially distributed with

P{Ty — Tp1 >t ] e(Tho1) =i} =N, i€{0,1}. (1.2)

Proof. Let T, := T — Tp—1 and R(t) := P{T, > t | &(Ta—1) = i}, n > 1. As Ais the
infinitesimal generator of €, we have

P{e(t + At) #e(t) | €(t)} = Ae(nAt + o(At), At — +0.
From the latter equation we obtain

P{T, > t+ At | e(Tho1) =i}
P{T, > t|e(To-1) =i}

=P{T,>t+At| Ty >t,e(Tho1) =i}

=1—N\At+ o(At).
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Therefore R(t+ At) — R(D) (A1)
+ — o
At = —-\R(t)+ N

Passing to limit as At — +0 we obtain the differential equation

R(t).

dR
E(t) = —X\R(t),

with initial condition R(0) = P{T,, > 0 | (7s—1) = i} = 1. The unique solution of this
Cauchy problem is given by (1.2).

The independence of increments follows from the Markov property of process €. O

Now, we define the counting Poisson process N = {N}+>¢ which counts the number of
switching of € by

Ne = Z 1<t No=0, (1.3)

n>1

where {7,},>1 are the switching times of €. The properties of this process will be presented
in detail in the next chapter.

Comment 1.1. For more details on Markov chains see e.g. Privault [P 13], Kulkarni [K 99]
and Ethier and Kurtz [EK 05].

1.2 Definition of the telegraph process

Using the Markov chain € = {e(t)}+>0 defined in previous section consider the process
X = {X¢}t>0 of the form

t
Xt:/ Ce(s) ds, (1.4)
0

where ¢y and ¢y are two real numbers such that ¢y # ¢y, without loss of generality, we
can assume that ¢y > c¢;. The process X is called the asymmetric telegraph processes
or inhomogeneous telegraph process with the alternating states (cp, Ag) and (c1, A1).

X

To T1 T2 T3 Ta Ts t

Figure 1.1: A sample path of X with ¢; < 0 < ¢y and €(0) = 0.

The description of the dynamics of this process is the following: By fixing the initial state
of the Markov chain €, €(0) =/ € {0, 1}, this process describes the position at time t of a
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particle, which starts at time zero from the origin, then moving with constant velocity ¢;
during the exponentially distributed random time 71, with rate A;. At this first switching
time the particle change its velocity to ¢;_; and continue its movement during random time
T> — 71, Which is exponentially distributed with rate A1_; and so on. The particle continues
this dynamics until time t. A sample path of the telegraph process is plotted in Figure 1.1.

Remark 1.1. It is known that the process {X¢}+>q itself is non-Markovian, but if V4 =
dXt/dt = ¢y is the corresponding velocity process, then the joint process {(Xt, V) }e>0
is Markov on the state space R x {¢p, c1}, see Section 12.1 of Ethier and Kurtz [EK 05].

Remark 1.2. Inthe case of A\g = A1 and —¢y = ¢ = ¢ the process X is called homogeneous
telegraph process and its properties are well known, see e.g. Chapter 2 of Kolesnik and
Ratanov [KR 13]. In this case the particle’s position X; at arbitrary time t > 0 is given by
the formula

t
X¢ = \/0/ (—1)Neds,
0
where Vg € {—c, ¢} denote the initial velocity of the process.

Remark 1.3. In this case we have that Fgy is not the trivial o-algebra. It is not sufficient
to suppose that Fy contains all zero probability sets and their complements, in the current
framework Fp must describe the value of the initial state £(0) € {0, 1}.

Note that by fixing the initial state €(0) = / € {0, 1}, we have the following equality in
distribution
D ~
X¢ = C,'t].{t<.,-1} + [C,“Tl + thfrl]l{t>7—l}, (1.5)

for any t > 0, where the process X = {)~<t}t20 is a telegraph process independent of X,
driven by the same parameters, but X starts from the opposite initial state 1 — /.

Moreover, if the number of switching is fixed, we have the following equalities in distribution

D
th{Nt:O} = Clt]-{t<‘r1} (1.6)

D ~
th{Nt:n} = [C,"T]_ + Xt*Tl]l{Kltzn—l}' n> 1, (]_7)

for any t > 0, where the process N = {/Vt}tzo is a counting Poisson process as in (1.3)
independent of N starting from the opposite initial state 1 — /.

1.3 Distribution

The distributions of the telegraph process are completely determined by the value of the
initial state of the Markov chain €. Therefore, we repeatedly use the following notations

Pi{-} =P{- |e(0)=i} and Ei{}:=E{-]€(0)=i}, i=0,1 (1.8)

for the conditional probability and the conditional expectation under a given initial state
€(0) =7 € {0, 1} of the underlying Markov process.
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We denote by p;j(x, t) the following density functions

P/{Xt S dX}

o i=0,1, (1.9)

pi(x, t) =
and if the number of switching is fixed, we denote by p;(x, t; n) the following joint density
functions P.IX. € dx. N
i € , =n .
pi(x, t;n) = AXe d)>(< ! }, i=0,1,n>0. (1.10)
Here X = {X¢}+>0 is the telegraph process defined in (1.4) and N = {N;}+> is the Poisson
process defined in (1.3). Precisely speaking, the latter definitions means that for any Borel

set A C R, we have

/p,-(x, t)ydx =P;{X; € A} and /p,-(x, t;n)dx =P {X: € A, Ny = n}.
A A

Furthermore, we have the following relation
e.9]
pi(x, t):Zp,-(x, t;n), 1=0,1. (1.11)
n=0

Let 7 = 71 be the first switching time of the process €. By fixing the initial state £(0) =
i € {0, 1}, the distribution of T is given by (1.2) (with n = 1), P;{T € ds} = \;e"**ds.
Hence by equation (1.5) and the total probability theorem, the density functions p;(x, t),
i =0, 1 satisfy the following system of integral equations on R x [0, oc)

t
po(x, t) = e (x — cot) + / p1(x — cos, t — s)Aoe *°ds,
Ot (1.12)
pi(x, t) = e Mo (x — cart) +/ po(x — 15, t — s)Ae M%ds,
0

where §(-) is the Dirac’s delta function.

Similarly, using (1.6) and (1.7) together with the total probability theorem, it follows that
the density functions p;(x, t;n), i = 0,1, n > 0 satisfy the following system on R x [0, oc)

po(x, t;0) = e 2t§(x — cot), p1(x, t;0) = e M5 (x — 1 t), (1.13)

t
po(x. tin) = / pi(x — cos, t —s;n — 1)Age °ds,
. n>1. (1.14)

t
pulx tin) = / po(x — c1s, t — s;n — 1)Ae”Mds,
0

The system of integral equations (1.12) is equivalent to the following system of partial
differential equations (PDE) on R x (0, oo)

8 )
S () 2 (x, £) = —Aopo(x, t) + Aopr(x. ),
o a;( (1.15)
aftl X, t) + C187X1(X, t) = —A1p1(x, t) + Arpo(x, t),

with initial conditions po(x,0) = p1(x,0) = §(x).
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Indeed, if we define the operators

3] 0
£t =gy tGig. =01 (1.16)

Then, we have the following identities

LEe8(x — it)] = —Aie Mo (x — qit),

Op1_ for i € {0, 1}.
s (x —¢cjs, t—5s),

L pr—i(x — ¢s, t —s)] = —

. ’t .
Hence, by applying the operators £7** to system (1.12) we obtain

LI pi(x, )] = = Ne ™M (x = ¢it) + pr—i(x — Gt 0)A e~
L Op1—

o5 (x — ¢js, t — s)Aje M%ds.

Integrating by parts we obtain
LY pi(x, t)] = = Xie ™M (x — ¢it) + pi—i(x — ¢it, O)hie M + Xipr—i(x, t)
t
— pl_,-(x — Git, O)>\,-e_>"t — >\,‘/ ,Dl_,‘(X — CiS, t — s)>\,-e_>‘"5ds
0
= — A\ipi(x, t) + Aip1-i(x, t),

which is equivalent to (1.15).

Similarly, the integral equations (1.14) are equivalent to the following PDE-system on
R x (0, 00)

oo
ot

15, o
%(x, t;n) + Clg(x, t;n) = —Aipi(x, t;n) + Xipo(x,t;n—1),

0
X, t;n)+ Coﬂ(x, t;n) = —Xopo(x, t;n) + Xop1(x, t;n—1),
Ox (1.17)

with initial functions
po(x, t;0) = e 2§ (x — cot), pi(x, t;0) = e ME5(x — 1 t),

and with initial conditions po(x, 0; n) = p1(x,0;n) = 0.

To find the density functions of the telegraph process (1.9), first we find the joint density
functions (1.10) by solving the integral system (1.14) or, equivalently, the PDE-system
(1.17) and then using the relations (1.11). We will do it by using the following notations:

&(x, t) = X~ , and hence t—¢&(x, t) = L. (1.18)
CO— C1 G— G
Let 1
Q(X, t) = H e—Aog(X,t)—Al(t—S(X,t))1{0<$(X't)<t}' (119)

By definition, we have

E(x—cos, t—5s)=€&(x,t)—s and E&(x—cas, t—s)=€&(x,t). (1.20)
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Thus, for each j =10,1
Ais+Xoé(x —cis, t—s)+ A (t—s—E&(x—cis, t —5)) = No&(x, t) + A1 (t — &(x, 1)).
From the latter identity we obtain

e 20%0(x — o5, t — ) = 0(x, t)1{sce(t)) (1.21)
e M (x — s, t—5) = 0(x, )L scr_g(xt))}- |

Further, owing to (1.20) and (1.21) the following identities are fulfilled: for any /, m >0

g(x—cos t—s) (t—s—&(x—cos t—s))"
/!

e %9(x — s, t — s)ds

— 8(x, t)/é(x 9 (€ f)—s) (f—ﬁr(;? £)"
£0x, ) (- &(x, t))
(I+ 1) m!

o(x, t) (1.22)

and

/tg(X_Cls,f—S)l (t—s_ (X—Cls r_ ))m
0

1 e M%9(x — ¢5, t — s)ds

ds

o /f 0 g s )"
ex, 1) (t —€(x, t))m+1

I CE R (1.23)

With this in hand, we can now prove the following theorem.

Theorem 1.1. The joint density functions p;(x,t;n), i = 0,1, n > 1 of the telegraph
process X are given by

>\k+1>\k£(Xklt)k (t - EIET D) f(x,t), n=2k+1, k>0,

po(x. £:7) = (1.24)
AkAkS(Xklt)k (t _(f((i f))l)k ' Q(X, t)v n= 2/(, k >1,
>\k>\k+1€(Xklt)k (t— E/Ef D ox 1), n—2k+1, k>0,

pu(x, t;n) = : (1.25)

Here and everywhere onward, we assume that for any test-function ¢

/ d(x — s)p(s)ds = p(x).
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Proof. By induction. For n =1, i.e. for k = 0, substituting (1.13) directly in (1.14) for
i =0, i.e. with initial state £(0) = 0, we have

t
Po(X, t,l):/ pl(X—Coslt—s;O)AOe—AOSds
0

t
= / e M5 (x — cos — ci(t — 5))hoe M0%ds
0

Ao ‘ —Xos—A1(t—s)
= e nosTA 0(&(x,t) —s)ds

¢ —C Jo

N0 ettt
e He OE(X t) l(t g(X t))1{0<£(X,t)<t} e >\09(X, t)

Similarly, for i = 1 we have
t

pi(x, t;1) = / po(x — c15, t — 5;0)A1e~*%ds
0

t
e / e—AO(t—S)é(X — 15 — Co(t _ S)))\le—xlsds
0

t
= M [ e b ) - s
0

Co—C1
A1 —Xoé(x,t)=A1(t—€(x,t
= He el ) t=elx ))1{O<£(X,t)<t} = A16(x, t).
For n > 1 we have two cases: If nis even, n = 2k with k > 1, assuming that formulas
(1.24) and (1.25) hold for n — 1, using the equations (1.14) with i = 0 we have

t
po(x, t; 2k) = / p1(x — cps, t — 5,2k — 1)Xoge *0°ds
0

€06 D (£~ ECx, )7

by (1.22)
K TR

S

and for i = 1 we have
t
pr(x, t;2k) = / po(x — 15, t — 5,2k — 1)A1e M1%ds
0
LEOG )R (E— €(x, t))K
t).
(k—1)! K 0(x, t)

If nis odd, n = 2k + 1 with kK > 1, assuming that formulas (1.24) and (1.25) hold for
n—1, using the equations (1.14) with / = 0 we have

by (1 23) >\0>\

t
pO(X' t; 2k + 1) = / Pl(X — (oS, t—s; 2k))\oe*>‘05d5
0

g 0 (¢ 0"

by (1.22)

="

and for i = 1 we have
t
pi(x, t;2k +1) = / po(x — cs, t—s; 2k)>\1€_>‘15ds
0

g1 806 O (£ = € )
k! k!

b(: )>\k

0(x, t). ]
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p,(x.6)
0.06
t=0.55

005l t=0.73
t=102
/ ——t=123
/ \
/ =185

0.041 /
/

0.031 /
/

Figure 1.2: Plots of p1(x, t;6) for co =1, c1 = =2, Ag =3 and A\; = 2.

Finally, by using the relation (1.11) we can express the solution of the integral system
(1.12) or, equivalently, of the PDE-system (1.15) in the following form

pi(x, t) = e Mo(x — ¢it) + Z pi(x,t;n), i=0,1.
n=1

Then, by using the Theorem 1.1 we get the explicit formula for the density functions

pi(x,t), i =0, 1 of the telegraph process

Malo (2v/ 3o (x, )t — €0x, 1))

po(x, t) = e 285 (x — cot) +
) (1.26)
v (s ) (2v/AemEn e — €O t)))] o(x. 1
and
pr(x. t) = e ME§(x — 1) + | A1lo <2\/)\o>\1£(x, (t — £(x, t)))
1 (1.27)
Vswe <tg(i(xt)t)> h (2v/ oM, D)t — &(x, t)))] o(x. 1),
where
(z/2)1 (1.28)

0 2k =
b@ =Y T e @)=k = P
k=0 ' - N

are the modified Bessel functions of the first kind, of orders 0 and 1, respectively.

Remark 1.4. Note that the density functions p;(x, t; n) for n > 1 and the continuous part
of density functions p;j(x, t) vanish if £(x, t) ¢ (0, t), see definition of the function 6(x, t)

equation (1.19), which is equivalent to x ¢ (c1t, cot).
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Py(x.0)

t=2.0

03r

Figure 1.3: Plot of the continuous part of pg(x, t) for o =1, c1 = =2, Ao =3, \1 = 2.

We conclude this section exhibit a connection between telegraph processes. Let ¢y, c¢1, ¢
and ¢ be real numbers, such that cg # c1. The telegraph processes

t t
X :/ Ce(s)ds and X3 :/ Co(s)ds.
0 0

driven by the common Markov process € = {e(t) }+>0, satisfy the following identity:

Xi=a"t+ b"Xq, (1.29)

where
cico— ¢ty cr—cf
at=21-"—9=  and b =21
Ch— C Ch— C

X X*

Xi=at+bX.

—--

To T T T3 t To T T T3 t

Figure 1.4: Connection between the sample paths of the processes X and X*.

Comment 1.2. The Theorem 1.1 and connection (1.29) are the fundamental tools to
obtain closed formulas for the prices of European options in the market models described
in chapters 5 and 6.
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1.4 Mean and variance

In this section we find the conditional means and variances of the telegraph process using
the approach based on the partial differential equations (1.15).

Theorem 1.2. For any t > 0, the conditional expectations m;(t) := E;{X:}, i = 0,1 of
the telegraph process X satisfy

A 2)t
mo(t) = % [(Alco—l—)\ocl)t—i—ko(co—cl) (1;)] -

m(t) = % [(Alco +hocr)t— A (co— c1) (1_;2“)] |

where 2\ ;= Ao + A1.

Proof. By definition we have
o0

m,-(t):IE,-{Xt}:/ xpi(x. )dx, i=01,

— 00

where p;(x, t) are the density functions defined in (1.9). Differentiating the above equation
and using the system (1.15) we obtain

Ami 4y = /oo 2P t)dx

dt ot
= —¢ X o (x, t)dx — X; xpi(x, t)dx + \; xp1—i(x, t)dx.

Integrating by parts at the first integral term of the latter equation we obtain

dm,-

(t) = C// pi(x, t)dx — >\// xpi(x, t)dx + >\i/ xp1—i(x, t)dx,

dt —0o0 —o0 —o0
which follow to the differential equations
dmo

W(t) = —Xomp(t) + Xom1(t) + co,

i (1.31)
W(t) = —>\1m1(t) + >\1m0(t) + a1,

with initial conditions mg(0) = m1(0) = 0. This system can be written in vector form as

Z—T(t) —Am(D)+c. m(0) = (8)

mo(t) —Xo Ao Co
m(t) = <m1(t)) , A= ( N _)\1> and c= <c1> .

where
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The unique solution of the Cauchy problem (1.31) can be expressed as

t
m(t):/ Nt=s)cds. (1.32)
0

The exponential of At can be easily calculated

—2Xt —2At
1 _ e—2Xt 1 [ A1+ Aoe Xo(l—e )
eth =) - 2" T A= = . (1.33)
2 2 )\1(1 _ efQXt) >\O + >\1672)\t
Substituting this into (1.32) and integrating we obtain (1.30). O

Theorem 1.3. For any t > 0, the conditional variances vi(t) = E;{(X¢ — m,-(t))z},
i =0, 1 of the telegraph process X satisfy

(<o

vo(t) = >\C1> [2>\0)\1(f —2¢(t) + dan(1))

+ Xo(ho — A1) (da(t) — 2t + d>>\(t)e_2“)] ,
(1.34)

a(n = o) [QA A (= 265(8) + $2x(1))
— X0 = M) (9a(1) —2te P 4 @(r)e—%f)] |

Ao+ A1 1 — e 2t

where A = 5 and ¢x(t) = o

Proof. By definition
oo
V,‘(t) = E,{X?} — m,-(t)z = / sz,'(X, t)dX — m,‘(t)2, /=20,1.
—0o0
Differentiating the above equation and using the systems (1.15) and (1.31) we obtain

dV,' B o 23[), ' dm/
dt(t)—/_oox P (x, tydx — 2mi(0) T (1)

= —c,-/ 28/9, (x, t)dx — X / x?pi(x, t)dx+>\,-/ x?pr_i(x, t)dx

—00

+ 2m,-(t)(>\,-m,-(t) - >\im1—i(t) - C/)

Integrating by parts at the first integral term of the latter equation we obtain

dv’ G =2 /OO xpi(x, t)dx — \; (/OO Xpilx, )dx - mi(t)z)

o0 —0o0

+ X\ </oo X*pr—i(x, t)dx — m1—/(f)2> + Xi(mi(t) — ml—/(f))2 —2¢imj(t).

—00



14 CHAPTER 1. TELEGRAPH PROCESSES

From (1.30) it follows that (mq(t) — ml(t))2 = (m(t) - mo(t))2 = (co — c1)?px(1)>.
Therefore, we obtain the following system of ordinary differential equations (ODE)

d(Tv:(f) = —Xovo(t) + Aova(t) + Xo(co — c1)?Pa(t)?,
(1.35)

TH(O) = Mn(0)+han(0) + e — )b (07

with initial conditions vp(0) = v1(0) = 0. Again, this system can be written in vector form
as

dv 0
E(t):/\v(t)—i—b(t), v(0) = <O)

vo(t X0 A Xo(co — c1)?Pa(t)?
V(1) = o(t) | A o Mo and b(t) = o(co 1)2%( )2 '
vi(t) A1 AL A1(co — c1)“oa(t)
Then, the unique solution of the Cauchy problem (1.35) can be expressed as
t
v(t) = / M=) p(s) ds.
0

Hence, by integrating with the matrix e’ given by (1.33) we obtain (1.34). ]

1.5 Moment generating function
In this section we find the moment generating functions of the telegraph process X,
o0
Wiz, 1) = E e} = / ePpy(x, t)dx, =01, (1.36)
—00

defined for arbitrary z € R and t > 0.

Theorem 1.4. For any z € R and t > 0, the functions 9;(z, t) have the form

__tlaz—X) Sinh(t\/ﬁ)
Po(z, t) =e (cosh(t\@) +(cz+XN) D ,
ah(e/D) (1.37)
__at(az=X) _ _ sin
Pi(z, t) =e (cosh(t\@) (cz A)i\/ﬁ > ,
where
a::CO;CI, C::CO;Cly C::AOEAI’ >\:>\0-;>\1 (1.38)

and D = (cz — ¢)? + o)1
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Proof. Differentiating (1.36) in t for any fixed z € R, using the system (1.15) and inte-
grating by parts, we obtain the following system of ODE

%(Zv t) = (zco — Ao)Yo(z, t) + Xo¥1(z, ),
(1.39)

%(Zv t) = (za — A)Ya(z, t) + Mo(z, ),

with initial conditions 1p(z,0) = 1(z,0) = 1. The above system can be rewritten in
vector form also
dy

@D =Mz, ez0)= G)

Yo(z, t)

and the matrix A is defined by
Pa(z, f))

ZCO—>\0 >\0
A= .
>\1 ZCl—)\l

The unique solution of the Cauchy problem (1.39) can be expressed as

where P(z,t) = (

P(z, t) = e vy +e!®v,, (1.40)

where a1, a are the eigenvalues of matrix A and vy, v, the respective eigenvectors. The
eigenvalues a1, ao are the roots of the equation det(A — al) = 0, where

det(A —al) = a® — Tr(A)a + det(A) = a® — 2(za — N)a + z2cpct — z(cA1 + ci)ho).
Hence, the eigenvalues are
ar=za—A—VD and ay =za— X+ VD, (1.41)
where
D = (za—\)? = z%cycy + z(co1 + c1ho).
Applying the identities

a’ — CoC1 = C2, 2a\ — (>\OC1 + >\1C0) =2c(, A2 — Ao = <-2,

we obtain D = (zc — )% + o1

Now, from the initial conditions (2, 0) = 91(z,0) = 1 and (1.40) it follows that vi+v, =
(1,1)7. Let v = (xk,v&)"., k = 1,2. To find the corresponding eigenvectors we need
solve the following system: Avy = ayvi, k = 1,2 and vi+vy = (1,1)7. Thisis equivalent

to
(ZC—C+\/5)X1 +Xoy1 =0,

Axa+ (—zc+¢+VD)yr =0,
(zc = ¢ —=VD)xo + Aoy2 =0,
Ao+ (—ze+¢—VD)y: =0,
X1 +x0 =1,

nt+y2=1
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Solving this system we can easily obtain

1 zc+ A 14 zZc+ A
1 VD 1 vD
V1—§ 1+ZC—>\ and V2—§ 1_ZC—>\ . (142)
vD vD
Finally, substituting (1.41) and (1.42) in (1.40) we obtain (1.37). O

Comment 1.3. The explicit formulas for the means and variances of the telegraph process
can be obtained by differentiating the moment generating function 1;(z, t), but it is rather
cumbersome.

