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1. Introduction

Let T,, n € N, be independent exponentially distributed (with rates A,, A, > 0) random variables defined on some
probability space:

P{T, >t} =e ™ t>0.

Consider a particle which moves on the line with constant velocities c,, n > 1. It starts from the origin with velocity c;,
afterwards it changes the velocities at the random times. The particle moves with velocity ¢, during random time T,,, so the
switchings occur at the times T™ = T;+- - -4T,, n € N.The position X(t) of the particle attimet, t > 0,is described by the
random process with piecewise linear sample paths. Such behaviour corresponds to the so-called piecewise-deterministic
Markov processes, which were first defined in Gnedenko and Kovalenko (1966) (see also Davis (1984)). Subsequently, these
models have been generalised up to the processes, which take values in a general Borel space, see the review by Costa and
Dufour (2013) (see also Jacobsen (2006, Chapter 7)).

The renewal approach to such processes have been developed by Cox (1962), where the Laplace transformation methods
have been exploited. In particular, various formulae for the distributions of T™ and of the counting processes can be found
there, see below (2.1), (2.4) (Section 2), and formulae (1.4.3)-(1.4.4) in Cox (1962). Here, by using different methods, we
compute also the joint distribution of (T4, . . ., To) Ln()=n) and the density function 7 ™ (-, t) of r.v. T" Liy(e)=ny, N EN, t >
0, where N(t) is the counting Poisson process.

The piecewise linear processes with alternating velocities ¢, and with exponentially distributed inter-switching times
(the so-called telegraph processes) are the most studied, see the review Kolesnik and Ratanov (2013).
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The case of exponentially distributed inter-switching times (with the special dependence between the switching
intensities) is studied in detail by Di Crescenzo and Martinucci (2010) and Di Crescenzo et al. (2012) in terms of the k-fold
convolutions of inter-switching times.

Nevertheless, to the best of my knowledge, a detailed analysis of general 1D piecewise-linear processes (with different
velocities and intensities of switchings) is not presented in the literature. This letter fills the gap.

The piecewise-deterministic Markov processes originally have been designed for queueing theory, see Gnedenko and
Kovalenko (1966) now they are used for modelling in various fields, see e.g. Davis (1984, 1993), Costa and Davis (1989), de
Saporta and Dufour (2012), Costa and Dufour (2013). These applications also include financial modelling, see the seminal
paper Cox and Ross (1975), where the complete market model based on a pure jump process has been constructed. A more
detailed modern version of this model is presented in Jacobsen (2006, Chapter 10). In both of these cases all the velocities
¢, are assumed to be equal. The case with alternating velocities is studied in Ratanov (2007). This model exploits telegraph
processes with rates A and slopes c, alternating at random times, and with jumps occurring at the times of velocity reversals (the
so-called jump-telegraph processes), see also the review in Kolesnik and Ratanov (2013).

In this paper, assuming that all rates A are different, we study the distribution of a piecewise constant process, see
Section 2, and then, of a piecewise linear process. Being motivated by possible applications to financial modelling, in
Section 3 we derive the formulae for the moment generating function (Theorem 3.1) and for the expectation of the piecewise
linear process provided with a pure jump component (Theorem 3.2). This process becomes a martingale under certain
conditions similar to the case of the jump-telegraph processes (see Kolesnik and Ratanov (2013)). We derive also the explicit

distribution of the piecewise linear process (with jumps) for the special case of alternating velocities, ¢, = c(—1)"*!
(Theorem 3.3).
We will repeatedly use the following notations. Consider the functions
1 n+1
Pu(t) = D Anprhe ™ £20,n=0,1,23,..., (1.1)
)\'11+1 j=1
where
Anj = A neN,1<j<m  A,=1
nj — B 5 =/ =N 1,1 — 1.
1<k<n, )\'k - A]

]
Here we assume that all parameters A are different. The following equalities hold
Aj .
Any1j—Anj= ——An1j, neN, 1<j<n. (1.2)
)Ln+1
Equivalently, functions &,, may be written as

n+1

Pu(t) =Ly ) e fnin (13)
j=1
with the following notations: L, = [Tg_; A, n € Noandkny1j = [[i5) i e—2), 1 Sj <n+1neN; Lo =101 = 1.
These notations will be also frequently used. '
By using (1.2) one can easily verify the set of identities:
do,(t)
dt = _)‘n+1d)n(t) + )\nd)n—l (t)v t > 07 ne Na (1'4)

where @¢(t) = e 1, t > 0,and ¢,(0) =0, n e N.
2. Piecewise constant process

It is well known that for any n € N the sum T™ = T; + - - - 4 T, is Erlang-distributed. Precisely, if all A’s are different,
Mk # Aj, for k # j, k,j € N, then the density function 7, (t) of T™ is

n —Ajt

n
s e
T[n(t) = )‘-n(pn—l(t) = ZAn,j)\je A’[]l{rz()] =1L, Z P
j=1 j=1 nj

]].{[20}, neN, (21)

see Cox (1962). The usual modifications can be applied if two or more A; are equal.

