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Abstract

We study investment and insurance demand decisions for an agent in a theoretical continuous-
time expected utility maximization model that combines risky assets with an (exogenous) insur-
able background risk. This risk takes the form of a jump-diffusion process with negative jumps
in the return rate of the (self-financed) wealth. The main distinctive feature of our model is that
the agent’s decision on portfolio choice and insurance demand causes nonlinear friction in the
dynamics of the wealth process. We use the dynamic programming approach to find optimality
conditions under which the agent assumes the insurable risk entirely, or partially, or purchases
total insurance against it. In particular, we consider differential and piece-wise linear portfolio
allocation frictions, with differential borrowing and lending rates as our most emblematic exam-
ple. Finally, we present a mutual-fund separation result and illustrate our results with several
numerical examples when the adverse jump risk has Beta distribution.

1 Introduction

Economic and financial decision-making under uncertainty usually occurs in the presence of
multiple risks and incomplete markets. Portfolio choices and decisions about endogenous risks
sometimes must be made while simultaneously facing one or more exogenous “background risks”.
Background risk typically refers to the uncertainty that affects a decision maker’s wealth level
but cannot be hedged in the financial markets. Most early published works on background
risk are set in a single-period framework and employ the notions of stochastic dominance or
risk vulnerability. Eeckhoudt et al. [1996] examine background wealth deteriorations taking
the form of changes in risk, in both general first- and second-degree stochastic dominance, and
find necessary and sufficient conditions for each of these two types changes in background risk
to imply a more risk-averse behavior. Gollier and Pratt [1996] introduce the concept of risk
vulnerability: additional and independent background risk increases a decision maker’s risk
aversion when that risk is unfair (i.e., has non-positive expected value).

In the context of investment decisions, most works on background risk assume it is in-
dependent of portfolio choice decisions. However, for many decision-making situations, some
dependence between investment and background risks is expected. Heaton and Lucas [2000]
present a decision-theoretic model for portfolio selection with background risk and find con-
siderable correlations of stock returns with wage income and proprietary income. Moreover,
empirical evidence on exchange-rate exposure of U.S. multinational firms also demonstrate that
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correlations between returns and exchange rates may be positive or negative, depending on the
company’s profile (e.g., exporting operations versus importing operations), see e.g., Allayannis
et al. [2001].

In the related literature, there are a few exceptions to the typical assumption of independence.
For instance, Tsetlin and Winkler [2005] study optimal decisions in a one-period expected utility
framework in which the decision maker undertakes risky projects that are correlated with both
additive and multiplicative background risks. They document the importance of the direction
and degree of dependence between the project risk and the background risk, and prove that
it may be optimal for a risk-averse agent to undertake a project with zero or even negative
expected returns in the presence of an additive negatively correlated background risk. Franke
et al. [2006] study a similar problem for multiplicative background risk, extending the results
of Gollier and Pratt [1996] and finding conditions on preferences that lead to more cautious
behavior. Franke et al. [2011] examine simultaneous effects of both additive and multiplicative
risks on optimal portfolio choice. They rationalize certain paradoxical choice behavior in that
context and show how background risks might lead to a seemingly U-shaped relative risk aversion
for a representative investor.

Although background risk usually emerges from many non-financial events such as pure
insurance losses, inflation, labor income, political turmoil, natural disasters, real estate losses,
tax liabilities, etc., it may sometimes be hedged away partially or totally via insurance. In
this case, inter-temporal models are more appropriate when insurance demand for background
risk is analyzed jointly with portfolio or consumption decisions. Early works on inter-temporal
insurance demand include Briys [1986] who considers a continuous-time model, assumes that
the loss is proportional to the wealth and alludes to an optimal coinsurance, proving that if
the utility function is isoelastic then optimal insurance has the form of coinsurance and the
deductible must be a function of wealth (and time).

In a similar model, Gollier [1994] analyzes the optimal dynamic strategy of a risk-averse agent
bearing an insurable risk to determine whether precautionary saving is superior to insurance in
the long run. He assumes that the loss risk follows a Poisson process and that the loss function
is not a function of wealth. Gollier [1994] also shows that the demand for insurance vanishes
in the long run if the loading factor exceeds a given strictly positive critical value, derives the
optimal strategy for capital accumulation and insurance demand in the constant relative risk
aversion case, and proves that compulsory full insurance reduces the rate of consumption if
and only if risk aversion exceeds one. Touzi [2000] studies the stochastic control problem of
maximizing expected utility from terminal wealth where the wealth process is subject to shocks
produced by a general marked point process, and the agent allocates wealth between a nonrisky
asset and a (costly) insurance strategy which allows reducing the level of the shocks, similar to
the setting of Briys [1986] and Gollier [1994]. Touzi [2000] connects the agent’s optimization
problem to a suitable dual stochastic control problem in which the constraint on the insurance
strategy disappears, finds a general existence result for the dual problem, and obtains an explicit
characterization for power (and logarithmic) utility functions and linear insurance premium.