Corollary 1.1. Forany z € Rand t > 0, the conditional characteristic functions p;(z, t) :=
E;{e?Xt}, j = 0, 1 of the telegraph process X have the form

Po(z, t) = etliza=X) <cosh(t\/E) + (izc + )\)sinh(\/%ﬁl:‘)) :
| (1.43)
pr(z, t) = etliza=X) <cosh(t\/E) — (izc — )\)smh(\/t%ﬁl:‘)) :

where E = (izc — ) + XoA1 with i = /—1.

1.6 Notes and references

The density function p(x, t) := 3[po(x, t) + p1(x, t)] of the inhomogeneous telegraph
process X was obtained in Beghin, Nieddu and Orsingher [BNO 01] using relativistic trans-
formation. Theorem 1.1 is from Ratanov [R07a]. The means of X are found in [R07a] and
the moment generating functions are calculated by Lépez and Ratanov [LR 14] in different
way. Other properties and characteristics of the inhomogeneous telegraph process, such
that the distribution of the first passage time, the formulas for the moments of higher
orders and the limit behavior of this moments under non-standard Kac's scaling conditions
can be found in the paper by Lépez and Ratanov [LR 14].



Chapter 2

Poisson processes with telegraph
compensator

In this chapter we study the main properties of the Poisson process N = {N;}¢>o defined
on the same filtered probability space (2, F, F,P) by (1.3), i.e.,

Ne=> 1<y, No=0, (2.1)

n>1

where {T,},>1 are the switching times of €. This counting process is a increasing cadlag
process (i.e., continuous on the right and with limits on the left). We denote by N;_ the
left-limit of Ng when s — t, s < t and by ANy = Ny — N¢_ the jump value of process N.
Figure 2.1 shows a path of N.

N
S ——
A
&———o
A
*—o0
A
. o
A
. ;
fi: t t t t
To 1 T2 T3 Ta Ts t

Figure 2.1: A sample path of N.

The process N is a Markov-modulated Poisson process (MMPP) whose arrivals are gener-
ated by the continuous-time Markov process € = {e(t)}+>0. Notice that N is an inhomoge-
neous Poisson process with stochastic intensity {A¢(+)}t>0. The MMPPs are special case

17
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of a Doubly Stochastic Poisson processes also known as a Cox processes, see Brémaud
[B81] and Cox [C62].

Recall that the process N is F-adapted if and only if the random variables {7,},>1 are
F-stopping times. In that case, for any n, the set {N; < n} = {7,4+1 > t} belongs to F.
The natural filtration of N denoted by F¥N = {FN};>0 where FN = o(Ns, s < t) is the
smallest filtration which satisfies the usual hypotheses and such that N is FN-adapted.

The stochastic integral fot HsdNs is defined pathwise as a Stieltjes integral for every
bounded measurable process (not necessarily FV-adapted) {H¢}¢>0 by

t 0
/ HsdNs = / HedNs := Y Hyp (7 <. (2.2)
0 (0,t] n=1

We emphasize that the integral fot HsdNs is here an integral over the time interval (0, t],
where the upper limit t is included and the lower limit O excluded. This integral is finite
since there is a finite number of jumps during the time interval (0, t]. We shall also write

t
/ HsdNs = > HsANs,
0

0<s<t

where the right-hand side contains only a finite number of non-zero terms. We will also

use the differential notation
t
d </ Hst5> ‘= Hid Ny
0

2.1 Distribution

Using the notations defined in (1.8), first we derive explicit expressions for the probabilities
mi(t;n) =P{Ny=n}, i=0,1,n>0. (2.3)

Proposition 2.1. The probabilities 7;(t; n) satisfy the following system of integral equations

t

mo(t; n) = / m1(t — s;n — 1)hge 20%ds,
° n>1, (2.4)

mi(t;n) = / mo(t — s;n — 1)A e %ds,
0

mo(t; 0) = e~ 2ot 71 (t;0) = e Mt (2.5)
Proof. Using the random variables {Ty = T — Tk—1}«>1 we denote by
T =T+ +T, | e(0)=iy

the sum of the first n random epochs between switchings of the underlying Markov process
€ under the given initial state €(0) =/ € {0, 1}. Notice that

{N(t) < n|e©) =i} ={T" > t}. (2.6)
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In particular, for n =0 and / € {0, 1} we have
mi(£;0) = PAN(t) = 0} = P{N(t) < 1} = P{T) > t} = Pi{ry > t} = e N,

where the latter equality follows from (1.2). Hence, P;{T € ds} = X\;e~*°ds, where we
denote by 7 := 771 the first switching time.

Further, note that for any n > 1 and i € {0, 1} by (2.6) we have

mi(t;n) =P{N(t) = n} =P{N(t) < n+ 1} —P{N(t) < n}
—P{T" > 1} (T > 1} (2.7)
Moreover, fix the initial state €(0) = 7 € {0,1} for any n > 1, we have the following
equality in distribution
1) D
T 20 T, (2.8)
)

By applying (2.8) from the independence of the random variables 7 and Tl(ﬁ
derive

. itis easy to

PT > 1) = P{r + T > 1)
—P{r> t}+P{T" > t—70<7< 1t}

=e Nt 4 /Ot]P’{Tl("), >t —s}P{T € ds}
—e Nt /OtP{Tl(ﬁ), >t — shhe Nods.
Therefore
P{T > 1 —P(T” > ¢} = /Ot [P{Tl@, Stosh—P{T V>t s}} AeNsds
= /Ot m_i(t —s;n— 1)Xie Nds.
Substituting the latter expression into (2.7) we obtain the claim. ]

It is interesting to note that the system of integral equations (2.4) is equivalent to the
following system of ordinary differential equations

dm
d—to(t; n) = —Xomo(t; n) + Xom1(t; n — 1),
dﬂ'l (29)
W(t; n) = —X\imi(t; n) + A\imo(t; n — 1),
t>0, n>1,
with initial functions
mo(t; 0) = e~ 2ot m(t;0) =e Mt >0

and with initial conditions mo(0; n) = w1(0;n) =0, n > 1.
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Indeed, differentiating (2.4) and then, integrating in the result by parts we have

t
dm

(t;n) = m_i(0;n—1)Xe N — / i
0 ds

=m1_;(0;n— DAje Mt — i (0;n — DXje N+ Nm_i(t;n—1)

dr,

9 (t —s;n—1)xie Nds

t
— A// mi_i(t—s;n— 1)>\,'e*>"5d5
0
= —\mi(t;n) + Nim_i(t;n—1).

System (2.4) or, equivalently (2.9), can be solved explicitly in terms of Kummer's function
also called a confluent hypergeometric function ¢ = ¢(a, b; z) = 1F1(a; b; z) (see [GRO7]
Section 9.21), which is defined by

z"(a)

o(a, b; z) = ; TOR (2.10)

where (a)x is Pochhammer's symbol defined by (a)x = a(a+1)---(a+ k—1), (a)o = 1.

By using formulas 9.212.1 p. 1023 and 7.613.1 p. 821 of [GRO7] with c = v+ 1, it is
easy to get the following identity

/ e X7 rp(a, v, —zx)dx = ?d)('y —a,y+1,zt). (2.11)
0

With this in hand, we can now prove the following theorem.

Theorem 2.1. The probabilities 7;(t; n), i = 0,1, n > 1 are given by

( \k+1yke—Aot $2k+1
0 (21k+1)' d(k+ 1,2k +2;2(t), n=2k+1, k>0,
Ol(T)IMk,Q/H_l;QQt), n=2k, k>1,
)
>\k>\k+1 —>\1tt2k+1
) 1(2/<e+ ! ¢k + 1,2k +2;,-2(t), n=2k+1, k>0,
mi(t; n) = N OKe— it $2k (213)
Ol(TMk,Q/H_L_QCt), n=2k, k=>1,

where 2¢ = A\g — A1,
Proof. By induction. From the definition of Kummer's function we easily get ¢(1,2;z) =

(e —1)/z. Hence, for n =1, i.e. k =0, substituting (2.5) directly in (2.4) for i =0, 1
we have

t t
mo(t; 1) = / m1(t — 5;0)Age~0%ds mi(t; 1) = / mo(t — s;0) A1 M%ds
0 0

t t
= Aoeklt/ e~ (Ro—A)syg = Alexot/ e(Po—A)sqg
0 0

= Xoe NTtp(1,2;2¢t), = Ae Mitp(1,2; —2(t).
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For n > 1 we have two cases: if nis even, say n = 2k with k > 1, assume that formulas
(2.12) and (2.13) hold for n — 1. By using the equations of (2.4) for i = 0 we have
t
mo(t; 2k) = / m(t — s; 2k — 1)hge 20%ds
0

)\k}\k —Xot t
— 20 /e“SSQk_1d>(k,2k;—2Cs)ds
0

- (2k—1)!
by (2.11) AEXKe Aot 2k
yieH 2o 1(2/()I Pk, 2k +1;2(t),

and for i =1

t
7r1(t;2k):/ To(t — 5: 2k — 1)Age M15ds
0

NorkeMt ot
= (gklel)'/ e_IJJSS2k—l¢(k' 2/(, 2(5)(:]5
=) Jo

by (2.11) A§AFe MEp2k

0l d(k, 2k + 1; —2(t).

If nis odd, say n =2k + 1 with kK > 1, in a similar way we obtain

t
mo(t; 2k + 1) = / 71 (t — s5;2k) Ao~ 20%ds
0

B At \ke—ot
(2k)!

by (2.11) Aot nke—dot $2k+1
(2k + 1)!

t
/ et sk p(k, 2k + 1; —2¢s)ds
0

Ok + 1,2k +2;2(t),
fori=0,andfori=1

t
71'1(1,';2/( + 1) = / 7To(t — S;2k)>\1€_>\lsd5
0

>\16>\ll<+le—>\1t t s 2k
:(2/()!/0 e M5 p(k,2k + 1;2(s)ds

}\é)\/{+1e—>\1tt2k+1
2k +1)!

by (2.11)

Gk + 1,2k + 2; —2(t). O

Remark 2.1. Notice that N is a Poisson process without explosions (is stable) as conse-
quence of the simple fact that

=1 ' if nis odd,
Z - = o0, where in:{l s o (2.14)

— A 1—1/ if niseven.

Which is equivalent to IP’{ lim T,-(”) = oo} = 1, the definition of non-explosion (see Defi-
n—oo

nition 2.1.1 p. 9 and Exercise 3.1.2 p. 21 of Jacobsen [J06]).
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2.2 Mean and variance

In this Section we derive the explicit formulas for the conditional expectations and variances
of the Poisson process N by means of a system of ordinary differential equations and its
solution.

Theorem 2.2. For any t > 0, the conditional expectations n;(t) := E;{N;}, i = 0,1 of
the Poisson process N are

1
mo(t) = 55 [2eMat + do(ho — A)ea(1)].
. (2.15)
nl(t) = 5 [2)\0>\1t — >\1(>\0 — >\1)¢)\(t)} ,
1— e—2>\t
where 2\ = X\o + A1 and ¢a(t) = —ox
Proof. By definition
ni(t) =E{N:} => nm(tin), i=01.
n=0
Differentiating this equation and using system (2.9) one can obtain
dn, . > dﬂj )
ar (0= 2 mg (6
n=1
= -\ Z nmi(t;n) + X Z nmi_j(t;n—1)
n=1 n=1
= —A/Z nmi(t; n) + A/Z(n —14+1)m_j(t;n—1)
n=1 n=1
= —\; Z nmi(t; n) + A Z nmy_i(t;n) + X Zwl_,-(t; n),
n=0 n=0 n=0
which gives the ordinary differential system
dn
3 (1) = —ono(t) + Xom(t) + o,
(2.16)

dn
S (1) ==Aam() + Ano(t) + A,

with initial conditions np(0) = n1(0) = 0. This system can be solved in the matrix form by

t
n(t) = / M9 )\ ds, (2.17)
0

no(t) —Xo Ao Ao
n(t) = (nl(t)> , A= ( N _>\1> and A= <>\1> :

Substituting "t given by (1.33) into (2.17) and integrating we obtain (2.15). O

where
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Theorem 2.3. For any t > 0, the conditional variance v;(t) := E;{(N¢ — n;(t))?}, i =0, 1
of the Poisson process N are

A1 {Ag + A2

vo(t) = e > — 202 (t) + CPdon(t)

2

)\CM(PA(UGQMH :

We <2te2“ — a(t) +
(2.18)

AoA1 [xg + A2

e 5 t— 2 (t) + CPpon(2)

vi(t) =

2
a2t (1) + a0 [
AoA1
where 2C = >\0 — >\1.
Proof. By definition we have
vi(t) = Bi{N7} — ni(£)? = nPmi(t;n) — ni(1)?, i=0,1.
Hence, differentiating this equation and using systems (2.9) and (2.16) we obtain

W) =3 2 ki) — 20 ()¢

n=1

==\ i nPmi(tn) + X i n?mi_i(t;n— 1) — 2X;ni(t)(n—i(t) — ni(t) + 1)
n=1 n=1

(1)

+

==\ Z nmi(t; n) — ni(t)?
n=0

+ Xi(m—i(t) = ni(t) + 1)°.

oo
Z n?mi_i(t;n) — n_i(t)?
n=0

From the means of N it follows that (n(t) — no(t) +1)2 = (1 — 2C¢A(t))2 and (no(t) —
n(t)+1)? = (1+ 2Cd>>\(t))2. Thus inserting this into the latter equation we obtain the

ordinary differential equations of the form
dvo 2
(t) —Aovo(t) + Aovi(t) + Ao(1 — 2¢Pa (1)),
(2.19)

d”(t) v (8) + Avo() + Aa(1+ 20 ()2,

with initial conditions vy(0) = v1(0) = 0. Again, the solution of this system is known

v(t) = /O C N5 p(s)ds, (2.20)

where
_[w(®) (0 o (o1 = (o = A)ga(t))?
””‘(mm)’ ‘(Al —>\1> ane ”(”‘<A1(1+(Ao—xl>¢x(t)>2>'

Integrating (2.20) we obtain (2.18). O
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2.3 Probability generating function

In this section we study the probability generating functions of the Poisson process N,
o
gi(z, t) = Ei{z"} = Zz”m(t; n), =01, (2.21)
n=0

defined for arbitrary z > 0 and t > 0.

Throughout this section we will use the notations 2 = Ag — A1 and 2\ = Ag + A1, see
(1.38).

Theorem 2.4. For any z € R and t > 0, the functions g;(z, t) have the form

go(z, t) =e M <cosh(t\5) +(zXo — C)smh(\/).%/ﬁ)) ,
oh(tvD) (2.22)
gi(z,t) =e M <cosh(t\5) + (221 + C)Smh\(/tﬁ> ,

where D = (% + z°X)\1.

Proof. Differentiating gj(z, t) in t for any fixed z > 0 and then using the system (2.9) we
obtain

d . (o.9] (o.9)
(Tgt'(z, t) = —A\mi(£:0) =\ > Z'mi(tn) + X Y 2" mi(t;n)
n=1 n=1

= -\ Zz”w/(t; n) + A,ZZz”wl,,(t; n),

n=0 n=0

which gives the ordinary differential system

d
T2 (2.8) = —20go(z. ) + Xozg1 (. 1),

doy
dt

(2.23)
z,t) = -X1g1(z, t) + M1zgo(z, t),

with initial conditions go(z,0) = g1(z,0) = 1. Rewriting the system in vector form, we
have

dg 1
E(Z’ t) =Bg(z,t), 9(z,0) = <1)

go(z, t)

where g(z,t) = <91(Z 0

> and the matrix B is defined by

*)\0 >\02
B = .
)\12 —>\1
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Again, the solution of the initial value problem (2.23) can be expressed as
g(z, t) = ePry; +efP2y,, (2.24)

where B1, B> are the eigenvalues and v1, v5 the respective eigenvectors of matrix B. This
eigenvalues are the roots of the equation

det(B —B1) = B2 — Tr(B)B + det(B) = 52 + 2A\B + o1 — Aor12° = 0.
Hence the eigenvalues are 81 = —\ — v/D and B> = =\ + VD, where D = A2 — \o\1 +

XoX1z2. Applying the identity A2 — MAoX1 = ¢2 we have that D = ¢2 + Mo\ 22
From the initial conditions go(z,0) = g1(z,0) = 1 and (2.24) it follows that vi + vo =
(1, )7, Let vk = (xc, vk)", k = 1,2. To compute eigenvectors vi and v> we have the
following system: Bvy = Bxvk, k = 1,2 and vi + vo = (1,1)". This is equivalent to
( (—C + \/E)X1 + Xozy1 =0,

>\12X1 + (C + \/E)yl =0,
(—C - \/E)XQ + Xozy2 =0,

Mzxo+ (C—VD)y =0,

X1 +x0 =1,
ity=1
Solving this system we can easily obtain
AoZ — AnZ —
L Moz —¢ TIRACK: ¢
V) = 1 vD and vy = 1 VD
1 2 17>\12+C 2 2 1+>\12+C
VD vD
Finally, substituting into (2.24) we get (2.22). O

Corollary 2.1. The moment generating functions of N have the form

Yo(z, t) = Eo{e*Nt} = et (cosh(t\/E) + (Moe? — C)Smh(\/t%ﬁE)> :
| (2.25)
Pi(z, t) = E{eN} = et (cosh(t\/E) + (Mef + C)W\;ﬁ) :

for any z € R and t > 0, where E = (2 + e®*Xg)1.

2.4 Compensated Poisson process

Here we prove that the process M = {M;}+>o defined by

t
Mt = Nt 4/ >\6(5)d5 (226)
0
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is a martingale. The process M is called the compensated martingale associated with
the Poisson process N. The increasing process {fot Ag(s)ds}t>o is called the compensator
of N. Note that, the compensator process is a telegraph process with alternating states
(Mo, Ao) and (A1, A1). So it seems reasonable to call N as the Poisson process with
telegraph compensator.

Theorem 2.5. Process M is a F-martingale, i.e.

E{M; | Fs} = Ms, forall 0<s<t. (2.27)

Proof. For any s < t, we have
t S
E{M; — Ms | Fo} = E{Nt ~ Ne —/ Ae(u)dqu/ Aeuydu | }'5}
0 0

t—s
—E{N; — Ny | s} —E {/ Ae(suydu ) ]—'5} |
0

Without loss of generality we can assume that €(s) =/ € {0,1}. Now, from the Markov
property of processes € and N the following equalities in distribution hold

e(s+ 1) ey = €W Ligoyry Noulgegooy = Mo+ Nl goymiye 020, (2:28)

where & and N are copies of the processes € and N, respectively, independent of Fs.
Therefore

_ t—s
E{M; — Ms |fs}:Ei{Nt5}_Ei{/ >\€(u)du}-
0

Notice that this conditional expectations coincide, because

t by (1.30) 1 by (2.15 -
Ei{/o Ag(”)du} T [2aont + (D00 — A)eaB)] T E B ).

Hence, E{M; — Ms | Fs} = 0 and the desired results follows. O

2.5 Compound Poisson processes

A compound Poisson process with telegraph compensator is a process Q = {Q+}+>0 of the
form

N
Qt=> Yepn, Qo=0, (2.29)
n=1

where N is the Poisson process defined in (2.1), €, := €(7,—) denote the state of Markov
process € just before the n-th switching and {Y5 n}n>1 and {Y1 n}n>1 are two independent
sequences of i.i.d. random variables with distributions ®q(dy) and ®1(dy), respectively,
which are independent of N. Assume that

n = E{Yin} = /R yoi(dy) <00, i=0,1 (2:30)
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and P{Y;, =0} =0, /=0, 1. We use the convention, 2?7:1 Ye,.n = 0.

The process @ differs from a Poisson process N since the sizes of the jumps are random
variables. This process is also called a Markov modulated compound Poisson process
(MMCPP). The MMCPP are special case of the Marked Point processes, see Brémaud
[B81]. Figure 2.2 shows a path of Q whit initial state €(0) = 0.