dk TTn

Remark 2.1. Notice that 7,(0) = 0 and ok

properties, that is

(0) =0, n>2, 1<k <n-— 2.This follows from the known Vandermonde

n
> MFTA =0, n=2, 0<k<n-2,
j=1

see e.g. Kuznetsov (2004, Corollary 1.1.1). Note, that 2;7:1 Aj=1,neN
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We assume the process T™, n > 0, to be stable (non-exploding), i.e.
P{lim T™ = oo} = 1. (2.2)
n—oo

It is equivalent to

00

71_
E A, =00
n=1

(see, e.g. Jacobsen (2006)).
Let N = N(t), t > 0, be the counting Poisson process,

N(t) == max{n > 0:T™ < t}. (2.3)

Weset T® = 0,50 N(0) = 0as.and P{N(t) =0} = e 1!, t > 0.
The distributions of N(t) and TN = T; + .- + Ty, t > 0, can be characterised explicitly. Note that the process
TWN®) |t > 0, is not a pseudo-Poisson process as it is usually defined, see e.g. Feller (1971).

Proposition 2.1. Let the random variables T,, n € N, be independent and exponentially distributed, T, ~ Exp(\,), with
different rates, A # Aj, for k # j.
The following explicit formulae hold.

(a) The counting Poisson process N = N(t), t > 0, is distributed as

pa(t) =P{N(t) =n} = &y(t), t=0, n>0, (24)
where @, is defined by (1.1) or (1.3).
(b) The joint distribution of (Ty, ..., To)1{n(=n) is characterised by the density function
n
Tn(s; t) = Lye 1l exp <— Z(kk — An_H)sk) 1q,(8), t>0, (2.5)
k=1

S=(1,....,50) €, =R, N{s; +---+5, <t}
(¢c) The density function 7™ (-, t) of ,v. TM Liny(t)=n), N €N, t > 0, is
w® (s, ) = A @p1(s)e 1 gy (2.6)
(d) The distribution of r.v. TN®) |t > 0, has an atom at zero:
P{TN® =0} = P{N(t) =0} =e ™, t>0.
Moreover,
o0
PN > 5) = 1= Y pu()e 19, 0<s<t. 27)
n=0

Proof. To get (2.4), note that

pa(t) = P{T"Y > 1) — P{T™ > t} = / w(nn+1(s) — 7a(s))ds.
t

Thus, Eq. (2.1) gives

n
pn(0) = Z(A"HJ - An,j)e_)‘jt + An+1,n+]e_kn+1[.
j=1

Applying the identities (1.2) we derive (2.4) for any n > 1. For n = 0 the equality (2.4) is evident by definition and (1.1).
Note that fors = (s, ...,s,) € IT;

n
P{T, € dsq,..., T, € ds,, N(t) =n)} :]P’:Tl edsy,..., Ty €dsy, Toyr > t—Zsk
k=1

Therefore,

n
n
Ta(s; t) = | | )\’ke—)‘ksk ce (= kg s 17, (s),
k=1

which gives (2.5).
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Formula (2.6) can be derived similarly. By definition,
P{T™ eds, N(t) =n} = P{T™ eds, Tpyq >t —s).
Then, by independence of T,, n € N, and by (2.1) we have 7™ (s, t) = m,(s)e *+1¢=9 which gives (2.6).
The distribution of T™® follows from (2.6) by integrating. Indeed, by (2.1) and (2.6),
t 1 t / J
P{T™ > s, N(t) =n} = f A 0ds' =Ly Y Ky / e % e (=) gy,
N j=l N
Hence,

P{T™ > s,N(t) =n} = L, ZKn—H] — Ly tnt1t=s) ZKn+l] —xjs
j=1

(Pn(t) — Ln"nll,nﬂe_xnﬂt) - e_knﬂ(t 9 (®n(s) — Luk,. Knta, n+1e_)\"+1s)
= @ (t) —e P (5), 0<s<t, neN.
Summing up, using formula (2.4) and non-explosive condition (2.2), we finally obtain
o0
P{TN® > s} =1 — an(s)e_*"“(“”, 0<s<t.
n=0
Formula for probability P{T™® = 0} follows by definition. O
Consider the first-passage time atmof N = N(t), t > 0,
Ty, = inf{t : N(t) = m}, meN.
Since P{t,;, > t} = P{N(t) < m}, by (2.4) and (1.3) we have
m n+1 _)‘J m+1 m Ln