Moore and Young [2006] use the dynamic programming (DP) approach to extend Briys
[1986] and Gollier [1994] by allowing the horizon to be random, and find that if the premium
is proportional to the expected payout, then the optimal per-claim insurance is deductible
insurance. Perera [2010] uses the convex duality approach to obtain closed-form solutions for
the optimal investment, consumption and insurance strategies of an individual with CARA
utility and in the presence of an insurable risk that follows a Lévy process. Lin and Lu [2012]
examine risky asset allocation and consumption rate decisions in the presence of background
risk, using the DP approach. They find that the optimal allocation in risky assets reflects
the agent’s risk attitude when background risk is related to investment risk, and that optimal
insurance hedges investment risk and balances the growth and the volatility of consumption.
Mnif [2012, 2013] studies the problem of finding the optimal insurance strategy that reduces
exposure to jump risk, similar to the setting of Touzi [2000], using a suitable dual stochastic
control problem. Mnif [2012] characterizes the dual value function as the unique viscosity
solution of the corresponding Hamilton-Jacobi-Bellman (HJB) variational inequality, while Mnif
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[2013] approximates the optimal solution numerically using a policy-iteration algorithm.
The present paper studies joint decisions regarding risky asset allocation and insurance

demand for a representative risk-averse agent in a finite-horizon continuous-time model, com-
parable with Touzi [2000] and Lin and Lu [2012]. Taking dynamic portfolio selection in a
Black-Scholes-type model as a generic example for decisions under risk, we extend the standard
model of combining risky assets with an (exogenous) insurable background risk in the form of a
jump-diffusion process with negative jumps. The main distinctive feature of our model is that
the agent’s decision on portfolio choice and insurance cause nonlinear frictions in the dynamics
of the wealth process. More concretely, we consider in the agent’s wealth mean rate of return a
(possibly non-linear) drift friction term f(π, κ) that depends on the portfolio allocation weights
π and the fraction κ of insurable risk assumed by the agent1. This friction term incorporates
the rate of return of an additional endogenous cash flow relative to the value of investments
in the financial market and insurance costs. We will focus on two cases: first, f separable
having the form f(π, κ) = g(π) − p(κ) with p differentiable and g either smooth or piece-wise
linear (e.g., funding costs arising from differential borrowing and lending rates), and second, the
case of a linear insurance premium function f(π, κ) = −(1 − κ)q(π) with premium rate q(π)
depending on the portfolio composition. In particular, our setting also incorporates nonlinear
insurance premium schedules, which help enforce consumer self-selection and reduce insurers’
adverse selection risk.2

Most works on dynamic utility maximization with nonlinear portfolio allocation frictions use
the method of convex duality, see e.g. Cuoco and Liu [2000], Roche [2003], Long [2004], Klein
and Rogers [2007] and Heunis [2015]. We do not employ this method since there are not state
constraints leading to the HJB variational inequality studied by Mnif [2012, 2013]. Instead,
Lemma 3.1 below allows us to use directly the HJB partial differential equation associated with
the (primal) optimal control problem for constant relative risk aversion (CRRA) power and
log-utility preferences.

The flexibility of the CRRA setting enables us to derive precise theoretical results and
allows for a straightforward and accessible sensitivity analysis. Moreover, since the diffusion
part of the insurable background risk is assumed to be stochastically dependent on the asset
returns, the obtained optimal decisions can be very different from the decisions that would be
recommended if the correlation and/or frictions were ignored, which emphasizes the importance
of understanding the direction and degree of dependence. Given the form of the final wealth,
our setting can also be seen as a dynamic version of models with stochastic background wealth
and insurable multiplicative risk studied by Tsetlin and Winkler [2005], Franke et al. [2006],
Franke et al. [2011], Franke et al. [2018]. Finally, the recent works Bolton et al. [2019] and Hong
et al. [2020] use DP in similar continuous-time models in which firms buy insurance against
idiosyncratic productivity shocks and disaster exposure, respectively, but with no investment
allocation frictions. The following are the main contributions of our work.