>
A
e 5
: : : Yos
———0 Yoo : :
X : 03 :
1 ‘Y12 S P :
. b4 o : :
Yor i
J:\ 1 1 1 1
hd T T T T
7o T1 T2 T3 T4 Ts t

Figure 2.2: A sample path of Q.
We denote by ®7"(-) the n-th alternated convolution of ®q(dy) and ®1(dy) when the

initial state is €(0) =1/, i.e.,

n
CDT”(y):IP’/{ZYEk,k Sy}, neN. (2.31)
k=1

We use the convention ®*°(y) = 1, >0-

Proposition 2.2. The conditional cumulative distribution function of the r.v. Q¢ is
o0
PAQ: <y} =) ®;"(y)m(t;n), =01, (2.32)

n=0

where T;(t; n) are the probabilities given by (2.12) and (2.13).

Proof. From the independence of N and the random variables {Yp n}n>1 and {Yi n}n>1,
using the distribution of Poisson process N, we get

P{Q: <y} = Z]P’/ {Zyek,k <y, Nt = n} = ZP/ {ZYEM < y}IP’,-{Nt =n}. O
k=1

n=0 k=1 n=0
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2.5.1 Examples of Compound Poisson Processes

First, note that we have the following equality in distribution

k+1
zyoﬁzylj n=2k+1,¢(0)=0,
j—l Jj=1
n D k+1
> V= ZYOJ+ Zylj n=2k+1,¢0)=1, (2.33)

j=1
ZYOJ Zylj n =2k, £(0) € {0, 1}.

Example 2.1. (Exponential jumps). Assume that the distribution of the random variable
Yin~Exp(ni),ni>0,i=0,1 Let Z:= ZJ/':1 Yo, and W := Zj’il Y1 . It is well known
that Z and W are Erlang-distributed. Thus, we have

/ m
n o o1 - n o
(,_01)!y’ e ™1y and  fy(y) = 7(,”_11)!)/”7 e M L0y (2.34)

fz(y) =

Therefore

o0

fZ+W(y)—/ fz(y — x)fiy(x)dx

B oy’ 4 -1 1.( )
— ~1oy — )/ mLyym=1g(mo—m1)x
T=Dim =1 e (/o (y —x)"*x"" e dx) 1503

Appliying the formulas 3.383.1 p. 347 and 9.212.1 p. 1023 of [GR07] we obtain

n(l)nine—noyyHmfl
fziw(v) = (+m=1) ¢(m, I+ m; (no—m)y)lysoy
| oamMa—n1Yy,,/+m—1
Moy € y
== (1/ Ty GO mim = mo)y)Liysop

where ¢(a, b; z) denote the Kummer's function defined in (2.10). Then, by the equality in
distribution (2.33) we obtain the following

(nlHinke—moyy 2k |
(2k)! ¢(k. 2k + 1;2ny)1(ys0pdy,  n=2k+17=0,
Kmk a—moy ,2k—1
MoM1 € y '
. 0 12/(_1)| (b(k,2k;2ny)1{y>0}dy, n=2k, i=0,
CD/' (dy) = nk,r] +1e77]1);y2k (235)
. (2K)! d(k, 2k +1; =2ny)L{ysopdy, n=2k+1,i=1,
Kk a=—m1y |, 2k—1
Mo € y '
i (12k a9k 2k =21 s dy, n=2k i=1,

where 2m := 19 — m1. Hence, the probability densities of process Q are

fo,(v;i) = —P{Qt <y} = ZCD*”(dy)ﬂ,(t n), i=0,1, (2.36)
n=0

where ®*"(dy) are the convolutions given by (2.35).
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Example 2.2. (Normal jumps). Assume that the distribution of the random variable Y; ,, ~
N(m;, 01-2), m; €R, 0;>0,i=0,1. Itis well known that the convolution of independent
normally distributed random variables is normal. Therefore, by (2.33) we have

N (k(mg + m1) + mo, k(03 + 03) +03), n=2k+1,€(0)=0,
En:ysj,j N N (k(mg + my), k(6 + 0%)), n =2k, g(0) =0, (2.37)
= N (k(mg + mi) + my, k(o3 +03)+0%), n=2k+1,¢0)=1,

N (k(mg + my), k(o + 02)), n=2k, e(0) =1,

which gives the expression for ®¥"7(dy). Substituting into (2.36) we obtain the probability
densities of Q.

2.6 Mean and characteristic function

In this section we derive the explicit formulas for the conditional means and the condi-
tional characteristic functions of the compound Poisson process @, can be considered as a
generalization of the results for the Poisson process N.

Theorem 2.6. For any t > 0, the conditional expectations g;(t) := E;{Q:}, i =0, 1, are

qo(t) = 2)\ [AOAI("?O + M)t + Xo(Xomo — >\1771)¢x(t)]

(2.38)
q(t) = > [>\O>\1(770 +m1)t = Ar(Xomo — >\1"71)¢>\(t)]
where ng = E{Yp,»} and n1 = E{Y1,,}, see (2.30).
Proof. By definition we have
CI/(t) =E; {Qt} = ZE {Z Ysk k} 7r/(t n)
k=1
Differentiating g;(t) and then using (2.9) we obtain the following system
dg,
¢ (1) = =20q0(1) + Xoa1(t) + Ao,
dq (2.39)
. (t) = —A1q1(t) + A1qo(t) + A1m1,

with initial conditions qo(O) = @¢1(0) = 0. The unique solution of this Cauchy problem is
given by (2.38). [

Now, for arbitrary z € R and t > 0, the characteristic functions of @ can be expressed as

Yi(z.t) =E{e?} =Y E {exp <izZYEk,k> } mi(t;n), i=0,1, (2.40)
n=0 k=1
where i = /—1.
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Theorem 2.7. For any z € R and t > 0, the characteristic functions of the compound
Poisson process Q have the form

Yo(z, t) = e (cosh(t\/ﬁ) + (Mowo(2) — C)W) ,
| (2.41)
Pi(z, t) =e N (cosh(t\@) + (A1p1(2) + C)Smh(t\/%ﬁD)> ,

where @o(2) = Eo{e?"0}, 1(2) = E1{e”"} and D = (% + XoA190(2)91(2).

Proof. Differentiating ¥;(z, t) in t for any fixed z € R and then using (2.9) we obtain the
following system

Yoz, t) = —oWo(z, t) + Aowo(2)P1(z. t),

A A = (2.42)
Y1(z, 1) = —M1(z, 1) + Ap1(2)o(z, ©),

with the initial conditions @0(2,0) = @1(2, 0) = 1. The unique solution of this Cauchy
problem is given by (2.41). O

2.7 Compensated compound Poisson process

Theorem 2.8. The process Q = {@r}th defined by

_ t

Q== [ [ Phuiouodr)as (2.43)
is the compensated martingale of the process Q.

Proof. For any 0 < s < t, we have

E{Q: — Qs | Fs}

t s
_E {Qt —Q. - / /RyAE(L,)GDg(U)(dy)du +/ /Ryke(u)cbg(u)(dy)du ‘ ]—"5}
0 0

Nt—Ns t—s
ZE{ > Ve ke —/O /Ryks(sﬂ)q’g(sw)(dﬁdu fs}-
k=1

Again, without loss of generality we can assume that e(s) =/ € {0,1} and Ns = n, n € N.
Therefore by the Markov property we have the following conditional identities in distribution

D . D ~
e(s + u) ‘{s(s):i} = &(u) |{€(0):i}’ Ns-+y ‘{6(5):/} =n+ Ny ‘{5(0):/}' u=0,
D

(2.44)

k >0,

D .
Tk+n ‘{e(s):i} = Tk ‘{5(0):/}' Yeranktn ‘{5(5):/'} €.k ’{5(0):/}'
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where &, N, {7k} and {Yz, «} are copies of the processes €, N, {7} and {Y, «}, respectively,
independent of Fs. Thus,

Ne—s

. . t—s
E{Q: — Qs | Fs} = E,{ > ng,k} - E'{/o /Rykf(u)q’g(u)(d)/)du} =0, (2.45)
k=1

given that the process

t t t
/ /y>\§(u)¢§(u)(d)/)duz/ Aé(u)/yq)f(u)(dy)duz/ Ne(u)Ne(uydu
o Jr 0 R 0

is a telegraph process with alternating states (oA, Ao) and (n1A1, A1) and therefore the
conditional expectations in (2.45) coincide by (1.30) and (2.38). ]

2.8 Random measure

We can associate a random measure to any compound Poisson process as follows. First
note that the process Q is cadlag, and we denote by Q¢_ the left limit of Q when s — t,
s < tand for any t > 0, we write AQ; = Q+ — Q¢—, where Qg = Qg_ = 0 by convention.

Thus,
Qi= > AQs.

0<s<t

By using this representation we define a random measure (-, -) on the space [0,00) X R
(see Theorem 11.15 p. 300 of He, Wang and Yan [HWY 92]) given by the following sum
of products of random delta functions

Y(ds, dy) = 6r,.80,,)(ds, dY)L{r, <0080, 20} (2.46)

n>1

Here, AQx, is the random jump size at the time epoch 7, and é7, aq,,)(". ") is the random
delta function at the random point (7,, AQ7,) € [0, 00) x R.

It means that for integrable function f : Q x [0,00) X R — R the following equality holds

/Ot/R f(w,S,Y)’Y(dS,dy) = Z f(ernxAQTn).

<t

Then, we can write the jump process Q in terms of the random measure y(ds, dy) in the

form: .
Qt:/ /y'y(ds,dy)-
0 R

Nt:/ot/R'y(ds,dy).

The random measure y(dt, dy) has a dual predictable projection or compensator v(dt, dy)
(see Theorem 11.15 of [HWY 92]), which by (2.43) we can defined as

Moreover, note that

v(dt,dy) = >\5(t_)q)e(t_)(dy)dt.
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Therefore, the compensated version of the random measure «y(dt, dy) is given by

y(dt,dy) = y(dt,dy) — v(dt,dy)

(2.47)
= y(dt, dy) — Ae(t—)Pe(t—)(dy)dt.

By using this representation we write the compensated martingale of the process Q in the

following form
. t
Qt_/ /y'y(ds,dy)-
o JR

2.9 Notes and references

Markov-modulated Poisson processes (MMPP) is a term introduced by Neuts [N 89].
MMPPs are widely used to model processes such as internet traffic flows and queueing
systems (e.g., Du [D 95], Ng and Soong [NS 08] and Scott and Smyth [SS 03]), and useful
general references for MMPPs are Fischer and Meier-Hellstern [FM 92] and Rydén [R95].
More comprehensive discussion on the principles and applications of point processes are
discussed in Brémaud [B81] and Jacobsen [J 06].

To the best of our knowledge a detailed analysis of the properties of processes N and Q is
not presented in the literature, this chapter fills the gap.



Chapter 3

Jump-Telegraph processes

For the purposes of financial modeling we need some generalization of the telegraph process
defined in Chapter 1. More specifically, we need to add a jump component to the telegraph
process. For this, let hg and h; two real numbers such that hg, h1 # 0 and consider a pure
jump process J = {Jt}+>0 defined on the same filtered probability space (2, F, F,P) by

N¢
Je=> he,, h=0 (3.1)
n=1

where €, = €(7,—) is the value of Markov process € = {e(t)}+>0 just before switching time
Tp and N = {N;}¢>0 is the counting Poisson process defined in (1.3) (see Chapter 2). We
define the jump-telegraph process Y = {Y;};>o with the alternating states (co, ho, Ao)
and (c1, h1, A1) by the sum

t Nt
Yt :Xt+Jt :/ Ca(s) dS-{—Zhaw (3.2)
0

n=1
where X = {X;}+>0 is a telegraph process defined in (1.4) (see Chapter 1).

Y

To

Figure 3.1: A sample path of Y.

The description of the dynamics of the jump-telegraph process is the following: By fixing
the initial state €(0) =/ € {0, 1} of the Markov chain ¢, this process describes the position

33
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at time t, of a particle, which starts at time t = 0 from the origin, then moving with
constant velocity ¢; during the exponentially distributed random time 71, with rate A;. At
this first switching time the particle change its velocity to ¢;_; and a jump of amplitude
h; occurs. Then, the particle continue its movement during random time 7 — 77, which
is exponentially distributed with rate A;_;. In the second switching time 75 the particle
change again its velocity to ¢; and a jump of amplitude h;_; occurs, and so on. The particle
continues this dynamics until time t. A sample path of Y with initial velocity ¢y is plotted
in Figure 3.1.

Remark 3.1. Note that by fixing the initial state €(0) =/ € {0, 1}, we have the following
equality in distribution

D ~
Y = Gitlirary + (6T + hi 4+ Yier | 1iesm), (3.3)

for any t > 0, where the process Y = {%}tzo is a jump-telegraph process independent of
Y, driven by the same parameters, but Y starts from the opposite initial state 1 — .

Moreover, if the number of switching is fixed, we have the following equalities in distribution

D
Yelin=oy = CGitlirer (3.4)
Ytl{Nt:n} L [C,"I'l + hj + T/t_"'l]]'{lvt:nfl}' n>1, (3.5)

for any t > 0, where the Poisson process N = {Nt}tzo is independent of N and Y and
begins with the opposite initial state 1 — /.

3.1 Distribution

As in Chapter 1, using the notations (1.8), we denote by g;(x, t) and g;(x, t; n) the following
density functions
_ ]P),'{Yt € dX}

q,'(X, t) = T, i:o,l, (36)

and
Pi{Y; € dx, Ny = n}
dx '

gi(x, t;n) = i=0,1, (3.7)

where Y = {Y;}+>0 is the jump-telegraph process defined in (3.2).
Recall that the latter definitions means that for any Borel set A, A C R,

/ gi(x, t)dx =P{Y; € A} and / gi(x, t;n)dx =P{Y; € A, Nt = n}.
A A

It is clear that

gi(x, t) = i gi(x,t;n), 1=0,1. (3.8)
n=0
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Proposition 3.1. The density functions g;(x, t) follow the set of integral equations

t
Go(x, t) = e 5 (x — cot) + / q1(x — cos — ho, t — s)Aoe” M%ds,
0

t (3.9)
qu(x, t) = e M(x — at) + / Go(x — c15 — hy, t — s)Aje M1%ds.
0
And, the density functions g,(x, t; n) solve the system
do(x, 1:0) = e (x — cot),  aqu(x, t;0) = e Mo(x — art), (3.10)
t

Golx. tin) = / q1(x — cos — ho, t — 5;n — 1)Age *0%ds,

. n>1, (3.11)

t
qi(x tin) = / Go(x — 15 — hy, t — s;n — 1)Aje”M%ds,
0
where () denotes the Dirac’s delta function.

Proof. Equalities (3.9) follows from (3.3) and system (3.10)-(3.11) follows from (3.4)-
(3.5). O

The system of integral equations (3.9) is equivalent to the following PDE-system

0 0
7o (x, t) + Coﬂ(xv t) = —AoGo(x, t) + AoG1(x — ho, t),

aa; gg; t>0, (3.12)
aftl X, t)+ cla—xl(x, t) = —A1q1(x, t) + A1qo(x — h1, 1),

with initial conditions go(x,0) = @g1(x,0) = d(x). Indeed, applying the operators EI.X't
defined in (1.16) to system (3.9) we have

L ai(x, )] = = Ne N (x — i)

Loq1—

+ ql_/(x —cit — hy, 0))\,‘67>\"t — (X —cs—hj, t— s)k,-efk"sds

= = Xie VO(x — Git) + qr-i(x — it — b, 0)\e N Ajqui(x — b, t)
t
— C]l_,'(X —cit — hy, O)>\,-e_>‘"t — >\,‘/ ql_,-(x —Ccs—hj, t— s)A,—e‘A"Sds
0
== Xigi(x, t) + Aigr_i(x — h;, t).

Similarly, integral equations (3.11) are equivalent to the set of differential equations

0 0

%(X, t;in)+ Co%(xy t;n) = —Xoqo(t, x; n) + Xoqi(x — ho, t;n — 1),
(3.13)

0 0

%(X, t;n) + Clﬁ(x, t;n) = —=X1qi(t,x;n) +X1go(x — hy, t;n—1),

t>0, n>1,

with initial functions

go(x, t;0) = e Mt§(x — cot), q1(x, t;0) = e ME(x — i t),
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and with initial conditions go(x,0;n) = q1(x,0;n) =0, n > 1.

Now, we find the density functions of the jump-telegraph process g;(x, t; n) in terms of the
density functions of the telegraph process p;j(x, t; n) derived in Theorem 1.1.

Theorem 3.1. The density functions g;(x,t;n), i = 0,1, n > 1 of the jump-telegraph
process are given by

qi(x, t;n) = pi(x — Jjin t;n), (3.14)

where the displacements j; , are defined as the sum of alternating jumps, j; , = 22:1 hi,,
where i, =1, if kisodd, and i, =1 — i, if k is even.

Proof. Using the system (1.14) we prove that the functions g;(x, t; n) defined by (3.14)
satisfied the system (3.11), indeed

t
qi(x, t;n) = pi(x = Jin, tin) = / p1_i(X —jin— cis, t —s;n — 1)Aje N5ds
0
t
- / p1oi(x = ¢is = hi — ji—in-1.t — 5;n — 1)Xje M°ds
0
t
= / ql*i(x — CiS — hir t — s:n— 1))\ie7>\isd5.
0

Here we use the equality ji, = hi + ji—jp—1, n > 1, i € {0,1}, where jio = 0 by
convention. ]

x3)

t=0.51|

Gg(x,t:6)

Figure 3.2: Plots of go(x, t;n) for n=3,6 and cc =1, ¢ = =2, hg = —0.5, hy = 0.3,
Ao =3, \1 =2.
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Finally, by using the relation (3.8) and the equation (3.14) we can express the solution of
the integral system (3.9) or, equivalently, of the PDE-system (3.12) in the following form

qi(x, 1) = e M6(x — ct) + Y pi(x —jin tin), =01 (3.15)

n=1

Remark 3.2. In the case of symmetric jump values, hg + h; = 0, we have that j; , =0 if
nis even and ji , = h; if nis odd. Hence, the sum in (3.15) can be written explicitly by
means of modified Bessel functions (see (1.28))
gi(x, t) =e N (x — ¢it)
+ Nilo (2 A0AE0 = By, B)(E = E0c— By, 1)) Bx = ., 1)

(3.16)
l .
£x.t) \2'
Een Vg D) 60,0,
v (D) (2 AonaEx O~ €0 0) e, 0
1=0,1.
Here £(x, t) and 6(x, t) denote the functions (see (1.18) and (1.19))
_Xx—at _ b e ne-gan)
Ex. t) = -0 and 0(x, t) = N € Lio<e(x.t)<t)-
Ap(xt)
Figure 3.3: Plots of the continuous part of go(x, t) and qi1(x,t) for o = 1, ¢ = =2,

hop=—0.5, h1 =03, Ao =3, \1 =2.
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3.2 Mean and variance

In this section we compute the conditional means and variances of the jump-telegraph
process.

Theorem 3.2. For any t > 0, the conditional expectations m;(t) := Ej{Y;}, i = 0,1 of
the jump-telegraph process Y are

1
mo(t) = 23N [O\ldo + Xod1)t + Xo(do — dl)dJA(t)} (3.17)
3.17
1
my(t) = o [(Aldo +Xod)t — Ai(do — dl)ah(t)]
where
1 _e—2>\t
2A=Xg+ A1, dop=co+ Moho, di=c1+A1ht and ¢>\(t):T

Proof. By definition we have
m;i(t) = E{Y:} = / xqgi(x, t)dx, i=0,1.

Differentiating this equation, using the system (3.12) and integrating by parts, we can
obtain the following system

d
%(t) = —Xomo(t) + Xomi(t) + co + Aoho,

d
%(t) = —>\1m1(t) + >\1m0(t) + 1 4+ Aihy.

(3.18)

with initial conditions mg(0) = m1(0) = 0. In matrix notations system (3.18) can be
written as

%’:’(t) —Am(t)+d,  m(0) = (8)

where

m(t) = mo(t) | A= —Xo Ao and d o + Aoho |
ml(t) >\1 —>\1 Cc1 + >\1h1

This Cauchy problem has the unique solution of the form

t
m(t):/ Nt=9) g ds.
0

Integrating we obtain (1.30). O
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Theorem 3.3. For any t > 0, the conditional variances v;(t) := IE,-{(Yt—m,-(t))z}, i=0,1
of the jump-telegraph process are

2
0(©) = 55 [pars (6 + )t + (o - e (o) + 2‘;2%&))

Iy ((Aoeo A1 eF)a (1) + (ot + e S re-
Co- M) o
+ e da(t)e )

(3.19)

al(6) = 55 [pars (G + e+ (- enfon(o) + 2‘;2¢2A<t>)
Y <

(Moed — Aef)Pa(t) + (hoeo + >\1€1) 2t

+7( M, (t)em)] ,

402
where
d=dy— di, eo—ho—% and e1_h1+%
Proof. By definition we have
v(t) = B (Y2} — my(t)? = /Oo 2ai(x, )dx — mi(£)?, =01

Differentiating this equation and using the systems (3.12),(3.18) and solution (3.17) we
can obtain the ordinary differential equations

duo

dt
dV1

(t) = =2ovo(t) + Xova(t) + o (ho — (do — i )a(1))7,
(3.20)
(t) —A1va(t) + Avo(t) + A1 (b + (do — d1)¢x(f))2,

with initial conditions v(0) = v1(0) = 0. Again, the solution of this system is known

v(t) = /Ote/\(t_s)b(s) ds,

where

v(t) = vo(t) | Ao —Xo Mo and  b(t) = o (ho — dga(t))”
"o Mo A (I + dea(1))”

Integrating we obtain (3.19). O
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3.3 Moment generating function

In this section we find the moment generating functions of the jump-telegraph process Y,

o

Pi(z,t) = E,{ezyf}z/ e gi(x, t)dx, i=0,1, (3.21)

defined for arbitrary z € R and t > 0.