Pltn >t} = Y Ly Z = et

=0 =1 Kn+1i G4 n=j—1 Kn+1j

After easy algebra one can derive the following identities:

o _In :LL], 1<j<k (28)
no Kt Ak
Hence,
m+l
Pty > t} = Ly Z W (2.9)

In the case of the so-called damped process, i.e. if A; = jA, A > 0, j € N (see Di Crescenzo et al. (2012)) the
explicit distributions of T™, N(t), T™ Lin()=n), TN® and 7, easily follow from formulae (2.1), (2.4), (2.6), (2.7) and (2.9),
respectively.

Corollary 2.1. Let A; = jA, A > 0, j € N. Formulae (2.1), (2.4), (2.6), (2.7) and (2.9) may be simplified as follows:

Ta(t) = nhe M [1 - e‘“]n_1 Tysop, nEN; (2.10)

p®) =P(N(t) =n)=e M1 —e*)" t>0, n>0; (2.11)

(s, t) =nre (1 —e ) lem (M, £>0, neN; (2.12)
eht _ @ls

BTN > 5} = Trer—es 0SSt (2.13)

Pltn >t} =1—(1—e*)", m=>0, t>0. (2.14)

Formula (2.10) have been derived in the recent paper Di Crescenzo et al. (2012) by another way.
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Proof. In the damped case formula (2.10) follows from (2.1): fort > 0

n i n (_1)j—le—jkt
Ta(t) = L k- le 7Nt = pia" . .
! "g;"d Z;M*0—1Mn—m

(-1 —(—Dxt —at —aeqn—1
= nie Z e =nie M[1—e]" .

A

Egs. (2.11)-(2.14) similarly follow from (2.4), (2.6), (2.7) and (2.9). For example, from (2.4) one can easily derive:

n+1
P{N(t) = n} = Z <]i' 1) (=Y e =e M1 —e?)". O

j=1

3. Piecewise linear process

We study the piecewise linear process with the slopes which are switching over random times.

Consider the particle moving with the constant velocity ¢; during time interval T;, j = 1, 2, .... The particle’s current

position at time t, t > 0, is defined by the piecewise linear process X (t) with slopes c,, n > 0, see Jacobsen (2006),
Xt)y=ch+ch+---+ CN([)TN(t) + CN(t)+l(t — T(N(t)))

N(t)

Z(Ck — N+ DTk + eny 4t
=1

Note that X(t), t > 0, is not a Markov process as well as a telegraph process with alternating velocities.
Assume the sequence {c,}nen to be bounded, v < ¢, <V, Vn. Hence

vt < X(t)<Vt, t=>0.

Therefore, the moment generating function X (z, t) = E{e¥®} exists forallz € R, t > 0.

Theorem 3.1. The moment generating function ¥ (z, t) is given by the following explicit formula:

~ o0
Y@z 0 =e Y Yz 0),
n=1
where
nt+1 -t B B
Yz, ) =LY ——, A=hi@=%r—qz, jeN,
=1 Kn+1,j
n+1 B B
Kny1j = 1_[ (A—2j), neN, 1<j<n+1.
k=1,ksj

Proof. Note that

o0
¥z, 0 =) Yalz. 1),
n=0
where ¥, (z, t) = E (e*O1Ly()=p)).
By definition (3.1) we have (z, t) = e *1fe1? = e=21®)t and

n
Yn(z, t) = ec"“”/ 7 k=1 k=t DSk (51 sps t)dsy ... dsp,

Rn
where m,(s1, . .., Sp; t) = m,(s; t) is the density function of (T4, ..., T,)Lin()=n) given by (2.5). Then,
- n - -
Yn(z, t) = Lye i1 @t / exp (— > ) — An+1(z))sk) ds; ... ds,.
11t k=1

Notice that ¥,,(0, t) = P{N(t) = n} = &,(t). Hence, setting z = 0 in (3.3) we have
Dy (t) = Lpe 1]y,

(3.1)

(3.3)
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where I; = I; (A1, ..., Apy1) is the integral term of (3.3) (with z = 0),
n
I, = [ exp (— Z(Ak — An+1)s,<> dsq...ds,. (34)
1 k=1
Here A4, ..., Ay11 > 0and all A are different. Therefore the integral I;, which is defined by (3.4), can be explicitly expressed
as the function of A1, ..., Aypq:
I =1(M, ... dng) = Pu(t)ed 1YL, (35)