1. We extend the works of Touzi [2000] and Lin and Lu [2012] to include nonlinear portfolio
allocation frictions. In a significantly general setting, we characterize optimal investment
and insurance demand strategies for a representative agent with CRRA preferences and
find conditions under which the agent assumes the insurable risk entirely, partially, or
purchases total insurance against it. See Theorem 4.1 below. In particular, we prove that
the insurance demand increases with the first-order stochastic dominance of the jump size
and the magnitude of the jump arrival rate, see Corollary 4.5 below.

2. In the case of differential rates for lending and borrowing, this is the first paper -to the best
of our knowledge- that studies such frictions jointly with insurance demand for background

11− κ is the agent’s insurance demand.
2Usually, insurance pricing considers a uniform price per unit of coverage, typically based on the net expected

reservation premium. However, this may lead to various problems, with adverse selection being the most predominant
example. Indeed, insurers suffer adverse effects when they decide to extend coverage to individuals whose actual risk
is substantially higher than the risk known by the insurer, hence offering insurance at a cost that does not accurately
reflect actual risk exposure.
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risk in a dynamic setting. We find sufficient conditions (Corollary 4.6) under which the
agent responds to the insurable background risk by investing at the (lower) lending risk-
free rate r, holding only investments in risky assets, or leveraging the risky-asset portfolio
by borrowing at the (higher) funding rate R. We find similar results for the case of a large
investor with piecewise constant price impact on the drift of the risky asset, see Corollary
4.12 below.

3. We prove a mutual-fund separation result (Theorem 4.11) for the case of differential rates
which shows that optimal portfolio allocations move along one-dimensional segments. In
particular, the optimal allocation for a given risk tolerance level can be obtained as a
combination of two mutual funds. This brings to light the relevance of our results for
CRRA preferences.

The organization of this paper is as follows. In Section 2 we present the dynamics of the risky
investments, insurable background risk, nonlinear portfolio allocation frictions f(π, κ) and the
agent’s wealth process. We also define the risk-averse utility maximization control problem. In
Section 3 we introduce the Hamilton-Jacobi-Bellman equation for the case of CRRA utility. In
Section 4 we consider the case f(π, κ) = g(π)− p(κ) with p differentiable, with special focus on
the cases g differentiable (for one risky asset) or g piece-wise linear (for multiple risky assets).
We present explicit characterization and numerical examples of optimal decisions for agents
with exposure to differential rates, and prove a mutual-fund separation Theorem for this case.
Finally, in Section 5 we briefly address linear premium functions f(π, κ) = −(1 − κ)q(π) with
premium rate depending on risky asset allocation. In Section 6 we close out the paper with a
few conclusions of our work.

2 Insurable risk model with non-linear portfolio allocation
frictions

Let T > 0 be a fixed time horizon. At each time t ∈ [0, T ] the representative agent holds a
portfolio of investments in d risky assets with price processes S1, . . . , Sd and a risk-free money
market account B following a Black-Scholes model of the form

dSi
t = Si

t

[
µi dt+

d∑
k=1

σik dW k
t

]
, Si

0 > 0, i = 1, . . . , d

dBt = Btr dt, B0 = 1

whereW = (W 1, . . . ,W d)⊤ is a d-dimensional Brownian motion defined on a complete probabil-
ity space (Ω,P,F) endowed with a filtration F. For each i = 1, . . . , d, let πi

t denote the fraction
of wealth invested in i-th risky asset at time t ∈ [0, T ], so 1 − π⊤

t 1 denotes the proportion of
wealth invested in the risk-free asset. As usual, we refer to πt as the portfolio proportion pro-
cess. We assume the return rate of the (self-financed) representative agent’s wealth is subject
to exogenous shocks modeled by a jump-diffusion process of the form