Theorem 3.4. For any z € R and t > 0, the functions 9;(z, t) have the form

Yo(z, t) =et@7=) (cosh(txﬁD) + (cz—=C+ AerhO)smh(\/t%FD)> ,
| (3.22)
P1(z, t) =et@7=) (cosh(t\FD) —(cz—¢— AleZhl)smh(\/t%FD)> ,

where D = (cz — )2 + Aor1eZ(l+tM)  Here the notations (1.38) are used.

Proof. Differentiating (3.21) in t for any fixed z € R, and then using (3.12) we obtain the
following system

%(Z, t) = (zco — Xo)Po(z, t) + Aoe* 91 (z, 1),

3.23)
dy; zh (
W(Z, t) = (zc1 — A)¥i(z, t) + Ae™o(2, 1),

with initial conditions ¥o(z,0) = ¥1(z,0) = 1. System (3.23) can be rewritten in vector

form d
1
rr z,t)=AY(z, t), P(z,0) = <1>

Yo(z, t)

where P(z, t) = <¢1(Z 0

) and the matrix A is defined by

zZCy — >\0 )\erhO
A= )
)\1€Zh1 zZCp — >\1
The solution of the initial value problem (3.23) can be expressed as

P(z, t) = e'™vy +e'®v,. (3.24)

Here ay, ao are the eigenvalues of matrix A and vi, v, are the respective eigenvectors.
Eigenvalues a1, ap are the roots of the equation det(A — /) = 0, where

det(A — al) = a® — Tr(A)a + det(A)
= a? —2(za— Na+ (zco — Mo)(zcr — A1) — AohpeZ(hoth).

Hence the eigenvalues are a; = za— XA — VD, ap = za— A+ VD, whit

D= (Za - >\)2 - (ZCO - AO)(ch — >\1) + >\0>\162(h0+h1).
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Applying the identities
a° — cocp = 2, 2ax— (Aoc1 + A1) = 2¢(, A2 — Ao = (2
we get D = (zc — ¢)? + Aohe?(hoth).
From the initial conditions ¥g(z,0) = ¥1(z,0) = 1 and (3.24) it follows that vi + v, =

(1, D)7, Let vk = (x, vk)", k = 1,2. To compute eigenvectors vi and v> we have the
following system: Avy = a,vk, k= 1,2 and v; + vo = (1,1)7. This is equivalent to

(zc — ¢+ VD)x1 + Aoe?y; =0,
Ae?Mx + (—zc + ¢+ VD)y1 =0,
(zc = ¢ = VD )xa + Xoe*™y, = 0,
e + (—zc+ ¢ = VD)y, =0,

X1+ x0 =1,
vit+y=1
Solving this system we can easily obtain
1 1_ZC—C+>\0eZh0 1 1+ZC—C+>\0eZh0
175 L4 Zeo C\@Alez”l and 275 L %6 C\@Alez”l
vD vD
Finally, substituting in (3.24) we get (3.22). O

Corollary 3.1. The characteristic functions gj(z, t) := E;{e?"} = F,,,q;(-, t), j=0,1
of the jump-telegraph process Y have the form

Go(z, t) = ot(iza—X) <cosh(t\/E) + (iZC —(+ Aoeizho)smh(\/t%ﬁE)) ’
T (3.25)
671(2, t') — et(iza—%) <COSh(t\/E) _ (iZC — (- Aleizhl)smh(\/tg)) ’

for any t > 0 and z € R, where i = v/—1 and E = (izc — {)% 4 AgA eZ(otm),

3.4 Martingale properties

From the means and the moment generating functions of the jump-telegraph process, we
derive the following martingale properties.

Theorem 3.5. The following processes are F-martingales

Ne ¢
Je=> he, - / he(s)Xe(s)ds. (3.26)
n=1 0
~ t N
Er(J) i=exp (—/ he(s)ks(s)ds) H(l + he,), for hg, hy > —1. (3.27)
0

n=1
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Proof. Observe that Jis a jump-telegraph process with alternating states (—Xgho, ho, Xo)
and (—X1h1, h1, A\1). Then, by (3.17), J has zero conditional means

Nt t
E{J:} =E, {Z he, — / hg(s))\s(s)ds} =0, i=01 (3.28)
n=1 0

Hence, for any 0 < s < t, assuming that e(s) =/ € {0, 1}, using (2.28) and (3.28) we

obtain B
Nt—s

t—s
E{J; — Js | Fs} = IE,—{Z he, — / hg(u)xg(u)du} =0

k=1 0
and the first desired result follows.

Now, if we define the jump-telegraph process Y = {\A/t}tzo by

Ne t
Ye = log(1+ he,) — /O he(s)Me(s)ds. (3.29)
n=1

then we have & (J) = % and by (3.22) we find that

R Nt t
E{e"t} =E; {exp <Zlog(1 + he,) — / hE(S)Ag(S)ds> } =1, i=0,1. (3.30)
0

n=1
Therefore, for any 0 < s < t, assuming that €(s) =/ € {0, 1}, using (2.28) and (3.30) we
have

-~ o~ NY*S t—s
E{eyr—ys | fs} = E,‘{GXD( Z Iog(l + hgk) —/ hg(u)kg(u)du> } =1,
k=1 0
and then the martingale property of process 5(]) follows. O

Comment 3.1. We have used in (3.27) the notation &:(J) for the Doléans-Dade expo-
nential or stochastic exponential of the martingale J, for instance, see Definition 9.4.3.1
p. 532 of Jeanblanc, Yor and Chesney [JYCQ9].

Remark 3.3. Note that J is the compensated martingale of the process J and £(J) is a
strictly positive martingale with expectation equal to 1.

In terms of stochastic integral defined in (2.2) and predictable processes of the form H =
{he(t—y} >0, the processes J and £(J) can also be written as

t t t
Jt:/o he(s_)d/\/s—/o he(s)>\a(s)d5:/0 hg(s_)d/\/ls (3.31)

and

t t
gt( ) = exp (/ Iog(l + hg(s_))d/\/s - / ha(s)>\a(s)d5>
0 0

t t
= exp (/o log(1 + he(s—y)dMs —i—/o [log(1 + he(s)) — he(s)]kg(s)ds) .

Here, M denote the compensated martingale associated with the Poisson process N defined
in (2.26).

(3.32)
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3.5 It6’s formula

In this section we adapt Itd's formula to jump-telegraph processes (see e.g. Section 8.3.4
p. 469 of [JYC09]). Writing Y = {Y;}+>0 in differential form we have

dYs = Ce(r)dt + hg(r—ydNe. (3.33)
Then, define the process A = {A¢}+>0 by
Ar = F(t. Y e(1)), (3.34)

where F(t, x,e(t)) is a continuously differentiable function in the first two variables. Note
that the process Y follows the dynamics

dY: = cg(pdt, t € (Th—1, Tn), NE€N,

between jumps of N. Hence, the usual 1t6’s formula can be applied,

oF oF
dA; = E(t, Yi, e(t)) + C“”&”’ Y:, e(t))| dt, t € (Th—1, Th), nE€N. (3.35)

On the other hand, assuming that t is a jump time, i.e. ANy = Ny — N¢_ = 1, one can see
that the process Y has the jump of value
AY: = he(t—)ANt = he(—y.
By definition (3.34), the corresponding jump of A is given by
AA: = F(t, Y, e(t)) — F(t—, Yi—, e(t—)).

Note that Y; = Y;— + AY: = Yi— + hg(,—). Hence,

AAr = F(t, Vi + heroy, €(t)) — F(t=,Yeo, e(t—)).
Since F(t, x,e(t)) is a continuous function, we can also write this as

AAr = F(t,Yi— + hee—y, () — F(t, Ye—, e(t-)). (3.36)

We presume dN; = 1 at jump times, and dN; = 0 if jumps didn't occurred at time t. By
(3.35) and (3.36) we conclude that

AR, Yero(0)) = |G (8 e, £(0) + a5 (1 e (0)
+ [F(t, Yo + hegey €(1)) — F(t, Y, €(t—))]dNe.

In the integral form (3.37) becomes

F(tYeo(0) = F(0.%.60) + [ Zo(sYars(s)ds + [ ey G5, Ve e(9)ds

(3.37)

b [ IR Yor 4 sy, €(5)) = Fls. Yoo e(s- )]s
0

or, equivalently,

FE Yo e() = FO.%0,60) + [ S Yere(o)ds + [ a2 Yeels))cs

+ Z F(Tn, YTn— + henx E(Tn)) - F(Tn, YTn—' E(Tn_))]-
n=1
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3.6 Generalized jump-telegraph process with random jumps

We define the generalized jump-telegraph process with random jumps Z = {Z;}+>0 by the
sum

t
Zt = / CE(S)dS + Z hgn(ygn,n), (3.38)
0

where hg, h1 : Ro = Rg (Rg := R\ {0}) are two integrable functions and {Yg n}n>1,
{Y1,n}n>1 are two independent sequences of i.i.d. random variables, with distributions
®o(dy) and ®1(dy), which are independent of N. The process Z differs from a process Y
since the sizes of the jumps are functions of random variables. A sample path of Z with
initial velocity cg is plotted in Figure 3.4.

Remark 3.4. In the case of ho(y) = h1(y) = y, the process Z can be written as the sum
Zy = Xt + Qr,

where Q; = Z,’;’;l Ye,.n is the compound Poisson process defined in (2.29).

V4

To T1 T2 T3 Ta Ts t

Figure 3.4: A sample path of Z with ho(y) = hi(y) = y.

Remark 3.5. Again, note that by fixing the initial state €(0) = / € {0,1}, we have the
following equality in distribution

D ~
Z = C,'t].{t<71} + [C,‘Tl + hi(yi,l) + thfrljll{t>7—1}, (3.39)

for any t > 0, where the generalized jump-telegraph process Z= {Z}Qo is independent
of Z and begins with the opposite initial state 1 — /. Here 71 is the first switching time,
and h;(Y;1) is the value of the first jump.

Moreover, if the number of switching is fixed, we have the following equalities in distribution
D

Zelin,—oy = Citlirer (3.40)

(i + hi(Yi1) + zt—n}lmt:n,l}: n=1, (3.41)

ls]

Ztl{Nt:n}

for any t > 0, where the Poisson process N = {/T/t}tzo is independent of N and Z and
begins with the opposite initial state 1 — /.
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3.7 Distribution and properties

We denote by fi(x, t) and fij(x, t; n) the following density functions

P{Z; € dx}

filx, 1) = X

i=0,1, (3.42)

and

P{Z; € dx, N = n}
dx '
where Z = {Z;}+>0 is the jump-telegraph process defined in (3.38).

filx,t;n) = i1=0,1, (3.43)

Again, we have the following relation
o
filx,t) =Y fi(x,t;n), i=01. (3.44)
n=0
Proposition 3.2. The densities functions f;(x, t) follow the set of integral equations
t
fo(x, t) = e 2t (x — cot) + / (/ fi(x — cos — ho(y), t — s)CDO(dy)> Age 0%,
0 Ro

fl(Xv t) = e_xlté(X — Cll') —I—/O </R fo(X — 1S5 — hl()/), t— 5)q>1(dy)> >\1€_>‘1st.

(3.45)
And, the densities functions fi(x, t; n) solve the system
fo(x, t;0) = e 2t§(x — ¢pt), fi(x, t;0) = e M5 (x — 1 t), (3.46)
t
fo(x, t;n) = / </ fi(x — cos — ho(y), t —s;n— l)q)o(dy)> }\Oe_>‘05d5,
0 Ro
t n>1.
fi(x t;n) = / (/ fo(x —cis — h(y). t—s;n— 1)<b1(dy)> e Msds,
0 Ro
(3.47)

Proof. Equations (3.45) follows from (3.39) and system (3.46)-(3.47) follows from (3.40)-
(3.41). ]

The system of integral equations (3.45) is equivalent to the set of partial-integro differential
equations (PIDE)

of; of

Bl t)+ g2 t) = ~Maf(x, )+ Xa [ ilx— ho(y), )Pa(dy),

of oF o t>0, (3.48)
L) + a2, 1) = ~MAK ) + M / fo(x — hu(y), )1 (dy),

51’ 8X Ro

with initial conditions fp(x,0) = fi(x,0) = §(x).
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Similarly, integral equations (3.47) are equivalent to the following PIDE-system

of; ofe

—O(X, t;n)+ CO—O(X, t;n) = —Xofo(t, x;n) + >\0/ filx —ho(y), t; n—1)Po(dy),
ot Ox Ro

of of

“Lix, t; n) + Cl—l(x, t;n) = —X1fi(t,x;n) + >\1/ fo(x — h1(y), t; n — 1)®1(dy),
ot ox Ro

(3.49)
t>0 n>1,
with initial functions
fo(x, t;0) = e %6 (x — cot), fix, t;0) = e M (x — art),

and with initial conditions fo(x, 0; n) = fi(x,0;n) =0, n > 1.

In the case of hi(y) =y, i =0,1, we can find the density functions of the jump-telegraph
process fi(x, t;n) in terms of the density functions of the telegraph process p;(x, t;n)
derived in Theorem 1.1.

Theorem 3.6. The density functions fj(x,t;n), i = 0,1, n > 1 of the jump-telegraph
process Z = X + Q are given by

fi(x,t;n) = /R pi(x —y, t;n)®;"(dy), (3.50)

where ®*"(dy) denote the n-th alternated convolution of ®q(dy) and ®;(dy) when the
initial state is €(0) =/ € {0, 1}, see (2.31).

Proof. We have that

[P,'{Zt < X, Nt = n} = P,’{Xf“‘Qt <X, Nt = n}

Nt
=P{X: + Zyen,n < X, Nt = n}
n=1
N
=P{X: <x=> Ye,n Ne=n}
n=1
= / / pi(z =y, t;n)®;"(dy)dz,
differentiating we obtain the claim. ]

Finally, by using the relation (3.44) and the equation (3.50) the density functions f;(x, t)
of the jump-telegraph process Z = X + Q are given by

F(x. £) = e MS(x — ¢it) +Z/ DX —y, t:m®I(dy), i=0,1.  (3.51)
n=1"Ro

Now we find the mean and the moment generating function of the generalized jump-
telegraph process Z.
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Theorem 3.7. Suppose that

/ho(y)®0(dy)<oo and /hl(y)¢1(dy)<oo.
Ro Ro

Then, for any t > 0, the conditional expectations m;(t) = E;{Z:}, i = 0,1 of the
jump-telegraph process Z are

mo(t) = % [Ondy + Do)t + Xo(do — di)a(2)].
- (3.52)
m(t) = 55 [(Aldo F Aod)E — A (do — dl)qﬁx(t)},

where

7702/ ho(y)®o(dy), 7712/ hi(y)®i(dy), do= co+Xomo and di = cr+Aim1.
Ro

Ro

Proof. By definition we have
mi(t) =E{Z:} = / xfi(x, t)dx, =01,

Differentiating this equation, using the system (3.48) and integrating by parts, we can
obtain the following system

dm

d—to(t) = —Xomo(t) + Xom(t) + co + oMo,

e (3.53)
T;(t) = —>\1m1(t) + >\1m0(t) +c1 + >\1'r]1.

with initial conditions mg(0) = m1(0) = 0. The unique solution of this Cauchy problem is
given by (3.52). O]

Theorem 3.8. Let
Ki= {z eR: / e o,(dy) < oo} i=0,1.
Ro

Then, for any t > 0 and z € Ko N K1, the moment generating functions ¥;(z, t) =
E;{e?4t}, i = 0,1 of the jump-telegraph process Z have the form

Po(z, t) = et(za=N) <cosh(t\/5) + (zc — ¢+ Xowo(2)) smh\(i%/ﬁ)) ,
nh(+vD (3.54)
P1(z, t) = et(za=N) <cosh(t\/5) — (ze = ¢ —=Xp1(2)) smh\(tFDD)> ,

where

vi(z) = / e?"M;(dy), i=0,1 and D = (zc—¢)*+ Xoripo(2)e1(2).
Ro
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Proof. Differentiating 1(z, t) in t for any fixed z € Ko N K1, and then using (3.48) we
obtain the following system

W0 (2.1) = (200 — MoYolz, 1) + ool (2. 1),

dwl (3.55)
(Z t) = (zc1 — A)¥i(z, t) + Ap1(2)do(z, 1),

with initial conditions ¥g(z, 0) = 91(z,0) = 1. The unique solution of this Cauchy problem
is given by (3.54). [

3.8 Martingale properties

The martingale properties of a jump-telegraph process can be extended to generalized
jump-telegraph process with random jumps.

Theorem 3.9. Suppose that fRo hi(y)®i(dy) < oo, i =0, 1. Then, the following processes
are F-martingales

Nt t
Ly = Z he,, (Yen,n) - /O /]R he(s) (Y)As(s)(bs(s)(dy)ds (3.56)
n=1 0

and

E(2) = ( // e(s) (Y s(s)CDs(s)(d)/)dS)H(1+hsn(Yen,n)), (3.57)

if hi(y) > —1forally € Ry, i =0,1.

Proof. Observe that, by (3.52), we have

N¢ t
Ei{Zt} =E, {Z hen(YEn,n) - /O /]R he(s)(Y)As(s)cDe(s)(d)/)ds} =0, /=01 (3-58)
n=1 0

Then, for any 0 < s < t, assuming that €(s) = i € {0, 1}, using (2.44) and (3.58) we
obtain

Ne-s

t—s
E{Z: - Zs | Fs} = E/{Z he, (Ye, k) — /o /R hg(u)()/)%é(u)cbg(u)(dY)dU} =0
k=1 0

and the desired result follows.
Now, if we define the jump-telegraph process Z = {Z:}+>0 by

Nt t
s = Z IOg(l + hEn(Yen,n)) - /O /Ro he(s)()/)xs(s)cbs(s)(dY)dSv (3.59)
n=1
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then we have &(Z) = et and by (3.54) we find that, for i = 0, 1

_ Nt t
E,‘{ezt} =E; {exp (Z Iog(l + hgn(y‘gn,n)) — /0 /R hg(s)(y))\g(s)cbg(s)(dy)ds) } =1.
n=1 0

Therefore, for any 0 < s < t, assuming that £(s) =i € {0, 1}, by the above equation and
using (2.44) we have

E{ezt*z | Fs} =

Nes t—s
E,‘{GXD( Z Iog(l + hgk(ng'k)) - /0 /R hg(u)(y)kg(u)fbg(u)(dy)du) } =1,
k=1 0

and then the martingale property of process 8(2) follows. O

Remark 3.6. Note that Z is the compensated martingale of the process Z and E(2Z)is a
strictly positive martingale with expectation equal to 1.

In terms of compensated measure y(dt,dy) = y(dt, dy) — Ag(t—)Pe(r—)(dy)dt defined in
(2.47) and predictable processes of the form H = {hg;—)(¥)}t>0,yer,. the processes 4
and £(2) can also be written as

2=/ e (. 8

) . (3.60)
= / / he(s—)(y)’Y(dSv dy) - / / ha(s) (y)>\€(s)¢5(s)(dy)d5,
0 Ro 0 RO

and

£(2) = oxp </O /R log(1 + he(s—y(v))(ds, dy)
* /0 /RO [log(1 + he(s)(¥)) = hes) ()/)p\g(s)d)g(s)(dy)ds)
= exp (/O /RO l0g (1 + he(s—y(v))¥(ds, dy) —/0 /RO hg(s)(y)AE(S)ch(s)(dy)ds) _

3.9 Notes and references

Ratanov [R07b] is the first to obtained the density functions g;(x, t) (with a mistake), the
mean and variance of the jump-telegraph process Y. Later, Lopez and Ratanov [LR 123]
find the density functions g;j(x, t; n) and the use relation (3.8) to find the correct expression
for density functions g;(x, t). In this paper, are also calculated the characteristic functions
and the limit behavior of this functions under non-standard Kac's scaling conditions. If we
defined the density function g(x, t) := £[qo(x, t)+ q1(x, t)], the expressions of this density
are found by Di Crescenzo and Martinucci [DM 13] by methods different from the ones
presented here.
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The expression for the density functions fj(x, t) are found by Di Crescenzo, luliano, Mar-
tinucci and Zacks [DIMZ 13] in different way. The last part of this chapter are new and
unpublished results that generalize this paper.
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Chapter 4

Basic concepts in mathematical
finance

In this chapter, we give an overview of basic concepts in mathematical finance theory, and
then explain those concepts in the most popular and fundamental model in mathematical
finance: the Black-Scholes model.

4.1 No-arbitrage and martingale measures

Consider the financial market of two assets, namely, the stock (a risky asset) which is
driven by a stochastic process, and a deterministic bond (bank account). Let (Q,F,P)
be a probability space, fix the trading horizon T, (T > 0) and let F = {F;}¢cjo,7] be a
filtration. F: can be interpreted as an information available for investors at time t. Let
the stochastic process S = {St} (o, 7] represent the price of risky asset, B = {Bt}tco,7]
is the (non-random) bond price. The process S assumed to be adapted to the filtration F.
The underlying assets S and B are traded continuously at time instants t € [0, T].

A portfolio (or a strategy) is a two-dimensional F-predictable process

T = {7 = (0, ¥t) }repo, 7).
where @; is the number of stocks the investor holds at time t, and 4, is the amount invested
in the riskless asset in the same time. The value process of the portfolio ™ = {m¢}+c(0,7]
is defined by
VI =@iSe + 9By, te€][0,T],

which is the wealth of the investor at time t. The investor is said to have a long position at
time t on the asset S if ¢; > 0. In the case ¢; < 0, the investor is short. The strategy is
said to be admissible, if V™ > 0 a.s. forall t € [0, T]. We call the portfolio 7 self-financing,
if any changes in the value of V™ result entirely from the changes in prices of the basic

assets
d\/t,’r = (ptdSt + 'l,[)tdBt, te [O, T]

Definition 4.1. An arbitrage possibility is a self-financing portfolio 7 with the properties
Vgt =0, P{\Vf >0} =1 and P{V/ >0} > 0.
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Roughly speaking, an arbitrage opportunity is “the possibility to make a profit in a financial
market without risk and without net investment of capital”

We say that the market model is viable or it is arbitrage-free if it does not allow any
arbitrage opportunity.