Substituting in (3.5) A instead of A, from (3.3) we obtain

qN)n(t)einH(Z)f

Yn(z, t) = Lne_knﬂ(z)[
Ly

for sufficiently small |z|, such that A;(z) > 0, j=1,...,n+ 1and all X are different. Here &, (t) is defined by (1.3) with A
instead of A. Therefore
n+1 e—):j(z)[

Yn@, ) =Ly —

j=1 Kﬂ+1J

The theorem is proved. O

Besides the piecewise linear process X = X(t), (3.1), we consider the piecewise constant process corresponding to a
jump component,

N(t)

Jo =Y "h (3.6)
n=1

where {h;}jen is the sequence of jumps occurring at the times of the velocity’s switchings.
The moment generating function of the variable J(t), t > 0, is defined by

[o¢] [o¢]
¥z, 0 =Ee?V) = Y E(?lnom) = ) e a0, (3.7)
n=1

n=1
if the series converges. Here H, = > ;_, h, n € N.
The expectations of X (t) 4+ J(t), t > 0, can be explicitly computed by differentiating in (3.2) and (3.7).

Theorem 3.2. If the expectation E{J(t)} exists, E{J(t)} = Z;ﬁ] H,®,(t) < oo, then forany t, t > O, the following formula
holds:

00 n+1

EX(O) +J(0) =Y L Yy (Gt + Snpr + Ha) €7, (3.8)
n=0 j=1

Here
n+1
Ck — Ci .
Sup1y = A"_kf}, 1<j<n+1; S;=0 Hy=0.
k=1,kzj 7k T A

Proof. Formula (3.8) follows from (3.2) and (3.7) by differentiation. 0O

Formula (3.8) can be written as

m+1 C‘/)\; 00 n+1 S 1 + H.
EX(0) +J(O} =t lim | Lpgy y e 3 | Y et L 2 ] (3.9)
m=>00 = Km+1,j =0 = Kn+t1,j
if the limit exists and the series converges. Indeed, notice that
00 n+41 m n+1
-1 Mt o1 -1 At
>t S ot = fim 3 ke
n=0 j=1 n=0 j=1
1
m+ m Ln

=t lim E ce Mt E —
m=00 j=1 n=j—1 Kn+t1,j
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Therefore, by (2.8)
n+1 m+1
Ci/Aj
ZL Doihyote = im | nes ) e Gk |
Km+1,j
Hence (3.9) follows from (3.8).

Remark 3.1. Let us analyse equality (3.9) from the viewpoint of possible financial applications.
Assuming

Spi1j+Hp=0, VnjeN, j<n+1, (3.10)
we have
m+1 C'/)v
E{X() +J(®)} =t lim | Ly § et L] (3.11)
m— 00 = Km+1,j

From (3.10) one can easily derive that all jump values are identical,
h, =-h, VneN,
and ; G — _h, Vk,j €N, k # j. Moreover,

k=i
G+hij=oa, Vi (3.12)
By using (3.9) and (1.3) from (3.11) we obtain
m+1 711
E{X(t) +J(t)} = —ht - lim [Ap1Pm(t)] + at - lim | Lipgq Z (3.13)
m— 00 m— 00 A iKm1,j

Due to the renewal character, process X + J is the martingale 1fIE{X(t) +J(®)}=0,t=>0.

Condition (3.12) is in concordance with the drift equations arising in jump-telegraph financial modelling, see Kolesnik
and Ratanov (2013, Theorem 4.1, Eq. (4.1.18)).

In the damped case, A, = nA, the drift equation (3.12) becomes

chn = o — Ahn,
and both limits in (3.13) vanish, so X 4 J becomes the martingale.

Consider now the piecewise linear process X = X(t), t > 0, defined by (3.1) with alternating velocities, ¢, =
c(—1)™1, n=1,2,...,c# 0.In this case one can obtain explicitly the density function of X (t).

Theorem 3.3. Let X = X(t), t > 0, be defined by (3.1) with velocities c, = c(—1)"*!,n = 1,2, ..., ¢ # 0. Then the density
function f (-, t) for the process with jumps X (t) + J(t) is given by

o0
fot) =8(x—ct)e™ 1+ " Lygn(x — Hy, 1), (3.14)
n=1
where § = §(-) is Dirac’s §-function and

¢2n—](x, t) = Z eXp(_)\zjl 1%‘ - )‘2]'277) ’