Xt = bW̄t +
∑
τn≤t

Yn

where W̄ is a Brownian motion satisfying
〈
W k, W̄

〉
t
= ρkt with ρk ∈ [−1, 1], b ∈ R, and the

marked point process (τn, Yn)n≥1 is independent of W and W̄ . The correlations ρk model the
dependence between the log-prices of the financial assets and the (Gaussian) fluctuations of
the exogenous shocks. In the remainder, we denote ρ := (ρ1, . . . , ρd)⊤ ∈ Rd which will be
considered as a column vector in the remainder. The representative agent has the possibility of
reducing these exogenous shocks on the wealth process by buying insurance, which in turn causes
(endogenous) frictions that depend on the risky asset weights and the insurance strategy. More
concretely, let κ = (κt)t∈[0,T ] be a F-predictable process with values in [0, 1] that represents the
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fraction of exogenous risk assumed by the agent so that the infinitesimal change of the exogenous
shocks process dXt is reduced to κt dXt. We assume that there exists a function

f : Rd × [0, 1] → R

which is concave, strictly decreasing in the second variable, so that the wealth process V π,κ of
the agent evolves according to the controlled linear SDE of jump-diffusion type

dVt = Vt−

{
[r + f(πt, κt)] dt+ π⊤

t [(µ− r1) dt+ σ dWt]− κt dXt

}
. (1)

The function f(π, κ) represents the (possibly negative) rate of return of an additional endogenous
cash flow, relative to the value of investments in the financial market and the cost of insurance.
We will focus primarily on two cases:

• f(π, κ) = g(π)− p(κ) where g(π) captures nonlinear investment frictions, usually referred
to as margin payment function (see e.g. Cuoco and Liu [2000]), and p : [0, 1] → R+ with
p(1) = 0 is the (possibly nonlinear) insurance premium rate function as in Touzi [2000].
Nonlinear insurance pricing is a primary mechanism for effecting consumer self-selection
and helps reduce adverse selection risk for insurers, see e.g. Schlesinger [1983]. As for the
market frictions, we have for instance the case of higher interest rates for borrowing than
lending

g(π) := −(R− r)(π⊤1− 1)+, π ∈ Rd (2)

or, in the one-dimensional case, price pressure of a large-investor on the risky asset3

g(π) = π[m+1{π≥0} +m−1{π<0}], π ∈ R

with m+ < 0 < m−.

• f(π, κ) = −(1−κ)q(π) with q a positive-valued premium rate that depends on the portfolio
weights.

We assume Yn < 1 for all n ∈ N, which guarantees positivity of the wealth process V π,κ. Indeed,
for an initial endowment x > 0, the solution to equation (1) is given by

V π,κ
t = xKπ,κ

t

∏
τn≤t

(1− κτnYn)

with

Kπ,κ
t = exp

(∫ t

0

[
r + f(πs, κs) + π⊤

s (µ− r1)

−1

2

(∣∣σ⊤πs
∣∣2 + (bκs)

2 − 2bκsπ
⊤
s σρ

)]
ds+

∫ t

0

π⊤
s σ dWs −

∫ t

0

κsb dW̄s

)
.

Hence, our setting can be seen as a dynamic version of models with stochastic background wealth
and insurable multiplicative risk, see e.g. Tsetlin and Winkler [2005], Franke et al. [2006], Franke
et al. [2011], Franke et al. [2018]. Examples of such models, with Kπ := Kπ,1 (no insurance
demand) include the following

1. Kπ is the profit of a firm that operates internationally, and 1 − Yn is the change in the
associated exchange rate at time τn.

2. Kπ is the nominal wealth, value, or profit of an investment fund, and 1 − Yn is the price
deflator or purchasing power index reflecting uncertain inflation over the interval (τn−1, τn].

3. Kπ is the pretax profits of a firm, and 1− Yn is the firm’s retention rate net of taxes over
the period (τn−1, τn], where tax rates are random due to tax legislation uncertainty.

3Buying the risky asset depresses its expected return, while shorting it has the opposite effect, see e.g. Cuoco and
Cvitanić [1998] or Long [2004].

5



4. Kπ is the portfolio value of a pension fund, and 1 − Yn is the return on a mandatory
annuity account, say a default, catastrophe, or mortality-linked security, that rolls over
the proceeds from Kπ after time τn.

5. Kπ is the portfolio value of a pension fund, and 1 − Yn is the return on a mandatory
annuity account, say a default, catastrophe, or mortality-linked security, that rolls over
the proceeds from Kπ after time τn.

Finally, the returns of the risky investment can also be used to model the return rate of capital
accumulation, as it is now widely used in macro-finance and economic growth AK models: π
represents the investment capital ratio, and g(π) captures the adjustment and depreciation costs
that the firm incurs in the capital investment process, so Kπ is the total stock of capital of a firm
in the AK model, including physical capital as traditionally measured, but also human capital
and firm-based intangible capital (such as patents, know-how, brand value, and organizational
capital). This is a common assumption in the recent literature on the q theory of investment.
The jumps can be used to capture either productivity shocks or disaster risk, see e.g. Bolton
et al. [2019] and Hong et al. [2020].