Consider a non-negative random variable H on the probability space (2, Fr,P) as a con-
tingent claim with maturity 7. The claim H is replicable, if there exists an admissible
self-financing strategy, such that the final strategy value coincides with VJ = H a.s. This
strategy is named the hedging strategy for the claim H.

We say that probability measure Q is equivalent to measure P if Q has the same null sets as
P. We use the notation Q ~ IP. The probability measure Q ~ P is an equivalent martingale
measure for the market model (S, B) if the discounted price {B;lst}te[m is a martingale
under measure Q and filtration F.

4.2 Fundamental theorems

The following two theorems are well known (see Delbaen and Schachermayer [DS 06] or
Bjork [B 09] for details.)

Theorem 4.1 (First fundamental theorem in mathematical finance). The following
statements are equivalent:

e There exists an equivalent measure Q ~ P such that the discounted price B~1S is a
Q-martingale.

e The market model is arbitrage-free.

Definition 4.2. Market model (S, B) is said to be complete if any Fr-measurable claim H
can be hedged by an admissible self-financing strategy.

Theorem 4.2 (Second fundamental theorem in mathematical finance). Assume the
absence of arbitrage opportunities. Then the following statements are equivalent:

e The equivalent martingale measure is unique.

e The market model is complete.

The extensive literature on fundamental theorems beginning with two works by Harrison
and Pliska [HP 81, HP 83].

If the market is arbitrage-free and complete, then the price of a contingent claim H, ¢(H),
is determined by
(M) = E%e "TH},

where Q is the unique martingale measure and r is the interest rate of the bond. In the
case where the market satisfies the non-arbitrage assumption but does not satisfy the
completeness assumption, the price ¢(#) is supposed to be in the following interval:

¢(H) € | inf E%{e"TH}, sup E¢{e "1},
QeM QeM
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where M is the set of all equivalent martingale measures. (See Theorem 2.4.1 in Delbaen
and Schachermayer [DS 06].)

4.3 The Black-Scholes model

The most popular and fundamental model in mathematical finance is the Black-Scholes
model (geometric Brownian model). The explicit form of the underlying asset process of

this model is given by
S¢ = Spelu=ieeran

or equivalently in the stochastic differential equation (SDE) form
dSt = St[p,dt + O'th],

where @ is a real number, o is a positive real number, and W4 is a standard Brownian
motion.

The risk-neutral measure (or martingale measure) Q is uniquely determined by Girsanov's
theorem. Under Q the process Wy = W; + (u — r)o 1t is a Brownian motion and the price
process S is expressed in the form

S, = Spelr—307)t+oWe or dS; = S¢[rdt + odW,],

where r is the constant interest rate of a risk-free asset.

Let H = f(S7) be the contingent claim. To describe the hedging strategy {m: =
(@t, Yt)}refo, 1], let us consider the function

F(x, t) =e T DE{f(S7) | St = x}.

This function can be interpreted as the option price at time t € [0, T], with maturity
time T, if at time t the risky asset price is equal to x. In other words, the strategy
value VJ" = :dS; + 9+dB; and function F(x, t) are connected as follows: V4 = F(S¢, t),
t € [0, T]. Applying the Black-Scholes analysis [B 09] we derive the fundamental equation
0%F oF

OF
azsgﬁ(stv t) + rsti(st, t) + E(St, t) = fF(St, t),

1
2 ox

where oF
0r=>-(Set) and Y= B (Vs — ¢ Se).

The price of an option # is given by e "TE¢{#}. The theoretical Black-Scholes price of
the European call option, C(Sg, K, T), with the strike price K and the fixed maturity T is
given by the following formula:

C=C(So, K. T)=e "TEY(ST — K)"} = SoN(dy) — e T KN(do),
where N(d) is the normal distribution function and

> 2
g o 9G )T @)=
VT ’ oV'T







Chapter 5

Jump-Telegraph model

5.1 Description of the market

Let us consider a market model with two assets, namely, the bond and stock. Denote the
price process of the bond by B = {Bt}c[o,7] and the stock by S = {St}¢c[o, 7], Where T
denotes a fixed time horizon (T > 0). Assume these two price processes to be defined
on the filtered probability space (2, F, {Ft}¢cjo, 17, P), where P is a real-world probability
measure.

For modeling the states of the economy we will use a Markov chain with two states. More
precisely, let € = {€(t)}+c[o,7] be a continuous-time Markov chain with the set of states
{0,1} and with the infinitesimal generator A = (;\?0 _Aﬁl), (Mo, A1 > 0). The event
“e(t) =" means that at time t the economy is in state / € {0, 1}, where i = 0 indicates
the “good” state, and / = 1 is a “bad” state of the economy.

Let us assume that under the measure P the bond price is given by
dB; = Btl’e(t)dt, By=1, (51)

where ry, r1 (ro, 1 > 0) denote the interest rates of the market at each of the two states
of the economy. The solution of (5.1) is

t
Bt = exp (/ Fe(s) ds) ,
0

which indicates the capital which we get at time t by investing at time 0 the monetary unit
in the bond. Note that the process R = {R¢}tc[o,7] Which is defined by

t
Rt:/ I”E(s)dS,
0

is a telegraph process with states (rg, Ag) and (r1, A1).

Under the measure IP the stock price is modelled by the stochastic differential equation
dSt = St— [pe(rydt + hee—ydNe], (5.2)
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where o, w1 (o > w1) denote the stock appreciation rates at each of the two sates of
the economy, N = {N¢}tc[o,77 is the Poisson process which counts the number of changes
in states, and hg, h1 (hg, hy > —1) represent sudden changes of the constant sizes in the
stock price due to changes of the economy state. We can write the solution of (5.2) as

follows

t t
Si = Sogexp (/ e (s)ds +/ log(1 + hg(s))dN5>
0 0
Nt

t
= Spexp (/o ue(s)ds> H(l + he,),

n=1

where Sp (Sg > 0) denotes the initial stock price, and €, = €(7,—) is the state of the
Markov chain ¢ just before the n-th change. If we define the processes X = {Xt}tc[0,7]

and J = {Jt}¢ejo, 17 bY

we can write S as

t Ne
X¢ = / peds and Sy =) h,, Jo=0,
0 n=1

St = So&t(X +J),

where &:(+) denotes the Doléans-Dade exponential (or stochastic exponential). Note that
X is a telegraph process with states (g, Ao) and (u1, A1) and J is a jump process with
constant jumps which is modulated by the Markov chain €.

220
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M A

Figure 5.1: A sample path of S.
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5.2 Change of measure

By the First Fundamental Theorem of the financial mathematics the jump-telegraph model
does not possess arbitrage opportunities if the process B~1S = {B;lst}te[oﬂ IS a mar-
tingale with respect to some equivalent probability measure Q. To find this equivalent
martingale measure we assume that hg, h1 # 0, otherwise the model has arbitrage oppor-
tunities (see Remark 5.2).

Let M = {Mt}c[o,7] be the compensated martingale associated with the Poisson process
N, Le.

t
Mt = Nt — / >\8(5)d5'
0

We obtain the measure change by means of a Girsanov transformation of the form

Q|
|, " Le, tel0,T], (5.3)

where the process L = {L¢}+c[o,7] IS the solution of the equation
dly = Lt (Bee—y — D)dM:, Lo =1, (5.4)

where Bg, B1 are two indefinite real numbers such that Bg, 81 > 0.
We can write the solution of the equation (5.4) as

t t
Ly =exp (/ (1 _ﬁe(s))xs(s)ds +/ |Og(5£(s—))st>
0 0

t Ne
= exp </O (1 —ﬁg(s))kg(s)d5> H‘Bgn,
n=1

or, equivalently, as

t

t
L+ =exp </0 [IOg(ﬁe(s)) +1 _65(5)] Aa(s)ds +/0 loQ(ﬁe(s—))dMs) -

Remark 5.1. Note that the process L satisfies L; = 5t(J), where
_ N t
Je = Z(ﬁen - 1) _/0 (:65(5) - 1))‘£(s)d5-
n=1

Hence, L is a strictly positive P-martingale with expectation equal to 1 (see Theorem 3.5).

Proposition 5.1. Under the measure Q, the process M? = {M{} (0,77 defined by

t t
Mg = My _/o (Be(s) — DAg(syds = Ny — /0 Be(s)Me(s)ds (5.5)

is @ martingale.
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Proof. By the formula of integration by parts, we have

d(MELy) = M2 dLe + Le—dM2 + d[Le, M)
— MEdLe + Lo dME + Ly (Be(e—y — 1)dN;
= M Le—(Be(r—y — 1)dM¢ + Le—dM¢ + L (Ber—y — 1)dM;
= (ME Be(e—) = 1) + Be(e—y) Le—dM,

hence, the proces M2L is a P-martingale and the process M? is a Q-martingale. ]

As the consequence of this proposition, under the measure Q, the process N is a Poisson
process with intensities

A2 = Boro and AY = BiA. (5.6)

Note that the process M@ is the compensated martingale associated with the process N
under the measure Q. Hence by using (5.5) one can write

dNy = ﬁe(t)kg(t)dt + dM?.

Substituting this into the dynamics of S we obtain the semi-martingale decomposition of
the stock price under the measure Q:

dS; =S¢ [(Me(t) + Be(t)Ne(t) e(r)) At + he(e—ydME |
Therefore, the process B~1S is a Q-martingale, if and only if,
o = ko + BoAoho and rn = p1+BiAih. (5.7)

Then, the absence of arbitrage is equivalent to the equation (5.7) has a solution By, (1,
such that Bp, 81 > 0. Since the equation (5.7) has the solution

o — n —
0 — Mo and ,61:1 1251

Bo = Xoho hy

(5.8)

and Ag, A1 > 0, then we have prove the following.

Theorem 5.1. The jump-telegraph model (5.1)-(5.2) is arbitrage-free, if and only if, the
following conditions are fulfilled

rn — Ko n—ui
>0 d
Mo an hy

> 0. (5.9)

Moreover, if these conditions hold, then under the measure Q the process N is a Poisson
process with the intensities given by

o — ko
ho

n— w1

AE =
0 hl

and AL =

. (5.10)
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Remark 5.2. If the conditions (5.9) do not hold, then a martingale measure does not
exist, and then the market possesses arbitrage opportunities. For example, assume that
ho, hy > 0 and pug > rg, w1 > . Thus, (ro — uo)/ho < 0 and (r1 — u1)/h < 0, which
means that By < 0 and B1 < 0. The inequality

t Nt t Ne
St = Sgexp (/ ug(s)ds> (14 he,) > Spexp (/ re(s)d5> H(l + he,) > SoBs
0 n=1 0 n=1

shows that any market agent can borrow Sg at time t = 0 and buy one unit of stock
leaving him/her at time t = T a strictly positive profit ST — SgB7, with probability one.
Note that in this case the process B~1S is monotone increasing.

If the conditions (5.9) hold, then there exists a unique equivalent martingale measure given
by the transformation (5.3), where By, (1 are given by (5.8). Therefore the jump-telegraph
model is complete.

5.3 Option pricing and hedging strategies

In this section we consider a contingent claim whose pay-off is only a function of the value
at maturity of the stock price, i.e. H = f(St). Note that the value of the contingent
claim at time t is given by

Fi(t,S) = F(t, S, i) :=E* {exp <_ /tT ra(s)d5> f(ST) ‘ Se=S,¢(t) = /} . (5.11)

where E¢{-} denotes the expectation with respect to the martingale measure Q, i € {0, 1}
is the state the Markov chain € at time t and

T T
St =S:exp </ fhe(s)ds —I—/ log(1 + hg(s_))st>
t t
Nt

.
= S;exp </ ug(s)ds> H (1+ he,).
t

k=N¢+1

Since the process {(St, €(t))}tejo, 7] is @ Markov process (see Comment 1.1), we can write

Fi(t.S) = E° {exp (— /tT rg(s)dS) f(ST) ‘ }"t} :

By definition of the processes €, N and {7} using the Markov property we have the
following conditional identities in distribution

D . D ~
et +9) e = EO ey Mevs ey = Net Mol ey 0= =T -1,

D .
Tk+Ne ‘{s(t):i} = Tk hé(o):f}' k=0,

where & N and {7x} are copies of €, N and {7}, respectively, which are independent of
Fe. Therefore, we can write (5.11) in the following form

Ny

Fi(t,S) = E?{e—ﬁr—rf(s(e*r—f [T+ hgk)> } (5.12)

k=1
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Here
t T—t

T—
Rr_t= / Ig(s)ds and X7_¢ = /Mg(s)ds,
0 0

are copies of the processes R and X, constructed from the process & = {&(s)}scjo,7—4
then, they are independent of F;.

Next, we use the marginal densities of the telegraph process and their properties to obtain a
system of integral equations (or, equivalently a PDE-system) for the price of the contingent
claim Fi(t,S). First, let (we omit the ~ by simplicity)

n

Fi(t,S;n) := E?{e—RT—ff<5eXT—f [Ja+ hek)> 1{NT_tn}}, i=0,1n>0. (513)
k=1

By summing up we have

F/(t,S):iF/(t,S;n), i=0,1. (5.14)
n=0

Now, by using the connection between telegraph processes based on the common stochastic
source (see (1.29)) we have

Rr_+=a/ (T —t)+ bX7_¢, forall te]0,T],

where

nyo — gl n—n

= ———-" and b, = .
Mo — M1 Mo — K1

Therefore, we can write (5.13) in the following form

(5.15)

©0 n
Fi(t,S;n) = / e—af(T_t)_b’Xf<SeX H(l + hgk)> pi(x, T —t;n)dx, i=0,1,n>0,
k=1

—0o0
(5.16)
where p?(x, t;n), i = 0,1, n > 0 denote the density functions of the telegraph process X
under the martingale measure Q (see the definitions in (1.10)). Recall, that these densities
satisfy the system of equations (see (1.13)-(1.14))

pi(x, t;0) = e_A;Qt(S(X —uit), =01, (5.17)

t
pi(x, t;n) = / Py (x—puis,t—s;n— 1)>\?e495d5, i=0,1,n>1, (5.18)
0

where X?, i = 0,1 are given by (5.10).
Substituting (5.17) into (5.16), for n = 0 we have
Fi(t,S;0) = e (V) (T-1) / e P (Se¥)5(x — wi(T — t))dx

_ e*(>\9+ar+brm)(T*t) f(sem(T*t)) _
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Note that from (5.15) it follows that a, + b,u; = rj, i =0, 1, then

Fo(t, S;0) = e’(xgﬂo)(T*t)f(seuo(Tft)),

o (5.19)
Fi(t, S;0) =e N +f1)(T_t)f(5e’“(T_t)).
Substituting again (5.18) into (5.16), for n > 1 we have
o0 n
Fi(t,S:n) = / ear(Tt)brXf<5eX H(l + hEk)) X
e k=1
T—t
/ p_i(x—pis, T —t—s;n— 1)>\‘,@e*>‘95ds dx
0
T o n—1
= / / e_a’(T_S)_b*Xf(S(l + h,)e“f(s_t)ex H(l + hl_ek)> X
t —o0 k=1
Py (x, T —s;n— I)A?e_(x%”)(s_t)dxds.
Finally, from the definition (5.16) we obtain the integral system
T Q
Fo(t,S;n) = / Fi(s, S(1+ ho)eto(s=t): p — 1)>\“§e_(xo+r°)(5_t)ds,
- n>1. (5.20)
Fi(t,S;n) = / Fo (5, S(1+ hl)e‘“(s—t); n— 1))\(%6_(>\?+r1)(5_t)d5,
t
This system we can express in differential form. Indeed, if we define the operators
0 0
tS . -
Ji® =+ iSae, i=01, (5.21)
and apply them to (5.20), we derive the PDE-system
OFg o o
—(t Sin)+ u,oS (t S;n) = (ro+Xg)Fo(t. S;n) = XgFi(t, S(1+ ho); n— 1),
OF1

—(t S; n)+u,15 (t Sin)=(n+AY)F(t, Sin) = A}Fo(t, S(L+ h1);n—1),

with initial functions given by (5.19) and terminal conditions Fo(T, S; n) = F1(T,S; n) = 0.

Proposition 5.2. Consider the jump-telegraph model (5.1)-(5.2) with claim #H (at time T)
of the form H = f(S7). Then, in order to avoid arbitrage, the pricing functions Fi(t, S),
i = 0,1 must satisfy the following system of integral equations on the time interval [0, T]

-
Fo(t,S) = e—(XEQ'i‘fo)(T—f)f(seuo(T—t)) +/ F, (5, S(1+ ho)euo(s—f))Age—(xé)@-i-ro)(s—f)ds’
t

.

Fi(t,S) = eI =0 (Gem(T—D) 4 / Fo(s, S(1 + hy)e (D) A2~ A Hn)(s—t) s,
t

(5.22)
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or, equivalently, the PDE-system

(t S) +u05 (t S) = (ro+X3)Fo(t, S) = AgFi(t, S(1 + hg)),
8F (5.23)
%t9+u§ usy4n+wvup9 AFo(t, S(1+ hy)),

with terminal conditions Fo(T,S) = F (T, S) = £(S).

Proof. By using the equality (5.14) and the equations in (5.19)-(5.20) we obtain (5.22).
Applying the operators defined in (5.21) to (5.22) we get (5.23). O]

The equality (5.14) also permit to obtain an explicit formula for the functions Fi(t, S),
i =0, 1. By using the density functions of the telegraph process presented in Theorem 1.1
we have

Fi(t,S) Ie_o‘(/‘@"'rf)(T_f)f(Se;L,-(T—t))
- [ - (5.24)

I Z / e—ar(T—t)_brXf<SeX H(l + hek)> pi(x, T —t; n)dx,
n:liOO k=1

where p?(x, t;n), i = 0,1, n > 1 denote the density functions of the telegraph process
X given by equations (1.24)-(1.25) under the measure Q, i.e., with X} = (r; — p;)/h;,
1=0,1.

Remark 5.3. Note that the functions Fj(t, S) depend on the parameters w;, r; and h;, and
them does not depend on the parameters A;, which are the intensities of the underlying
Poisson process N under the “physical” measure IP.

Since the jump-telegraph model is complete, by the second fundamental theorem, any
contingent claim can be replicated by a self-financing strategy. Therefore, let us find the
self-financing portfolio, replicating the payment function H = f(St).

Proposition 5.3. The claim % = f(57) can be replicated by the self-financing portfolio
T = {7t = (Qt, ¥t) }reo, 7], Where

F(t. Se(1+ hery). 1 —e(t)) — F(t, St e(t))

= , 5.25
O Sehece © ( )

<u+mmwast(»—Haau+mm4—dm>.

Yr =

5.26
et (5.26)

Proof. The value of portfolio 7 is given by V; = @St + 9B, t € [0, T]. Since the
portfolio 7 is self-financing, this means that

dVt = ©¢dSt + Y1dBs.

Writing this equation in integral form we have

t t
vt=vo+/ wsd55+/ wsdBs.
0 0
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By using the definition of the jump-telegraph model, (5.1)-(5. 2) we obtain

t
Vi = VO+/ (psssue d5+/ YsBs Ie(s) dS—i—Z(an Sro—he,.
n=1

By using the identity ¥ = Bt_l(\/t — <pt5t), one can see that

t t Nt
Vi=W+ / le(s)Vsds + / ©sSs (/J'e(s) - ra(s)) ds + Z 07, Sr,—he,. (5.27)
0 0 n=1

From second fundamental theorem it follows that if the claim H is replicated by portfolio
T, then the strategy value V4 is

Vi = B¢ B BF'"H | Ft} = F(t, Se,e(t)), forall t € [0, T]. (5.28)

Applying It6's formula we obtain

F(t, St e(t)) = F(0, So, s(O))—i—/ — (s, Ss s(s))ds—l—/tus(s oF (s Ss,€(s))ds
Nt

+ D IF (T, Sry (14 he,). (1)) = F (T, S, 8(1a=))|.

n=1
(5.29)

Therefore, comparing equations (5.27) and (5. 29) with (5.28), we have that between jumps

(t St (1)) + Le(r) St (t St,e(t)) — renVk
St (.us(t) ra(t)) '

More precisely, by using system (5.23) we obtain

A [F(t, See(t)) — F(t, Se(1 4 hegry), 1 — 5(t))}

St (ke(e)y — re)
F(t, St(14 hegry). 1 —e(t)) — F(t, St €(t))
Sthe(t) '

Yt =

Yt =

Then, in jump times we have

F(7n Sro— (1 + he,), €(1p)) — F(Tn, Sr,—, €(Tn—))
Sy, he, '

Since e(Tp—) =1 —¢(1y) and Sy, = S;, (1 + he,), then

©Or, =

(an = ||m (pt:

t—Tp—
which prove (5.25).
Finally, using again the identity ¥ = By ' (Vi — ¢+S¢) and (5.25) we obtain

F(t,Se(1+ hegry). 1 — (t)) — F (¢, Se, 5(t))>

P = Bt (F(t,St,e(t)) — p
e(t)

. ((1 + he))F (£, St (1)) — F (£, Se(1+ hegry), 1 — E(t))>

pu— Bi
! he(t)
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5.4 European Call and Put Options

In this section we derive an explicit formula for the integrals in (5.24) in the case of
European call and put options.