@n—1)
1=jy=n ZCKM J2
1<jp<n—1 (% £ ) neN. (3.15)
EXP(—A2j;—16 — A2j,7
P, )= Y N
1<j1, ja<n 2CK11 J2
Here
x—+ct ct—x
§=$(X,f)=277 n=nkxt)= ,
c 2c
such that £ +n =t, and
n—1
2n—1
Kj(l 72 = (Aot — A2ji—1) - D (Aak—1 — Agj—1) A2 —1(Aak — Aajp),
1
N kj1.02 neN.
Kj(lzfz) = l_[ (Aak—1 — Agj;—1)A2j, Aok — Azj),

k=1
ki1 .02
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Proof. Note that if N(t) = 0 (with probability e*1t), then X(t) = ct. This explains the first term of (3.14).
Being based on (3.1), (2.1) and on independence of T, n € N we derive separately the densities of X (£)1n()=2n—1} and
X(®)Ln@)=2n), 1 € N, t > 0, then summarising. We have

X+ct
P{X(t) e dx, N(t) =2n—1} = IP’[ZC(T1+~-+T2n_1)—Ct edx, h+- -+ Ty >t — . }
c
j o0 —A2j, S
LZ n e*)‘2]1—1$(xv[) n f ’ e 2j) dS
=2l D e dx = Lnhon(x, £)dx,
=1 T (a1 = Agjp—1) 271 [T Qi = Aay)
i &

Similarly,
P{X(t) € dx, N(t) = 2n} = Lypqy1Pant1(X, t)dx.

In the presence of jumps the density function should be displaced on the accumulated jump value, H,, = ZZ:1 hy, if
N(t)=n,neN. O

Remark 3.2. Notice that the case with alternating ¢, h and A, called jump-telegraph process, is studied in detail. In this
more simple case, formulae (3.8) for the expectation and (3.14) for the density can be derived by conditioning on the first
switching, see Kolesnik and Ratanov (2013, formulae (4.1.23) and (4.1.10)-(4.1.12)).

Here we study the distribution of X(t) + J(t) by applying another methodology (the joint distribution of
(T1, .. ., T))L{n)=n) is exploited).

References

Costa, O.L.V., Davis, M.H.A., 1989. Impulse control of piecewise-deterministic processes. Math. Control Signals Systems 2 (3), 187-206.

Costa, O.L.V., Dufour, F., 2013. Continuous Average Control of Piecewise Deterministic Markov Processes. Springer, Heidelberg.

Cox, D.R., 1962. Renewal Theory. Wiley, New York.

Cox,J.C., Ross, S., 1975. The pricing of options for jump processes. Rodney L. White Center Working Paper no. 2-75, University of Pennsylvania, Philadelphia,
Penn.

Davis, M.H.A., 1984. Piecewise deterministic Markov processes: a general class of non-diffusion stochastic models. J. R. Stat. Soc. Ser. B 46, 353-388.

Davis, M.H.A., 1993. Markov Models and Optimization. Chapman and Hall, London.

de Saporta, B., Dufour, F., 2012. Numerical method for impulse control of piecewise deterministic Markov processes. Automatica 48 (5), 779-793.

Di Crescenzo, A., Martinucci, B., 2010. A damped telegraph process with logistic stationary distribution. J. Appl. Probab. 47, 84-96.

Di Crescenzo, A., et al., 2012. On the damped geometric telegrapher’s process. In: Perna, C., Sibillo, M. (Eds.), Mathematical and Statistical Methods for
Actuarial Sciences and Finance. Springer-Verlag, Italia, pp. 175-182.

Feller, W., 1971. An Introduction to Probability Theory and its Applications, second ed. In: Wiley Series in Probability and Mathematical Statistics, vol. II.
Wiley, New York.

Gnedenko, B.V., Kovalenko, LI., 1966. Introduction to Queueing Theory. Nauka, Moscow, Translated by Israel Program for Scientific Translations, 1968.

Jacobsen, M., 2006. Point Process Theory and Applications. Marked Point and Piecewise Deterministic Processes. Birkhduser, Boston, Basel, Berlin.

Kolesnik, A.D., Ratanov, N., 2013. Telegraph Processes and Option Pricing. Springer, Heidelberg.

Kuznetsov, Yu.l., 2004. Matrices and Polynomials. Part II. Special Theory. Inst. Comp. Math. and Math. Geoph. Publ., Novosibirsk (in Russian).

Ratanov, N., 2007. A jump telegraph model for option pricing. Quant. Finance 7 (5), 575-583.


http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref1
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref2
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref3
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref5
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref6
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref7
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref8
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref9
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref10
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref11
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref12
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref13
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref14
http://refhub.elsevier.com/S0167-7152(14)00108-4/sbref15

	On piecewise linear processes
	Introduction
	Piecewise constant process
	Piecewise linear process
	References