The following is the formulation of the risk-averse optimization problem. Let U(x) be a utility
function satisfying the usual Inada conditions. We denote with A(t, x) the set of admissible
strategies (π, κ) for which E

[
U(−V π,κ

T )+
∣∣V π,κ

t = x
]
is finite. The goal of the representative

agent is to maximize the expected final-wealth utility functional E
[
U(V π,κ

T )
∣∣V π,κ

t = x
]
over

all admissible strategies (π, κ) ∈ A(t, x). For this, we define the time-dependent optimal value
function

ϑ(t, x) := sup
(π,κ)∈A(t,x)

E
[
U(V π,κ

T )
∣∣V π,κ

t = x
]
. (3)

3 HJB equation for CRRA preferences

In what follows, we assume the random variables {Yn}n∈N are i.i.d. and the counting process
Nt =

∑∞
n=1 1{τn≤t} is a Poisson process with intensity λ > 0. If the optimal value function (3)

is sufficiently differentiable, it satisfies the non-linear second-order integro-differential equation,
usually referred to as Hamilton-Jacobi-Bellman (HJB) equation

∂ϑ

∂t
+ sup

π∈Rd

κ∈[0,1]

[Lπ,κϑ](t, x) = 0

with final condition
ϑ(T, x) = U(x)

where, for each π ∈ Rd and κ ∈ [0, 1], Lπ,κ is the second-order integro-differential operator

[Lπ,κϑ](x) = x
[
r + f(π, κ) + π⊤(µ− r1

)]∂ϑ
∂x

+
x2

2

[∣∣σ⊤π
∣∣2 + (bκ)2 − 2bκbπ⊤σρ

] ∂2ϑ
∂x2

+ λE [ϑ(x(1− κY ))]− λϑ(x).

Conversely, the so-called verification Theorem links the solution of the above HJB equation with
sufficient conditions for existence of optimal strategies. Suppose further that agent has a von
Neumann–Morgenstern CRRA utility function of the form

Uη(x) =


x1−η

1−η , η ∈ (0,+∞) \ {1} ,

lnx, η = 1.

We employ the following guess for the value function

v(t, x) =

 θη(t)
x1−η

1−η , η ∈ (0,+∞) \ {1} ,

θ1(t) + lnx, η = 1,
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with θη : [0, T ] → [0,∞) differentiable and positive-valued. Substituting in the HJB equation,
we see that the maximization problem in the HJB equation is reduced to maximizing f(π, κ) +
H(π, κ; η) over (π, κ) ∈ Rd × [0, 1] with

H(π, κ; η) := π⊤(µ− r1)− η

2

[∣∣σ⊤π
∣∣2 + (bκ)2 − 2bκπ⊤σρ

]
+ λE[Uη(1− κY )].

For the case η ̸= 1 the function θη is the solution to the final-value ODE

1

1− η
θ′η(t) + θη(t)[r − λ+ f(π̂, κ̂) +H(π̂, κ̂; η)] = 0, θ1(T ) = 1

where
(π̂, κ̂) = arg max

π∈Rd

κ∈[0,1]

f(π, κ) +H(π, κ; η).

In the log-utility case η = 1 we have θ1(t) = −[r−f(π̂, κ̂)+H(π̂, κ̂; 1)]t. Since f is not necessarily
differentiable, we will employ the following ‘convex conjugate’

f̃(ζ, γ) := sup
π∈Rd

κ∈[0,1]

[f(π, κ) + π⊤ζ + κγ], ζ ∈ Rd, γ ∈ R

and the effective domain N :=
{
f̃ < +∞

}
. We have the following result

Lemma 3.1. Let (π̂, κ̂) ∈ Rd × [0, 1] be such that

f(π̂, κ̂) + π̂⊤∇πH(π̂, κ̂) + κ̂∂κH(π̂, κ̂) = f̃(∇πH(π̂, κ̂), ∂κH(π̂, κ̂)) (4)

where

∇πH = µ− r1− ησ[σ⊤π − ρbκ],

∂κH = ηb[π⊤σρ− bκ]− λE
[ Y

(1− κY )η

]
.