In the case of the call option, the payoff function is f(S7) = (S — K)™, where T denotes
the expiration date and K is the strike price. Therefore, to find the price of this option we
need to compute the expectation (see (5.12))

C=E{BFY(Sr—K)"}, i=0.1, (5.30)
where
T Nt Nt
St = Soexp </ p,e(s)ds> H(l + he,) = ST H(l + he,) (5.31)
0 k=1 k=1
and
-
Br =exp </ re(s)ds> = ef7, (5.32)
0

By using the functions defined in (5.13) and equality (5.14), we can write the expectation
in (5.30) in the following form

(o] n +
Ci = ZE‘?{e*RT <SOeXT [Ta+n,) - K) 1{NT:,,}}
n=0 k=1
= ZE?{e_RT (SOGXTK’” - K)]'{SoeXTnn>K}1{NT:”}}
n=0

— Z/ e TP (Soe¥kp — K) Lisyenn, >k PY (X, Tin)dx,
n=0v7"°

where k, = [Ti_1(1+ he,), ko = 1; a,, b, are given by (5.15), and p?(x, t; n) denote the
density functions of the telegraph process X under measure Q. Since Sge*k, > K if and
only if x > log(K/Sp) — log(kn), then we have

o) e}

Ci = Z e T b (SoeXk, — K)pP(x, T n)dx,
"=0 log(K/So)~log(xn)

The latter formula takes the form

Ci= 5o i knUi(z —log(kn), T;n) — Ki ui(z —log(kn), T;n), (5.33)
n=0 n=0

where z = log(K/Sp) and

Ui(z, t;n) := ea’t/ eI=PXp2(x, t; n)dx,

oo (5.34)

ui(z, t;n) := ea’t/ e P p?(x, t; n)dx.
z

We derive recursive integral formulas for Ui(z, t; n) and ui(z, t;n), i =0,1, n > 0, similar
to the case of the density functions of the telegraph process.
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Proposition 5.4. Functions U;(z, t;n) and uj(z, t;n), i = 0,1, n > 0 satisfy the systems
Uz £;0) = e W Himmdty 0 i=0,1, (5.35)

t
Ui(z, t;n) = /0 Up_i(z—pjs, t —s;n— 1)>\?e_09+”_“")sd5, i=0,1, n>1, (5.36)

and
Uz, £0) =e N i=0,1, (5.37)

t
ui(z, t;n) = /0 thi—i(z —uis, t—s;n— 1)A?e’(kg+”)5ds, i=01n>1 (5.38)

Proof. Note that by definition (5.34) and by using (5.17) we have
Ui(z, t;0) = e_a’t/e(l_bf)xp?(x, t;0)dx

z
o0

— ef(ar‘i’}\(,@)t / e(libr)xl{x>z}6(x - /’th)dx
Q.
— o~ (N M’)tl{p,,-t>2}'

Now, from the definition (5.34) by using (5.18) we obtain
(e%¢] t
Ui(z, t;n) = ea’t/ e(1=br)x (/o Pl (x —pis, t—s;n— 1)>\‘,@e*>‘95d5> dx
z
t o0
B / e*art </ e(l*br)(XJr#/S)p[[il]_i(X, t—sn— 1)dX> A?e*xf@sds
0 Z—WiS
t [e'e]
- / g ar(t=s) </ e(l_b’)xp?fl-(x, t—s:n— 1)dx> A?e_(xg*ﬂﬁ%“f—“")sds
0 Z—WiS
t o0
_ /O e—ar(t=s) (/ se(lfbr)xpt%_i(xy t—sn— 1)dx) A?e*(k%rr,fu,)sds
Z— i
t
= /0 Ui_i(z —pis, t—s;n— 1)>\?e_(>‘9+”_“")5d5.

The proof of the system (5.37)-(5.38) is similar. O
Remark 5.4. Introducing the notations

Ui(z, t;n| X5, A}, po, 1, ro, 1) := Uj(z, t; n),
ui(z, t;n| X, AL, ko, g1, o, 1) == ui(z, t; n),

from equations (5.35)-(5.36) and (5.37)-(5.38) we obtain the connection

Ui(z, t:nIXG AT, o, 1, 1o, 1) = ui(z, t:n | A, AL, ko, w1, o — o, 1 — 1) (5.39)
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Therefore, to compute the call option price we only need to solve system (5.38) and then
to use the connection (5.39). We can solve system (5.38) recursively (see Ratanov and
Melnikov [RM 08]). We will do it by using the expression for the distributions p?(x, t; n),
i =0,1, n>1 derived in Theorem 1.1.

Since the densities p?(x, t;n), i = 0,1, n > 1 do not vanish only for 0 < £(x, t) < t (or,
equivalently, for w1t < x < pot; see Remark 1.4), we can separate the computation of
ui(z, t;n), i=0,1, n> 1 in three cases

( o
pi(t;n) = eart/ e_b’Xp?(x, t;n)dx  if z < pust,

—00

(0]
ui(z, t;n) = wi(z, t;n) = e_aft/ e P Xp?(x, t;n)dx if uit < z < pot, (5.40)
z

0 if z> upt.

Having in mind the latter representation we need explicit expressions for the integrals
Mot
pi(t;n) = e_"’ft/ e P p?(x, t; n)dx,
uit
Mot
wi(z, t;n) = ea’t/ efbfxp‘?(x, t; n)dx.
z

Let us define the following functions for /, m >0, z € [u1t, uot) and t > 0

/I,m(Zx f) = e—art/ZuOte—b,xg(X/.! t)l (t — gfn)j. t))mQ(X, f)dX,

where £(x, t) and 0(x, t) denote the functions (see (1.18) and (1.19) respectively)

X — pat 1 2%e(x, )AL (t—£(x,1))
and O(x,t) = ————e oS 1 N | . (5.41
0 1 ( ) 0 L {0<€(x,t)<t} ( )

E(x, t) =
We define also the constants
Vo 1= A§ + ro, v =At+n and 2U =1y — V1.

Using the change of variable x = pot — (up — 41)s we have
t—€(z,t) DAY
(2, 1) = e=art / 7 —br(o(t=s)+ms) (E=5)' ™ _38(e—s)-2Ts
S N oml
0

t—&(z,t /
— e_(>‘(0@+ar+/-"0br)t f0 (t=>s) ie(%g}—’\?%r(uo—m))sds
0 nml

t— T /
— e()\?+r0)t/ g(z ) (t — S) ie(kg+r07>\?7rl)sds
0 noml

t—¢(z.t) t— | «m
:e_"ot/ (t=s) > _e2rsgs, (5.42)
. ol
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Notice that if z = u1t, hence &(z, t) = 0, therefore, applying the formulas 3.383.1 p. 347
and 9.212.1 p. 1023 of [GR07] to (5.42) we obtain

I+m+1
/ L ’ 1,1 2,2
1m(z,t)=e (E ] d(m+ 1,14+ m—+2;2vt)
= _”lti(/erJr1),¢(/+1,/+m+2;—2ut),

where ¢(a, b; z) denotes the Kummer-function which is defined in (2.10). This permits to
obtain the following proposition.

Proposition 5.5. Functions p;(t;n), i = 0,1, n > 1 satisfy the equations

>\@ k+1 >\Q k 7U0tt2k+1
%) ((2k1)+el)I $(k+1,2k+2;20t), n=2k+1k>0,
po(tv n) = ()\Q)k(AQ)ke—l/ottQk (543)
N (k. 2k +1;2vt), n=2k k=1,
\ .
)\@ k >\Q k+1 7U1tt2k+1
(o) ( (12)k+e1)| d(k+1,2k+2,—2wt), n =2k +1,k >0,
p1(t;n) = ()\Q)k(}\@)ke—l/1tt2k (5.44)
N ¢k, 2k +1; —2vt), n=2kk=1

Remark 5.5. Note that if rp = r; = 0, then p;(t; n) = 72 (t; n), where w(t; n) = Q{N; =
n}, i=0,1, n>1 (see equations (2.12)-(2.13)).

On the other hand, if u1t < z < ot then 0 < §(z, t) < t, from where, by (5.42) we have

e*l/ot t—£(z,t) /
lim(z, t) = II/ (t—E(Z, t) —s+£&(z, t)) sMe2VSds
nm' Jq
—ot t—£&(z,t) / / ' '
M= Jo ;
Jj=0
*l/ot

= ( )5(2 ty /t g(ZYt)(t —&(z.t) —s) Fsme?5ds.

/lml

Again, by using the formulas 3.383.1 p. 347 and 9.212.1 p. 1023 of [GR07] we obtain

et (I —j)im!
lim(z.t) = /ImlZ /— U U—jtm+in~

=My (m+1,1—j+m+2;2u(t — §))
(l’ _ &')/*j+m+1

ot &
=e” Z A=+ m+1)

ol —j+1,1—j+m+2;,—2u(t —§))

J
P s)zf
(I=j+m+1)!

O —j+ 1 —j+m+2=2u(t - §)),

where £ = £(z, t). The latter equality leads to the following proposition.



70 CHAPTER 5. JUMP-TELEGRAPH MODEL

Proposition 5.6. Functions wi(z, t;n), i =0,1, n > 1 satisfy the equations

wo(z, t;2k+1) =

gj (t _ )2k—1+1

Q\k+1/yQ\k ,—o€—v1(t—E)
(>\ ) (>\ )e Z 2/( —Jj+ 1)‘

ok —j+ 1,2k —j+ 2, —2v(t - §)),
wi(z, t;2k+1) =

()\@) ()\Q)k+1 —vp€—vi(t— 5)2

gj (t— )2k —j+1

<J!( m‘f’(k —J+ 1,2k —j+2;—2u(t—¢§)),

(5.45)

forn=2k+1, k>0, and

wo(z, t;2k) =
J(t— &) . .
(}\Q) (}\Q)k —vp€—v1(t—§) Zf| ((2/()'/)|¢(k —J+ 1,2k —J+1; —21/(1‘ — &)),
wi(z, t;2k) =
.y v g_/ t— 2k—j ) ]
() (Aot g)zjl((%)ﬂ,¢(kjy2kj+l;2u(t5)),
(5.46)
for n =2k, k> 1, where £ = &(z,t) = — Mlt.
Mo — K1

It is sufficient to substitute (5.43)-(5.44) and (5.45)-(5.46) in (5.40) for ui(z, t; n), and to
use the connection (5.39) for U;(z, t; n). The values C; follow from these two expressions
substituted in (5.33) with z = log(K/Sp).

In the case of the put option, the payoff function is f(S7t) = (K — S7)*. Therefore, to
find the price of this option we need to compute the expectation

P, =EY{B7YK - S7)*}, (5.47)

where St and Bt are given by (5.31) and (5.32). Again, using the density functions defined
in (5.13) and equality (5.14), one can write the expectation in (5.47) in the following form

0o n +
P = ZE‘?{e‘RT (K — Soe*T ] (1 + hsk)> l{NTZH}}
n=0

k=1

= ZE?{G_RT (K - SOeXTK’”)1{SoeXTKn<K}1{NT:’7}}
n=0

— Z/ e TP X (K — Soe¥kn) Lisyenn, <y Pr (X, T n)dx,
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where k, = [[f_1(1+ he,), ko = 1. Then, we can express the latter formula in the form

P = KZ 0;(z —log(kn), T; n) SoZK,n —log(kn), T; n), (5.48)
n=0

where z = log(K/Sp) and
z

0i(z, t;n) =e &t / e P pP(x, t; n)dx,

—00

(5.49)

V4
U,‘(Z, tin) :=e t / e(l_bf)xp,@(x, t; n)dx.

—00

The recursive formulas for functions &;(z, t; n) and U,-(z, t;n) are given in the following
proposition.

Proposition 5.7. Functions ;(z, t; n) and U,-(z, t;n), i =0,1, n > 0 satisfy the systems
Gi(z, £:0) = e WL =01, (5.50)
0i(z, t;n) = /Ot Oh_i(z—pis,t—s;n— 1)>\?e_(>‘9+”)sds, i=0,1, n>1 (551)

and

Ui(z, t;0) = e~ +ni— W teny, 1 =0,1, (5.52)
Uz, t:n) = /Ot Ui_i(z — pjs, t —s;n— 1)>\?e_(kg+”_“")5ds, i=01 n>1. (553)
Remark 5.6. Introducing the notations
0i(z, t;n| X, AL, ko, p1, 1o, 1) == 0i(z, t; n),
Ui(z, t;n | 22N, po, w1, 10, 1) = Ui(z, t; n),

from equations (5.52)-(5.53) and (5.50)-(5.51) we obtain the connection

U/(Z. t;n| G AT, ot ro. 1) = 0 (z, t;n | XS AT ko, k1, o — to, 11— p1). (5.54)

Therefore, to compute the put option price we only need to solve system (5.51) and then
to use the connection (5.54). For this, we can separate the computation of &;(z, t; n),
i=0,1, n>1 in three cases

;

0 if z<uit,
V4
0i(z, t;n) =4 @i(z, t;n) = e_"’ft/ e P p?(x, t; n)dx if pit < z < pot, (5.55)
—0o0
o0
pi(t;n) = e_"”t/ e P pl(x, t;n)dx  if z > pot.
—0o0
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Notice that p;(t; n) = pi(t; n), then we need only explicit expression for the integral

z

wi(z, t;n) = e‘a’t/ e*b’xp‘,@(x, t; n)dx.
pit
Let us define the following functions for /,m > 0, z € (u1t, uot) and t >0

oz, 0) = e—art/z e—b,xg(X, 0 (t— E(ﬁ. t))me(x, £)dx.
n

Lt /! m!

where £(x, t) and 6(x, t) are given by (5.41). Using the change of variable x = u1t+ (1o —
W1)s we have

R £(z,t) 5I t—g)m
lim(z, t) = e"lt/o /!( m!) e 2"%ds

e*lllt m

_ Z(T)(t—g(z, t))m‘f/(f(z' (&(z.t) — s)'sle2¥ds.

'ml
Jj=0

Again, by using the formulas 3.383.1 p. 347 and 9.212.1 p. 1023 of [GR07] we obtain

m
J, — g~ voé—n(t—§)
inte. ) =0

£I+J'+1 (l’ _ g)m*j

T (o UL 22,

where £ = £(z, t). The latter equality leads to the following proposition.

Proposition 5.8. Functions @;(z, t;n), i = 0,1, n > 1 satisfy the equations
(:Jo(Z, t; 2k + 1) =
€k+j+1 (t E)k —J

k
(Xg)kJrl()\fi})kefl/oéfm(t*ﬁ) Z (k Jrj T 1)! (k ) ¢(j + 1, k +_/ + 2; QI/f)
Jj=0 (5.56)

Wi(z, t;2k+1) =

€k+J+1 (t - g)kfj

()\Q) ()\Q)k+1 —vpé—uv (t—£) Z(k—i—J—l—l)' G oG+ 1, k+j+2;208),

forn=2k+1, k>0, and

(:)0(2, t; 2/() =
k—1 k+j+1 _ eYk—i-1
k k \—vo€—11(t—€) 3 (t '5) . . .
(M) (A)"e _E_O D U Lk +2200),
. ” (5.57)
w1(z, t;2k) =

k k+j _ E\k—j
OO0 S G T 00+ Lkt +1:2),
=0 ' '

Z— Ut

for n =2k, k> 1, where £ =&(z,t) = .
Mo — K1
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Now, it is sufficient to substitute (5.43)-(5.44) and (5.56)-(5.57) in (5.55) for d;(z, t; n),
and to use the connection (5.54) for U;(z, t;n). The values P; follow from these two
expressions substituted in (5.48) with z = log(K/So).

Next, we deduce a fundamental relation between put and call options, the so-called put-call
parity.

Proposition 5.9 (Put-call parity). In the jump-telegraph model consider a European call
and a European put, both with strike price K and time of maturity 7. Denoting the
corresponding pricing functions by C; and P;, i = 0, 1, we have the following relation

Py — Co+ So = Ke™T(@tN) (cosh (TVD) - (r - )\)sinh(T\/{D)) :
g (5.58)
P, —Ci4 Sy = Ke T(@td) (cosh(T\/E) +(r+ )\)S|nh(7'\/5)> .

Here
o2r=ro—n, 2a=rn+n, 2(=XA2-2% 2A=X2+A? and D= (r+¢)2+A%
Proof. It is obvious that we have (St — K)™ — (K — S7)™ = St — K, therefore
E? {e FT (St — K)T} —E? {e ""(K = S7)T} =E? {e RrS1} — KE}? {e 77}
The claim follows from (1.37). O

Comment 5.1. The classical put-call parity does not hold because the bond price B =
{eRf}te[oyT] is a stochastic process.

5.5 Notes and references

The telegraph model was first proposed by Ratanov in [R07a]. Later, this model has been
substantially developed in [RM 08, R08]. In this chapter we have written the model in
different form of this research papers, focusing on integral equations rather in differential
equations, using another (equivalent) way to change of measure and present a new integral
technique for obtaining closed form solutions for the price of European options, as well as,
other properties such as the put-call parity.






Chapter 6

Jump-Telegraph model with random
jumps

6.1 Market description

Similarly to Chapter 5 let us consider a market model with two assets {(B:, S¢)}tc(o,7],
the bond and the stock, defined in the filtered probability space (2, F, {F¢}¢ejo, 7). P). We
use the two-state Markov chain € = {€(t)}+c[o,7] for the modeling of the economy states.
Under measure P the bond price is modeled in the same form as in Chapter 5, by the
equation

dB; = Btl’e(t)dt, By=1, (61)

where rg, r1 (ro,1 > 0) denote market interest rates at each of the economy states.
However, in this case the stock price under measure P is modeled by the equation

i5: = Su- [yt + [ atat o] (62)
-1

where g, w1 (o > w1) denote the stock average yield in each of the economy states, and
v(dt, dy) is the random measure (see (2.46)) which corresponds to the compound Poisson
process @ = {Qt}ejo, 7] defined by

Nt
Qe = Zyan,n, Qo = 0.
n=1

Let us assume that {Yo,n}n>1 and {Y1,n}n>1 are two independent sequences of i.i.d. ran-
dom variables, with distributions ®q(dy) and ®1(dy), with support in (—1, co), which are
independent of N = {N¢}c[o, 7], Where N is the Poisson process counting the number of
the changes of economy states. We assume also that

o0

Eo{Yon} = / O:ycbo(dy><oo and  Ei{Vin} = / e < (63)

and P{Yp,, =0} =P{Y1,, =0} =0.

75
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The solution of (6.2) can be written in the following form

t t [e'¢)
St = Soexp ( [ mesds+ [ ] Iog(1+y)fv(ds,dy)>
0 0 -1

Nt

t
= Spexp </0 ug(s)ds> H(l + Yan,n),

n=1

or, equivalently, as
St = So&(X +Q),

where &¢(+) denotes the stochastic exponential and X = {X¢}+¢[o,7] Is the telegraph process
defined by X¢ = [ Ke(s)ds.

180

140 -

A
60 - ‘\‘ \:

20 1 1 1 1 J
0 4 8 12 16 20

t

Figure 6.1: A sample path of S.

6.2 Change of measure

Let E := (—1,00). We change the distributions by means of Girsanov transform of the
form % o L¢, t € [0, T], where the process L = {L¢}tc[o,7] is the solution of the
equation

dle=L¢- /E(ﬁe(t)we(t)(Y) —1)3(dt,dy), Lo=1, (6.4)
where
y(dt, dy) =(dt, dy) — v(dt,dy) = y(dt, dy) — Ae(e—)Pe(e—)(dy)dt

denotes the compensated version of the random measure «y(dt,dy); Bo, B1 (Bo,B1 > 0)
are two indefinite real numbers and g (y), @1(y) are two positive integrable functions such
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that
/ 0o Po(dy) =1  and / 01(y)d1(dy) = 1. (6.5)
E E

Assume that

/ yoo(y)bo(dy) < 0o and / Y1 (y)1(dy) < o (6.6)
E E

The solution of the equation (6.4) can be written as

t
Lt = exp </0 /E(l - 55(5)@6(5) (Y))Aa(s)cba(s)(dy)ds

4 /O /E 109 (Be(s—)Pes— (¥))¥(ds. dy )>

t N
= exp </0 /E(l - 55(5)@5(5) (Y))Aa(s)cba(s)(dy)dS) H IBEN(psn(Yen,n)v

n=1

or, equivalently, as
t
L+ = exp (/0 /EUOQ (ﬁe(s)(pe(s) (Y)) +1-— 66(5)@6(5) (Y)] As(s)q)e(s)(d)/)ds

+/O’f/E|Og(ﬁg(s_)(pg(s_)(y))’y(ols, dy)) .

Remark 6.1. Note that the process L satisfies L; = St(é), where

Nt

R t
Qe = Z(,Ban(PEn(Yen,n) - 1) - /O /E(,Be(s)(pe(s) (Y) - 1)>‘e(s)q>e(s)(dy)d5-

n=1

Therefore, L is a strictly positive P-martingale with expectation equal to 1 (see Theorem
3.9).

To make the proof of the following proposition easier it is useful to note that by (6.3) and
(6.6), the process

{/Ot/E)/(ﬁe(s—)%(s—)(Y) - 1)§(d51d)/)}te[oﬂy

is a P-martingale (see (3.60)).