(5)

are the gradient and partial derivative of H with respect to π ∈ Rd and κ ∈ [0, 1] respectively.
Then the pair (π̂, κ̂) maximizes f +H.

Proof. Let (π, κ) ∈ Rd × [0, 1] be fixed. Then,

f(π̂, κ̂) +H(π̂, κ̂; η)

= f̃(∇πH(π̂, κ̂), ∂κH(π̂, κ̂)) +H(π̂, κ̂; η)− π̂⊤∇πH(π̂, κ̂)− κ̂∂κH(π̂, κ̂)

≥ f(π, κ) + π⊤∇πH(π̂, κ̂) + κ∂κH(π̂, κ̂) +H(π̂, κ̂; η)− π̂⊤∇πH(π̂, κ̂)− κ̂∂κH(π̂, κ̂)

= f(π, κ) +H(π̂, κ̂; η) + (π − π̂)⊤∇πH(π̂, κ̂) + (κ− κ̂)∂κH(π̂, κ̂)

≥ f(π, κ) +H(π, κ; η).

The last inequality follows from the concavity of H.

4 f(π, κ) = g(π)− p(κ) with p differentiable

Let us consider first the case f(π, κ) = g(π) − p(κ) with g concave and g(0) = 0, and p a
differentiable convex premium function on [0, 1] with p(1) = 0. For γ ∈ R, the first-order
Karush–Kuhn–Tucker (KKT) optimality conditions for the maximization problem supκ∈[0,1] −p(κ)+
γκ are

−γ + p′(κ) + ϕ1 − ϕ2 = 0

ϕ1(κ− 1) = 0

ϕ2κ = 0

7



with Lagrange multipliers ϕ1, ϕ2 ≥ 0. Then, we deduce that

f̃(ζ, γ) = g̃(ζ) +


−p((p′)−1(γ)) + (p′)−1(γ), if γ ∈ Range p′,

−p(0), if γ < p′(0),

γ, if γ > p′(1).

where
g̃(ζ) := sup

π∈Rd

g(π) + π⊤ζ, ζ ∈ Rd.

A straightforward application of Lemma 3.1 yields the following result, which provides a char-
acterization of sufficient conditions for existence of optimal investment and insurance demand
choices. Below, in the remainder of this section, we present some examples in which the result
can be used to obtain explicit solutions.

Theorem 4.1 (Characterization of optimal portfolio and insurance demand).

1. Suppose there exists (π̂, κ̂) satisfying the system of d+ 1 equations

g̃(∇πH(π̂, κ̂)) = g(π̂) + π̂⊤∇πH(π̂, κ̂) (6)

∂κH(π̂, κ̂) = p′(κ̂) (7)

then (π̂, κ̂) is optimal.

2. If there exists π̂ satisfying

∂κH(π̂, 0) = ηbρ⊤σ⊤π̂ − λE[Y ] ≤ p′(0) (8)

and (6) with κ = 0, that is,

g̃(µ− r1− ησσ⊤π̂) = g(π̂) + π̂⊤(µ− r1− ησσ⊤π̂)

then (π̂, 0) is optimal.

3. If there exists π̂ satisfying

∂κH(π̂, 1) = ηb[ρ⊤σ⊤π̂ − b]− λE
[ Y

(1− Y )η

]
> p′(1) (9)

and (6) with κ = 1, that is,

g̃(µ− r1− ησ[σ⊤π̂ − ρb]) = g(π̂) + π⊤(µ− r1− ησ[σ⊤π̂ − ρb])

then (π̂, 1) is optimal.

Example 4.2. Let p(κ) = q(1 − κ)δ with q > 0 and δ ≥ 1. Then condition (8) in case 2 reads
λE[Y ] − ηbρ⊤σ⊤π̂ ≥ δq. In particular, for sufficiently high values of the (actuarially fair)
reservation premium λE[Y ], the agent insures completely against the exogenous shocks in the
return rate of the wealth process. In the linear case (δ = 1) condition (9) in case 3 reads

λE
[ Y

(1− Y )η

]
− ηb[ρ⊤σ⊤π̂ − b] < q

so the agent assumes completely the risk of negative jumps if the return rate for premium rate
q is sufficiently high.
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4.1 g differentiable

Suppose d = 1, g ∈ C2(R) and g′′ < 0 so that g is strictly concave. Using first and second order
optimality conditions, we obtain

g̃(ζ) = g((g′)−1(−ζ)) + ζ(g′)−1(−ζ), ζ ∈ Range(−g′).

and N = Range(−g′) × R, so the sufficient condition (6) for optimality of (π, κ) reads π =
(g′)−1(−µ+ r + ησ[σπ − ρbκ]), that is,

µ− r + ησρbκ = ησ2π − g′(π).