Then, we prove that under the measure Q, the compensator of the random measure
y(dt,dy) is
ve(dt, dy) := Be(r—)Pe(t—) (V) Ae(t—) Pee—) (dy)dt. (6.7)

Proposition 6.1. Under the measure Q, the process Q2 = {6‘%}%[07] defined by

Q%= Q- /0 /E Y (Begoy 0ets) (v) — 1) v(ds, dy) = Q; — /0 /E yi(ds,dy)  (6.8)
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is a martingale. Here Q = {6t}t€[oﬂ is the compensated P-martingale of the process Q
(see (2.43)), i.e.,

_ t t
Q=0 [ [ Preodesanss = [ [ yates.dy)
0 E 0 E

Proof. By the formula of integration by parts, we have
d(QLs) = Q¥ dLe + Le—dQF + d[Ls, QY]

= Qv?_st + Lt_d@f + L /EJ/(,Bs(t—)QDa(t—)(Y) - 1)’Y(dtv dy)

= 6?_st + Lt—d@t + L /E)/(Ba(t—)‘Pe(t—)(Y) - 1)§(dt: dy).

Hence, the process QL is a P-martingale and the process QUis a @-martingale. ]

Therefore, the compensated version of the random measure y(dt, dy) under Q is given by

74(dt, dy) = «y(dt,dy) — v(dt, dy)

(6.9)
=y(dt, dy) — Be(t—)Pe(t—) (V) Ae(t—) Pe(e—) (dy)dt.

Moreover, note that under the measure @Q we obtain that the intensities of the Poisson
process N are
A% = ,60)\0 and X% = ,61)\1, (610)

and the distributions of jump values are modified by
®g(dy) = @oly)Po(dy) and ®E(dy) = p1(y)P1(dy). (6.11)
Hence, we can write the compensator v%(dt, dy) as
v(dt, dy) = A2, %, (dy)dt.

Thus, under the measure Q the dynamics of S becomes

dS; = S;_ Kug(t) + Xf(t) /Eycbf(t)(dy)> dt + /Ey'VQ(dt, dy)] .

Therefore the process B71S is a Q martingale, if and only if,
ro = o + Xg/ y®g(dy) and o=+ Aqf/ yd(dy). (6.12)
E E

Theorem 6.1. The jump-telegraph model with random jump values (6.1)-(6.2) is arbitrage-
free, if and only if, there are two real numbers Gy, 31 > 0 and two positive integrable
functions @o(y), @1(y), satisfying (6.5) and (6.6), which solve the equations in (6.12).

Remark 6.2. Since the solution (8o, 81, ¢o(y). p1(y)) of the equations in (6.12) is not
unique, the telegraph model with random jumps is incomplete. Therefore, we should find
a suitable form of choice of an equivalent martingale measure.
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6.3 Choice of an equivalent martingale measure

To choose the risk-neutral measure we enrich the model by introducing a third asset corre-
lated with the states of an economy or business cycles (i.e. with the Markov chain €), for
instance a financial index, which is modeled by a telegraph process with constant jumps,
namely

t N
St = Spexp </ ﬂe(s)) H(1+hgn), te[0,T], (6.13)
0 n=1

where fig, 1 (fio > fi1) denote expected mean value of the index in each of two economy
states, and Bo, h (/30, hy > —1) which models the abrupt changes of constant values of
the index. Note that the process § = {§t}t€[oﬂ is driven by the same Markov process
€= {E(t)}te[O,T]-
The market formed by {(Bt,St,SAt)}tG[O'T] is, usually, still incomplete, but we can now
make a choice of the risk-neutral measure as follows: We choose the parameters of the
measure transformation making the processes B~15 and B~1S to be Q-martingales by
assuming that the distribution of jumps conserves the form, we now give some examples
illustrating this approach. First, notice that the process B~15 is a Q-martingale, if and
only if,

ro= o+ )\%Eo and n =g+ X%/Ah, (6.14)

where A2, AY are given by (6.10). Therefore, assuming that (ro — flo)/ho > 0 and (r; —

f1)/h1 > 0, we have

rn — 1
hy

ro — fdo

Ao = —

and AL =

. (6.15)

6.3.1 Log-exponential distribution

Assume that the distribution of Vj , = log(1 + ;) is exponential, more precisely:
e If u; < r;, then the distribution of V; , is mie™ V1,5 03dv, m; >0, i € {0, 1}.
e If u; > r;, then the distribution of V; , is m;e"" 1, cqydv, m; > 0, / € {0, 1}.

Case uj < rj.
Let m; > 1. In this case, we have assumed that the distribution of jumps Y , is

®;(dy) =ni(1+ J/)_(1+n')1{y>0}d%

and the expectation is E{Y; ,} = ﬁ Assuming that the distributions of jumps under the
risk-neutral measure are of the same form, define the positive function

(p/()/) = bi(l +Y)7a/1{y>o}, for a;>1-—mn;, b; > 0. (6.16)
From equation (6.5) it follows that

bim;

1 — / 0i(y)Pi(dy) = / bi(1 4 y)m(1L + y)~Gmdgy = P
E 0 n/+a/
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and from equation (6.12) we can derive

— i = A} /E y®F(dy) = A / yei(y)®i(dy) =

Thus, solve this equations, we have
A7 1/ N
aj = +1—mn, and bj=— +1).
Fi— K Mi \Fi — Hi
Therefore, under the measure QQ we have that the distribution of jumps Y; , conserves the
form and now it is

bini
I (ni+ai)(ni+a —1)

_ Q
®2(dy) = (1 +y)"HI1, gy dy,

where
Q

n?:bi"]i:ni‘f'ai: +1,

M/
with A? given by (6.15). Note that n? > 1, E¥{Y] n} =03 s and Vi ~ Exp(n?) under Q.

!

Case i > rj and X} > pj — r;.
In this case, we have the distribution of jumps Y; , defined by
®;(dy) = ni(1 +Y)nf_11{—1<y<o}dy

such that the expectation is E{Y; ,} = 1+77 Assuming again that under the risk-neutral
measure the distributions of jumps to be of the same form define the positive function

i(y) = bi(1+y)"1i_1cycoy, for a;>-m;, b >0. (6.17)

Repeating the calculations, from equation (6.5) we obtain

0

. -~ bim

1:/<P/(y)<b/(dy):/ bi(1 + y) (1 + y)"ldy = — 0
-1

ni+a;’
and from equation (6.12) it follows
bin;
— -:X@/ 2(d —X@/ (V)P (dy) = =\ al )
e .y Ey(pl(y) I( y) I (77/+3/)(77/+3i+ 1)
Hence
AY 1 Ny
aj = —1—m and bj=— —-1].
i — i ni \Kj—Tri

Therefore, under the measure Q we have the distribution of jumps VY, are of the same
form, now, it is .
q)(,@(d)/) = "7?(1 +y)" _11{—1<y<0}dy1

where
X@

nf = bmi=mn+a; = M/—ifi -1 (6.18)

with A? given by (6.15). Note that n? > 0, E¥{Y] ,} = +1 o and —V; , ~ Exp(n?) under
Q.
Remark 6.3. In the case that u; > rj and A} < p; — r;, the solution of equations (6.5)
and (6.12) does not exist, therefore we can not make the measure transform by means of
the function @;(y) defined in (6.17). In this case, we should use another form of measure
transform (see Comment 6.1).
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6.3.2 Log-normal distribution

Assume that the distribution of Vi, = log(1 + Y;,) is normal, i.e., Vi, ~ N(mj,02),
m; € R, 0; >0, i € {0,1}. We assume further that p; — r; < A?. In this case, we have
the following distribution of jumpsY; ,

1 ~ (log(1 +y) - mi)?
(L+y)o/em " 207

with the mean E{Y; ,} = exp(m; + 02/2) — 1.
We transform the measure of jumps assuming that the new distributions of 1 4 V; , are
again log-normal with the same variance. For this, define the positive function

®i(dy) =

> 1{y>_1}dy, (619)

©i(y) == bi(1+y)"1y,s_1) = bie” '09(1+y)1{y>_1}, for a;€R, bj>0. (6.20)
By equation (6.5) we have

2
00 b; ajlog(1+y)— Leat)—m)” 3202
1= e 7 dy =bjexp|ami+ L.
/_1 (1+Y)0'j /727'(' y i €XP i 2

Then
a;

252
bi = exp (—a,'m,' -5 : ) :

Form equation (6.12) it follows

3.20'.2 1+ 2a; 0'2
= X?/ yoi(y)Pi(dy) = )\?b,— exp (a,-m,- + 12/) [exp <m/ + (2’)’> — 1] .
E

Thus
_log (1= (wi — ri)/A7) — mj — 07/2

2
oj

(6.21)

i
Hence, under measure Q we have that the distribution of jumps Y; , are of the form

1 o [ (log(1 + y) — (m; + 02a))° 1 ’
1+ y)oer P 202 >y

Therefore, EH{Y; ,} = exp(m; + 0?a; + 02/2) — 1 and Vj , ~ N (m; + 0?a;, 0?) under Q.

dH(dy) =

Remark 6.4. In the case that u; —r; > A7, the solution of the equations (6.5) and (6.12)
does not exist, thus, we can not make the measure transform by means of the function
©;(y) defined in (6.20). In this case we should use another form of the measure transform
(see Comment 6.1).

Comment 6.1. There are other ways to obtain an equivalent martingale measure, the most
used in the literature are Esscher transform and Minimal Entropy Martingale Measure
see e.g. Miyahara [M12], Cont and Tankov [CT 03] and Elliott and Siu [ES13]. This
transforms are actual research topic in this model.
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6.4 Option pricing

Let us assume that the only tradable assets are the bond and the stock. Consider the pricing
problem of the contingent claim of the form H = f(S7). The value of this contingent
claim at time t is given by

ﬁusyzanso:EWFm(—ZTwﬂm>ﬂ&obﬁzsdnzwk (6.22)

where E?{-} denotes the expectation with respect to the martingale measure Q. Here
i € {0, 1} is the state of the Markov chain € at time t and

T T
St =Stexp (/ He(s)ds +/ /Elog(l + y)v(ds, dy))
t t

Nt

-
= S;rexp (/ ug(s)ds> H (1 + Yek,k).
t

k=N¢+1

By the Markov property of the process {(St, €(t))}¢eo, 7] We can write

Fi(t. S) = E° {exp <— /tT re(s)ds> f(ST) ‘ ]-'t} .

Without loss of generality, assume that Ny = n, n € N. By using the Markov property we
have the following identities in distribution

D . D ~
€t +9) e = €O ey Newsleomny = 7 Mol 05T =1,

D

Yerink+n |{E(t):/} — Tk ‘{E(O):i}'

D .
Thetn ‘{s(t):i} = Tk ‘{5(0):/}v k>0,

where & N, {#} and {Yz, .} are copies of €, N, {7«} and {Y¢, x} which are independent
of F+. Therefore, we can write (6.22) in the following form

i R
Fi(t,S) = E?{eRTrf<5eXTr [T+ ng,k)> } (6.23)
k=1
where
T—t T—t
ﬁTft = / I’g(s)dS and XTft = / /J,g(s)dS.
0 0

Similarly to Chapter 5 we derive an integral system (or, equivalently, a PIDE-system) for
the price of the contingent claim Fj(t, S). First, let (we omit the ~ by simplicity)

n

Fi(t,S;n) = E?{e_RT—ff(SeXT‘f H(l + ng,k)>1{NT_tn}}, i=01n2>0. (6.24)
k=1

Clearly, we have

F,-(t,S):iF,-(t,S;n), i=0,1. (6.25)
n=0
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By using the connection between the telegraph processes (see (1.29)) we can write (6.24)
in the following form

Fi(f'S;”)Z/--'// e~ (T=D=bXF (SeXk,) p2(x, T — t; n)dx D (dyr) - - - D2 (dys),
E EJ—-oc0

(6.26)
where p?(x, t; n) denote density functions of the telegraph process X under the martingale
measure Q; a,, b, are given by (5.15) and

n
/in::H(l—kyk), n>0, with kg=1.
k=1

Therefore, repeating the same calculations as in Chapter 5 we find that
Fo(t, S;0) = e’(ABQ*fo)(T*t)f(seuo(Tft)),
F]_(t, S; O) = e_(x?—’_rl)(T_t)f(sell«l(T—t)),

and the functions Fi(t, S;n), i = 0,1, n > 1 solve the system of integral equations

(6.27)

-

Fo(t,S;n) = / [/ Fr (5, S(1 _|_y)euo(s—t); n— 1)@%(@,)] A%e—“?“o)(s—t)ds,
t E

n>1.

.
Fi(t,S;n) = / [/ Fo(s, S(1+ y)er(s=t. n 1)<D?(dy)] A‘%e*(*(1@+f1)(5*f)ds,
t E
(6.28)

Applying the operators (5.21), we obtain that the latter system is equivalent to PIDE-
system

aF,
O(t S: n)+u05 (t Sin) =

(o + M) Fo(t, S;n) — / Fu(t, S(L+y): n— 1)OR(dy),

oF (6.29)
l(t S: n)+y,15 (t Sin) =

(n+A)F(t, S n) — / Fo(t,S(1+y);n—1)d3(dy),

with initial function given by (6.27) and terminal conditions Fo(T, S; n) = F1(T,S; n) = 0.

Proposition 6.2. Consider the jump-telegraph model with random jumps (6.1)-(6.2) and a
T claim H of the form H = f(St). Then, in order to avoid arbitrage, the pricing functions
Fi(t,S), i = 0,1 should be satisfy the following system of integral equations on the time
interval [0, T]

Fo(t,S) = e_(*g*‘f:)(T—t)f(seuo(T—t))
T
+/ [/ Fi(s. s +y)erols” t))q)@(dy)] e —(A+4r0)(s— s,
t
Fi(t,S) = e_(*?Jr’l)(T—f)f(sem(T—t))

;
1cm+/t [/E Fo(s, S(1 +y)e“1(5—f>)¢$(dy)] Ae~ (AT +n)(s=t)gs,

(6.30)
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This system is equivalent to the PIDE-system

8Fo 0Fg

0 (1,9) + oS T2(t,5) = (ro-+ M) Fo(t, S) — A§ /E Fi(t, S(1+y))3(dy),

(6.31)

8F1 8F1

L (t,5) +mS T2 (1.5) = (n + XD, 5)—A‘§3/EFO(t, S(1+y))di(dy),

with terminal conditions Fo(T,S) = F (T, S) = £(S).

By using relation (6.25) we obtain an explicit formula for functions F;(t,S), i = 0, 1 given
by

Fi(t.S) = e*(x(iQ*”)(T*t)f(Seu,-(Tft))

+ Z /E . /E/ e*af(T’t)*b”Xf(SeX/{n)p(,-@(x, T —t;n)dx ®F(dy1) - - - D (dyn),
n=1 -0

(6.32)

where p?(x, t;n), i =0,1, n > 1 denote the density functions of the telegraph process X
given by the equations (1.24)-(1.25) under the measure Q, i.e., with A\? = (r; — @&;)/h;,
1=0,1.

6.5 European Call and Put Options

In this section we obtain an explicit formula of the integrals in (6.32) in the case of European
call and put options, assuming that the distributions of jumps are log-exponentials or log-
normals as in the examples of Section 6.3.

In the case of call options, the payoff function is f(S7) = (St — K)™, where T is the
maturity of the contract and K is the strike price. Therefore, for this option pricing we
should compute the expectation (see (6.23))

C=E{BFYSr—K)"}, i=0.1, (6.33)
where
’ s X M log(1+Y. X Moy
S+ = Sgexp (/ /J'z-:(s)d5> H(l + Y&‘k,k) = Spe T2ty 109(1+Ye, k) — Soe T+ 21 Verk
0 k=1
and

-
BT =exp (/ re(s)d5> =eff7.
0

By using the functions defined in (6.24) and the connection (6.25), we can rewrite this
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expectation in the following form

Ci = 3 E2{ e R7 ( SpeXT+lk=1 Verk — K +1 -
Sl (s i)
= > B (S0 e — K) L toa(h/50)-f ey Ly |

n=0
=> / / e TP (SeeX Y — K) p2(x, T; n)dx W2 (dv),
n—=g v~ Jz—-v '

where z = log(K/Sg) and W7 (dv) denote the n-th alternated convolution of the random
variables {V6 n}n>1 and {V4 n}n>1 under the measure Q, i.e.,

Vid(v) =Q; {Z Veek < v} . (6.34)

k=1
Therefore, we obtain

oo

C=Soy [ e [ et mrin Timawizay)
n=0 Z

—00 -V

—KZ /e_afT / e P XpR(x, T; n)dx Wy (dv).
n=0 ", zZ—v

Further, by using the functions U;(z, t; n) and uj(z, t; n) defined in (5.34) we can write
(6.33) in the following form

Ci :502/ Uiz — v, T; )W} (dv) — KZ/ ui(z — v, T;n)W;2(dv). (6.35)
n=0Y ~ n=0v

Therefore, to find an expression for the price of call option we have to compute the
expression for the convolution W7 7(dv) and then using the results found in the Section
5.4. This we will do for the examples of Section 6.3. First, note that we have the following
equality in distribution

k41 k
S Voi+ Vi, n=2k+1,€(0) =0,
J=1 Jj=1
n D k k+1
D Vei={ X o+ > Vi, n=2k+1,¢0)=1, (6.36)
- j=1 j=1
= k K
S Vo4 Vi, n=2k, (0)€{01}.
(/=1 J=1

6.5.1 Log-exponential distribution

In this case we have four possibilities
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i Ifrn>py and g > po = if m > 1, Vi, ~ Exp(n}) and if ng > 1, Vo.n ~ Exp(ng).

i If i > pqand rp < po = if ;. > 1, Vi, ~ Exp(nf) and if po — ro < A5, —Vo,n ~
EXp(no)

il If i <pyandrg>po=ifur—n <A}, =Vi, ~ Exp(n}) and if ng > 1, Vo n ~
Exp(ng).

iv. If n < p1and rp < o = if pp —nn < A}, =Vi,n ~ Exp(n}) and if po — ro < A§,
—Vb.n ~ Exp(ng).

Let Z := ZJ/':1 Vijand W:= 37", Vo ;. Thus, in the first case we have

(M) o1t ) —
fZ(V) = (/ _11)!\// le—m V1{v>0} and fW(V) = ﬁvm le Mo v]-{v>0}-

Therefore

fzow(v) = /_OO fz(v—w)fiy(w)dw

() (m)™  _ - w
:(/41).( —1)! T /(V W) g,

Appliying the formulas 3.383.1 p. 347 and 9.212.1 p. 1023 of [GR07] we obtain

(n9)! (ng)me—mi'vyl+m=1

fzrw(v) = U+m 1)| ¢(m, [+ m; (nf —ng)v) 10y
Q\/ n v I+m 1
n Ty) € '
= ( 1) ((/_)‘_m ol o1 1+ m; (ng—n?)V)l{v>0},

where ¢(a, b; z) denote the Kummer's function defined in (2.10). Therefore, by (6.36) we
obtain the following

;

QVK+1 (@YK —N2V |2k
(ng) (272/2; 4 ¢(k, 2k +1;2n%v)L{ys0ydv,  n=2k+1,/i=0,
Q\k+1 n v, 2k
()" (s )2k Ie Y ¢(k, 2k + 1, =2n°v)1{,s0ydv, n=2k+1,i=1,
\U*n(dV) ( ) 0
(1) (e vy 0 -
(2k— 1) (k. 2k; 2n°V)1{y50pdv, n=2ki=0
Q\k 17 v,,2k—1
(n5)" (7(722( S (k2K 2L sadv,  n=2ki=1,
{ !

where n® :=ng —n{. Similarly, in the second case

(77([1})/ -1 (ng)m (_V)m—l

_Q Q
fZ(V) = (/ — 1)| 4 e M V]_{V>0} and fW(V) = m enO V].{V<0}.




6.5. EUROPEAN CALL AND PUT OPTIONS 87

Hence

s 2(v) = /OO (v — W)z (w)dw

—00

m 00
(77 ) (77 ) en&‘?v (/O (W — V)milWlilei(ngg+n(1@)wdvv1{v<0}

T (=Di(m-1)
—i—/ (w— v)m_lW’_le_(”?”?)wdwl{vw}) .

Moreover, for final case

(771)/

fZ(V) ( )

(770)’"
(m—1)!

(=)™ 1e7’1V1{v<o} and  fy(v) = (=v)™ 1e”"vl{v<o}

Hence

(V) = /OO £(v — W) (w)dw

—00

:((/—)1()72377(1701))'6770 /o w7 = )LD oy

Applying again the formulas 3.383.1 p. 347 and 9.212.1 p. 1023 of [GR07] we obtain

(—1)! (%) (ng)mems vy tm=1

fziw(v) = I+ m=1) o1 1+ m; (nf —n5)v)1i<oy
1 m 771 v, /+m—1
_ Y (n(?inm) el)! Y ¢(m, I+ m; (ng —nH)v)1i <o}

Therefore, by (6.36)we obtain the following

1)K (mQ)AFL (@) kengv 2k :
=D (%)(zk()?? p)eny ¢(k, 2k + 1, =2n°V)L{ycopdv, n=2k+1,i=0,
k+1 k+1.n%v | 2k
(=D (1 )(2(/:7)1!) Bk, 2K + L2V ) L yydv, =2k +1,i=1,
*n
Vil =Y (e () e e

k-1 ¢(k 2k =2n°V)1ljv<ydv, N =2k i=0,
1)k kenlv 2k—1 “ ,
S ()Qk(—)l)l ¢(k, 2k; 2n°V)1{y<opdv, n=2ki=L1

6.5.2 Log-normal distribution

Assume that u1 — 1 < A and po — ro < Ag, hence, Vi, ~ N(my + 0%a1,0%) and
Vo.n ~ N(my + 02ag, 03), where ay, ap are given by (6.21). Therefore, by (6.36) we have
N ((k+1)(mo + 03a0) + k(my + 0%a1), (k + 1)od + ko?), n=2k+1,e(0) =0,
D Ve~ S N (k(mo + 03a0) + (k + 1)(my + 03 a1), kog + (k+1)0?), n=2k+1,€(0) =1,
N (k(mo + 03a0) + k(m1 + o3 a1), kog + ko?), n=2k,e(0) € {0, 1},
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which gives the expression for W7 7(dv), i = 0,1, n > 1. Substituting into (6.35) we can
obtain the price of the call option.