By writing the right side as Q(π) := ησ2π − g′(π), optimality condition (6) can be rewritten as

Q(π̂) = µ− r + ησρbκ̂. (10)

Notice Q is strictly increasing since Q′ = ησ2 − g′′ > 0. Then we have the following result

Corollary 4.3. 1. If there exists κ̂ ∈ [0, 1] such that µ− r + ησρbκ̂ ∈ Range(Q) and

ηb[σρQ−1(µ− r + ησρbκ̂)− bκ̂]− λE
[ Y

(1− κ̂Y )η

]
− p′(κ̂) = 0 (11)

then (π̂, κ̂) is optimal with π̂ := Q−1(µ− r + ησρbκ̂).

2. Suppose that ρ > 0 holds if and only if µ < r + Q
(

1
ησbρ [λE(Y ) + p′(0)]

)
, and µ − r ∈

Range(Q). Then the pair (π̂, κ̂) = (Q−1(µ− r), 0) is optimal.

3. Suppose that ρ > 0 holds if and only if

µ− r + ηρbσ > Q
( 1

ηρbσ

{
λE

[ Y

(1− Y )η

]
+ ηb2 + p′(1)

})
and µ− r + ηρbσ ∈ Range(Q), then (π̂, κ̂) = (Q−1(µ− r + ηρbσ), 1) is optimal.

Proof. Inserting π = Q−1(µ− r + ησρbκ) into (7) yields (11), and part 1 follows. Parts 2 and
3 follow similarly from inserting π = Q−1(µ − r + ησρbκ) with κ = 0 and κ = 1 into (8) and
(9) respectively.

Remark 4.4. Note that g′′ ◦Q−1 < 0 < ησ2(1− ρ2). Then η(σρ)2 < ησ2 − g′′ ◦Q−1 and

1− η(σρ)2(Q−1)′ = 1− η(σρ)2

ησ2 − g′′ ◦Q−1
> 0.

It follows that

h(κ) := ηb[σρQ−1(µ− r + ησρbκ)− bκ]− λE
[ Y

(1− κY )η

]
− p′(κ) (12)

is strictly decreasing since

h′(κ) = −η
{
b2[1− η(σρ)2(Q−1)′(µ− r + ησρbκ)] + λE

[ Y 2

(1− κY )1+η

]}
− p′′(κ)

is strictly negative. Hence, there exists an unique optimal κ̂ for case 1 whenever h(0) > 0 > h(1)
i.e. zero is between the values

ηb[σρQ−1(µ− r + ησρb)− b]− λE
[ Y

(1− Y )η

]
− p′(1)

and ηbσρQ−1(µ− r)− λE[Y ]− p′(0).
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Deterioration in background wealth may encompass more complicated changes in the model
parameters or distribution of the negative jumps. The previous observation can be used to study
comparative static properties for optimal pairs (π̂, κ̂) with respect to the model parameters and
first-order stochastic dominance deterioration of insurable risk. Recall that a random variable
Y has first-order stochastic dominance over random variable Ỹ if the cumulative distribution
functions satisfy FY ≤ FỸ .

Corollary 4.5. κ̂ decreases with the marginal cost p′, jump arrival rate λ and first-order stochas-
tic dominance of the jump size Y. Both π̂ and κ̂ increase (resp. decrease) with the premium risk
µ− r if ρ > 0 (resp. < 0).

Proof. If Y dominates Ỹ in the sense of first-order stochastic dominance, then

E
[ Y

(1− κY )η

]
≥ E

[ Ỹ

(1− κỸ )η

]
since the function ψ(y) = y(1 − κy)−η is increasing in y ∈ (0, 1), see e.g. [Eeckhoudt et al.,
2011, Ch. 2]. The assertions follow easily from (11) and the increasing monotonic behavior of
Q−1.

An increase in the first-order stochastic dominance of the jump size Y, the magnitude of the
jump arrival rate λ or the marginal cost p′, is sufficient to guarantee a decrease in the fraction of
insurable risk assumed by the agent. The relation π̂ = Q−1(µ− r + ησρbκ̂) shows that such an
increase also results in a decrease (resp. increase) of the risky asset allocation if the correlation
between the exogenous adverse shocks and financial log-returns is negative (resp. positive). In
particular, it is beneficial to invest more in the risky asset if the correlation is negative, as it
serves as a hedging strategy against adverse shocks.