Now, the price of put option P = IE(? {B;l(K — ST)+} can be found by the put-call parity
(see Proposition 5.9)

Py = Co— S+ Ke T(@H) (cosh (T\/E) —(r— )\)smh(T\/E\FD)) ,
. /D) (6.37)
P, =Ci — So+ Ke TN (cosh(T\/E) +(r+ )\)smh(\%) :

where

2r=rp—n, 2a=r+n, 2(=X-A}, 2X=XJ+A} and D= (r+{)?+AA}.

6.6 Notes and references

This chapter is based on the research paper “Option pricing driven by telegraph process
with random jumps” by Lépez and Ratanov [LR 12b]. As in the previous chapter, we have
written the model in different form of this research paper, using random measures and
another (equivalent) way to change of measure. Furthermore, we present the integral
technique for obtaining closed form solutions for the price of European options in the
considered examples, as well as, the put-call parity in this model.



Appendix A

Programs

A.1 Simulation and implementation of process related to tele-
graph process

A.1.1 Simulating telegraph process

Let's start with a code to generate sample paths of the telegraph process. A straightforward
code for this is given in Program A.1. The script begins by fixed the parameters T, 1lambda0,
lambdal, cO, c1 and i who are self-explanatory. We star the simulation set tau=[0]
and X=[0], the vectors of switching times and the values of the telegraph process in the
switching times, respectively. Then, as long as we have tau(n)<=T simulate r.v. with
alternated exponential distribution as follows

{Exp(A,-) if n is even,

o i€{0,1}.
Exp(A1—;) if nis odd,

Finally, we find the next switching time by tau(n+1)=tau(n)+s and the value of the
telegraph process in this switching time by X(n+1)=X(n)+auxc* (tau(n+1)-tau(n)).

Running the script, we get the following
>> SimulTelegraph

I I I I I I I I I )
0 2 4 6 8 10 12 14 16 18 20

Figure A.1: Plot obtained by running the SimulTelegraph script.

89
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% SimulTelegraph.m

clear

T = 20; % time horizon
lambdal = 5;

lambdal = 3;

cO = 2;

cl = -1;

i =0; 9% initial state

lambda = [lambdaO lambdaill];

¢ = [cO c1];

% Simulation

tau = [0]; % vector of switching times

X = [0]; % values of telegraph process in the switching times
n=1,;
while tau(n) <= T
if mod(n,2) ==
s = exprnd(1/lambda(i+1));
auxc = c(i+1);
else
s = exprnd(1/lambda(2-1i));
auxc = c(2-1);
end
tau(n+1) = tau(n)+s;
X(n+1) = X(n)+auxc*(tau(n+1)-tau(n));
if tau(n+1) <= T
hold on
plot([tau(n) tau(nt+1)], [X(n) X(n+1)1)
end
n = nt+l;
end
k = length(tau);
tau(k) = T;
X(k) = X(k-1)+auxc*(tau(k)-tau(k-1));
hold on

plot([tau(k-1) tau(k)], [X(k-1) X(k)1)

Program A.1: MATLAB code to generate paths of the telegraph process.



A.1. SIMULATION AND IMPLEMENTATION

91

A.1.2 Implementing density functions of the telegraph process

Recall that the density functions p;(x, t; n) of the telegraph process are given by

po(x, t;n) = Aéﬂ%axkﬂﬂk e S,E)f 2l f(x, t),
R Xé%f““l’fj“‘ir f>>: -
A‘k’Aég((?—t)l)! o i,x 2) o(x, t),
where
£(x, t) = );O—_c;t and 0(x, t) = Coiq e Dol DM (-]

n=2k, k>1,

n=2k, k>1.

n=2k+1, k>0,

n=2k+1, k>0,

(x,t)<t}-

The code for implementation density functions po(x, t; n) of telegraph process X is given

in Program A.3.

function value = theta(x,t)
global lambdaO;
global lambdal;
global cO;
global cl1;
xi = (x-c1*t)/(cO0-cl);
txi = t-xi;
if 0 < xi && xi < t
value = (1/(c0-cl))*exp(-lambdalO*xi-lambdal*txi) ;
else
value = 0;
end

Program A.2: MATLAB code for function 6(x, t).
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Plot of po(x|t;7)
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Figure A.2: Plot obtained by running the DensTelegraphN script.

function value = pOn(x,t,n)
global lambdaO;
global lambdal;
global cO;
global cl1;
xi = (x-c1%t)/(cO0-cl);
txi = t—-x1i;
if mod(n,2) == 1
k = (n-1)/2;
value = lambdaO*theta(x,t);
for j=1:k
value = value*((lambdaO*lambdal)/(j*j))*xi*txi;
end
end
if mod(n,2) == 0
k = n/2;
value = (lambdaO*lambdal)*xi*theta(x,t);
for j=2:k
value = value*((lambdaO*lambdal)/((j-1)*j))*xi*txi;
end
end

Program A.3: MATLAB code for density po(x, t; n).
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The script to check the function pOn(x,t,n) is given below

% DensTelegraphN.m
clear

global lambdaO;
global lambdal;
global cO;
global c1;
lambdal =
lambdal =
cO = 1;

cl = -2;

% Grid for t

tmax = 2;

tmin 0.25;

M = 80;

dt = (tmax-tmin)/M;

t = tmin:dt:tmax;

% Grid for x

Xmax = 2;

xmin = -4;

N = 80;

dx = (xmax-xmin)/N;

X = xmin:dx:xmax;
[tt,xx] = meshgrid(t,x);
p7=zeros (N+1,M+1);

3;
2;

for j=1:N+1
for k=1:M+1
p7(j,k) = pon(x(j),t(k),7);
end
end
mesh (tt,xx,p7)
xlabel(’t?)
ylabel(’x’)

title(’Plot of p_0(x,t;7)’)

Program A.4: A script to

plot of density po(x, t; 7).
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Now, recall that the formula for the density p;(x, t) of the telegraph process is
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pi(x, t) = e N (x — cit) +

The code for implementation the continuous part of density function po(x, t) is given in

Program A.5.

pO(x,t)

function value

global lambdaO;
global lambdal;

global cO;

global c1i;

xi = (x-c1%t)/(cO-cl);

txi

t-x1;

(lambdaO*besseli(0,2*sqrt (lambdaO*lambdal*xi*txi))+. ..

sqrt (lambdaO*lambdal* (xi/txi))*. ..

value

besseli(1l,2*sqrt(lambda0*lambdal*xi*txi)))*theta(x,t);

Program A.5: MATLAB code for the continuous part of density po(x, t).

Plot of po(x,t)

0.3

Figure A.3: Plot obtained by running the DensTelegraph script.
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The script to check the function p0(x,t) is given below

% DensTelegraph.m
clear
global lambdaO;
global lambdal;
global cO;
global c1;
lambdal =
lambdal =
cO = 1;
cl = -2;
% Grid for t
tmax = 6;
tmin = 2;
M = 80;
dt = (tmax-tmin)/M;
t = tmin:dt:tmax;
% Grid for x
xmax = 4;
xmin = -11;
N = 100;
dx = (xmax-xmin)/N;
X = xmin:dx:xmax;
[tt,xx] = meshgrid(t,x);
p_O=zeros (N+1,M+1) ;
for j=1:N+1
for k=1:M+1
p_-0(j,k) = p0(x(j),t(k));

3;
2;

end
end
mesh (tt,xx,p_0)
axis([1.5 6 -12 4 0 0.3])
xlabel(’t?)
ylabel(’x’)
title(’Plot of p_0(x,t)’)

Program A.6: A script to plot of density po(x, t).
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A.1.3 Simulating jump-telegraph process

The code to generate sample paths of the jump-telegraph process is the same Program
A.1 by adding the jumps.

% SimulJumpTelegraph.m
clear

T = 20; % time horizon
lambdal0 = 2; c0 = 2;
lambdal = 1; cl1 = -1;

hO = -0.5;

hl = 0.8;

i =0; Y% initial state
lambda = [lambdaO lambdaill];
c = [cO ci1];

h = [hO hil;

% Simulation

tau = [0]; % vector of switching times

Y = [0]; % values of jump-telegraph process in the switching times
n=1,;
while tau(n) <= T
if mod(n,2) ==
s = exprnd(1/lambda(i+1));
auxc = c(i+1);
auxh = h(i+1);
else
s = exprnd(1/lambda(2-i));
auxc = c(2-1i);
auxh = h(2-1i);
end
tau(n+1) = tau(n)+s;
Yaux = Y(n)+auxc*(tau(n+1)-tau(n));
Y(n+1) = Yaux+auxh;
if tau(n+1) <= T
hold on
plot([tau(n) tau(n+1)],[Y(n) Yaux],’LineWidth’,1)
plot([tau(n+1) tau(n+1)], [Yaux Y(n+1)],’-.’)
end
n = nt+l;
end
k = length(tau);
tau(k) = T;
Y(k) = Y(k-1)+auxc*(tau(k)-tau(k-1));
hold on

plot([tau(k-1) tau(k)],[Y(k-1) Y(k)],’LineWidth’,1)

Program A.7: MATLAB code to generate paths of the jump-telegraph process.
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Figure A.4: Plot obtained by running the SimulJumpTelegraph script.

Implementing density functions of the jump-telegraph process

Recall that the density functions g;(x, t; n) of the jump-telegraph process are given by

ai(x, t;n) = pi(x = Jjin t; n).

Here p;i(x, t; n) are the density functions of the telegraph process X and the displacements
Ji.n are defined as the sum of alternating jumps, Ji, = 2221 hi,., where i, = i, if k is odd,
and iy =1 — 1, if kis even.

The code for implementation density functions gi1(x, t; n) of the jump-telegraph process Y
is given in Program A.8.

function value = qln(x,t,n)
global hO;

global hi;

if mod(n,2) == 1

k =

(n-1)/2;

j = k*x(hO+h1)+h1;
value = piln(x-j,t,n);

end

if mod(n,2) ==

k

j =

n/2;
k*(hO+h1) ;

value = pln(x-j,t,n);

end

Program A.8: MATLAB code for density g1(x, t; n).
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The script to check the function qln(x,t,n) is given below

% DensJumpTelegraphN.m
clear

global lambdaO;
global lambdal;
global cO;
global c1;
global hO;
global hi;
lambdal = 3;
lambdal = 2;

cO =1;

cl = -2;

hO = -0.5;

hl =0.3;

% Grid for t
tmax = 2;

0.25;

tmin
M = 80;
dt = (tmax-tmin)/M;
t = tmin:dt:tmax;
% Grid for x
Xxmax = 2;
xmin = -5;
N = 80;
dx = (xmax-xmin)/N;
X = xmin:dxX:xmax;
[tt,xx] = meshgrid(t,x);
q7=zeros (N+1,M+1) ;
for j=1:N+1

for k=1:M+1

q7(j,k) = qln(x(G),t(k),7);

end
end
mesh (tt,xx,q7)
xlabel(’t’)
ylabel(’x’)
title(’Plot of q_1(x,t;7)’)

Program A.9: A script to

plot of density q1(x, t; 7).
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Plot of ql(x,t;7)

0.03

0.025
0.02

0.015

A
A {
SRR
R

Figure A.5: Plot obtained by running the DensJumpTelegraphN script.

Recall that the formula for the density gj(x, t) of the jump-telegraph process is

gi(x, t) = e N (x — ¢it) + Zp;(x —Jin, tin).

n=1

The code for implementation the continuous part of density function gi(x, t) is given in
Program A.10.

Plot of ql(x,t)
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Figure A.6: Plot obtained by running the DensJumpTelegraph script.
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function value
global hO;
global hil;
eps = 0.00001; % tolerance
M = 100; % maximum number of iterations
N = 10; % minimum number of terms calculated in the sum
j = hi;
sum = [pin(x-j,t,1)];
for n=2:M

if mod(n,2) ==

j = j+hi;

ql(x,t)

end
if mod(n,2) ==
J = j+h0;
end
sum(n) = sum(n-1) + piln(x-j,t,n);
if n >= N
% If stopping criterion is satisfied, terminate summation
if abs(sum(n)-sum(n-1))/max(1,abs(sum(n-1)))<eps &&...
abs (sum(n-1)-sum(n-2)) /max (1, abs (sum(n-2)))<eps
break
end
end
% If M terms have been computed without stopping criterion being
% satisfied, state this
if n==
warning(’100 terms computed’);
break
end
end
% Return sum of terms computed
value = sum(end);

Program A.10: MATLAB code for density g1 (x, t).
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The script to check the function q1(x,t) is given below

% DensJumpTelegraph.h
clear
global lambdaO;
global lambdal;
global cO;
global c1;
global hO;
global hi;
lambdal = 3;
lambdal = 2;
cO =1;
cl = -1;
hO0 = -0.05;
hi 0.03;
% Grid for t
tmax = 2;
tmin = 0.25;
M = 80;
dt = (tmax-tmin)/M;
t = tmin:dt:tmax;
% Grid for x
Xmax = 2;
xmin = -2;
N = 80;
dx = (xmax-xmin)/N;
X = xmin:dxX:xmax;
[tt,xx] = meshgrid(t,x);
gq_l=zeros (N+1,M+1);
for j=1:N+1

for k=1:M+1

q-1(,k) = q1x(G),t&k));

end
end
mesh (tt,xx,q_1)
axis([0 2 -2 2 0 0.8])
xlabel(’t’)
ylabel(’x’)
title(’Plot of q_1(x,t)’)

Program A.11: A script to plot of density g1 (x, t).
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A.2 Simulating the market models

The code to generate sample paths in the telegraph model is given in Program A.12.

% SimulAssetPath.m

clear

SO = 100; % initial stock price
T = 20; % time horizon

i=1; % initial state

mu0 = 0.1;

mul = -0.2;

ho = -0.2;

hl1 = 0.3;

lambdaO = 0.3;

lambdal = 0.2;

mu = [mu0 mull;

h = [hO hil;

lambda = [lambdaO lambdall;

tau = [0]; % vector of switching times

n=1,;
while tau(n) <= T
if mod(n,2) ==
aux = exprnd(1/lambda(i+1));
else
aux = exprnd(l/lambda(2-1));
end
tau(n+1l) = tau(n)+aux;
n = nt+l;
end
k = length(tau);
tau(k) = T,

dtau = diff(tau);
S = ones(1,k); % stock price process in the switching times
S(1) = S0;
for j=1:k-1
if mod(j,2) ==
aux = dtau(j)*mu(i+1);
jump = 1+h(i+1);
else
aux = dtau(j)*mu(2-i);
jump = 1+h(2-1);
end
S(j+1) = S(j)*exp(aux);
taux = linspace(tau(j),tau(j+1));
m = length(taux);
Saux = ones(1,m-1);
Saux (1) = S(j);
if mod(j,2) ==
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for r=1:m-1
Saux (r+1)=S(j)*exp((taux(r+1)-tau(j))*mu(i+1));
end
else
for r=1:m-1
Saux (r+1)=S(j)*exp ((taux(r+1)-tau(j))*mu(2-1i));
end
end
hold on
plot(taux,Saux)
if §+1 < k
plot([tau(j+1) tau(j+1)],[S(j+1) S(j+1)*jumpl,’-.’)
end
S(j+1) = S(j+1)*jump;
end

Program A.12: MATLAB code to generate paths of stock price in the telegraph model.
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Figure A.7: Plot obtained by running the SimulAssetPath script.
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A.3 Numerical procedures for implementing European options

To find the price of European options in the telegraph model we need computed the
functions
pi(t;n) if z<ut,
ui(z, t;n) = ¢ wi(z, t;n) if wuit <z < uot,
0 it z > uot,
where p;(t; n) and w;(z, t; n) are given in Propositions 5.5 and 5.6, respectively.
The MATLAB codes for implement this functions are given below

function value = ul(z,t,n,lambdaQ0,lambdaQl,mu0,mul,r0,rl)
if z <= mul*t

value = rhol(t,n,lambdaQ0,lambdaQl,r0,rl);
elseif mul*t < z && z < muOx*t

value = omegal(z,t,n,lambdaQ0,lambdaQl,mu0,mul,r0,rl);
else

value = 0;
end

Program A.13: MATLAB code for function u1(z, t; n).

function value = rhol(t,n,lambdaQ0,lambdaQl,r0,r1)
nu0 = lambdaQO0+r0;
nul = lambdaQl+ri;
nu = nuO-nul;
if mod(n,2) ==
k = n/2;
value = 1;
for j=1:k
value = valuex*((lambdaQO0*lambdaQlxt*t)/(j*(j+k)));
end
value = valuexexp(-nul*t)*hypergeom(k,n+1,-nuxt);

end
if mod(n,2) ==

k = (n-1)/2;

value = (lambdaQi*t)/n;

for j=1:k

value = value*((lambdaQO*lambdaQlxtxt)/(j*(j+k)));

end

value = valuexexp(-nul*t)*hypergeom(k+1,n+1,-nu*t);
end

Program A.14: MATLAB code for function p1(t; n).
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function value = omegal(z,t,n,lambdaQ0,lambdaQl,mu0,mul,r0,rl)
nu0 = lambdaQO0+r0;
nul = lambdaQl+ri;
nu = nuO-nul;
xi = (z-mul*t)/(mu0-mul) ;
txi = t-xi;
if mod(n,2) ==
k = n/2;
prod = 1;
auxl = ones(k+1,1);
aux?2 = ones(k+1,1);
for j=1:k
prod = prod*((lambdaQ0*lambdaQi*txi)/j);
auxl(j+1) = aux1(j)*(xi/j);
aux2(j+1) = aux2(j)*(txi/(k+j));
end
prod = prodxexp(-nuO*xi-nul*txi);
sum = aux1(1)*aux2(k+1)*hypergeom(k,n+1,-nu*txi) ;
for j=1:k-1
sum = sum+auxl(j+1)*aux2(k+1-j)*hypergeom(k-j,n+1-j,-nu*rtxi);
end
value = prod*sum;
end
if mod(n,2) ==
k = (n-1)/2;
prod = lambdaQ1l;

auxl = ones(k+1,1);
aux2 = ones(k+2,1);
for j=1:k

prod = prod#*((lambdaQO*lambdaQl*txi)/j);
auxl(j+1) = aux1(j)*(xi/j);
aux2(j+1) = aux2(j)*(txi/(k+j));
end
aux2(k+2) = aux2(k+1)*(txi/(2xk+1));
prod = prod*exp(-nuO*xi-nul*txi);
sum = auxl(1)*aux2(k+2)*hypergeom(k+1,n+1,-nu*txi) ;
for j=1:k
sum = sum+auxl(j+1)*aux2(k+2-j)*hypergeom(k+1-j,n+1-j,-nuxtxi) ;
end
value = prod*sum;
end

Program A.15: MATLAB code for function w1(z, t; n).
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function price = calll(S0,K,T,mu0,mul,h0,hl,r0,r1,M,N,eps)
% Calculate the price of the call option with initial state 1
if nargin < 9
error (’Missing one of S0, K, T, muO, mul, hO, hil, rO and rl.’);
end
% Fill in unset optional values.
switch nargin

case 9
M = 100; % maximum number of iterations
N = 10; % minimum number of terms calculated in the sum
eps = 0.00001; % tolerance
case 10
N = 10;
eps = 0.00001;
case 11
eps = 0.00001;
end
if mu0 == mul
error (’The stock appreciation rates must be different.’);
end

if mu0 < mul
auxmu = muO; muO0 = mul; mul = auxmu,
auxh = hO; hO = hl; hl = auxh;
raux

r0; rO = rl1; rl = raux;
end
lambdaQ0 = (r0O-mu0O)/hO0;
lambdaQ1 (r1-mul)/hi;
% Check arbitrage
if lambdaQO <0 || lambdaQl <O
error (’There are arbitrage opportunity in the market.’);

end
z = log(K/S0);
kappa = 1;

if mulxT > z
Usi = exp(-(lambdaQl+ri-mul)*T);

usi = exp(-(lambdaQl+rl)*T);
else
Usi = 0;
usi = 0;
end
sum = SO*Usi-K*usi; % initial value in the sum
for n=1:M

if mod(n,2) == 0
z = z-1log(1+h0) ;
kappa = kappa*(1+h0);
Usi Usitkappa*ul(z,T,n,lambdaQ0,lambdaQl,mu0,mul,r0-mu0,ri-mul) ;
usi = usi+ul(z,T,n,lambdaQ0,lambdaQl,mul,mul,r0,rl);

end
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end

if mod(n,2) ==
z = z-log(1+hl);
kappa = kappa*(1+h1);
Usi = Usit+kappa*ul(z,T,n,lambdaQ0,lambdaQl,mu0,mul,r0-mu0,ri-mul);
usi = usi+ul(z,T,n,lambdaQ0,lambdaQl,mul0,mul,r0,rl);
end
sum(n+1) = SO0*Usi-K*usi;
if n >= N
% If stopping criterion is satisfied, terminate summation
if abs(sum(n)-sum(n-1))/(1+abs(sum(n-1)))<eps && ...
abs (sum(n-1)-sum(n-2))/(1+abs (sum(n-2)))<eps
break
end
end
% If M terms have been computed without stopping criterion being
% satisfied, state this
if n==
warning (’Maximum number of iterations has been computed);
break
end

% Return sum of terms computed
price = sum(end);

Program A.16: MATLAB code for the pricing of a European call.
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A.4 Numerical results

In this section we report some numerical results obtained from the implementation of the
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Figure A.8: Plots obtained by running the EuropeanOptions script.
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