In particular, in the case of no-frictions (g = 0) it is easy to see that κ̂ decreases with η, and
so does π̂ whenever ρ > 0, since

∂h

∂η
=

−∂h
∂η

∂h
∂κ

< 0.

A similar argument yields that κ̂ increases with correlation ρ if it is larger than − µ−r
2ηbσ . Note

this inequality holds for all ρ ∈ [−1, 1] if µ < r + 2bησ. That is, if the mean rate of return is
sufficiently low, then the insured fraction of jump risk decreases with the correlation.

4.2 g piece-wise linear

4.2.1 Differential rates for borrowing and lending

We now consider the margin payment function for the case of an interest rate that is higher for
borrowing than for investing

g(π) := −(R− r)(π⊤1− 1)+

This (piece-wise linear) margin payment function is not differentiable, yet we may characterize
g̃ rather easily. Indeed, the map

R ∋ π 7→ g(π) + π⊤ζ =

 π⊤ζ, π⊤1 ≤ 1,

π⊤[ζ − (R− r)1] + (R− r), π⊤1 > 1,

attains a finite maximum value if and only if 0 ≤ ζ1 = ζ2 = · · · = ζd ≤ R− r, see Section 6.8 of
Karatzas and Shreve [1998]. Then, the effective domain of f̃ is

N =
{
(ξ − r)1 ∈ Rd : ξ ∈ [r,R]

}
×R

and we have g̃((ξ − r)1) = ξ − r. Solutions to equation (6) can be singled out as follows
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• π⊤1 < 1 and ξ = r, i.e. ησ(σ⊤π − ρbκ) = µ− r1

• π⊤1 > 1 and ξ = R, i.e. ησ(σ⊤π − ρbκ) = µ−R1

• π⊤1 = 1 and ησ(σ⊤π − ρbκ) = µ− ξ1 for some ξ ∈ [r,R].

Using this in conjunction with Thoerem 4.1 we get the following result, which generalizes Sec-
tion 5.2 of Cuoco and Liu [2000]4 to the case in which the agent can insure against the exoge-
nous shocks. In what follows, we assume σ is invertible, so that (σσ⊤)−1 = (σ⊤)−1σ−1 and
σ⊤(σσ⊤)−1 = σ−1.

Corollary 4.6. Suppose for each ξ ∈ [r,R] there exists κ(ξ) ∈ [0, 1] solution to h(κ; ξ) = 0 with

h(κ; ξ) := bρ⊤σ−1(µ− ξ1)− ηb2(1− |ρ|2)κ− λE
[ Y

(1− κY )η

]
− p′(κ)

and set

π(ξ) :=
1

η
(σσ⊤)−1(µ− ξ1) + (σ⊤)−1ρbκ(ξ).

We have the following

i. If π(r)⊤1 < 1, then π̂ = π(r) and κ̂ = κ(r) are optimal. In this case, the agent invests
only own funds in the financial assets.

ii. If π(R)⊤1 > 1, then π̂ := π(R) and κ̂ = κ(R) are optimal. In this case, the agent leverages
the position in risky assets by borrowing from the risk-free money market account.

iii. If there exists ξ∗ ∈ [r,R] such that

π(ξ∗)⊤1 = 1, (13)

then π̂ = π(ξ∗) and κ̂ = κ(ξ∗) are optimal. In this case, the agent holds a portfolio
consisting of only risky assets.

iv. Suppose λE[Y ] + p′(0) ≥ bρ⊤σ−1(µ − r1) and 1⊤(σσ⊤)−1(µ − r1) ≤ η. Then the pair
π̂ = 1

η (σσ
⊤)−1(µ − r1), κ̂ = 0 is optimal. In particular, the agent insures totally against

the adverse shocks and invests a positive amount in the risk-free money market account.

v. Suppose λE[Y ] + p′(0) ≥ bρ⊤σ−1(µ − R1) and 1⊤(σσ⊤)−1(µ − R1) > η. Then the pair
π̂ = 1

η (σσ
⊤)−1(µ− R1), κ̂ = 0 is optimal. In particular, the agent insures totally against

the adverse shocks and leverages the portfolio of risky assets by borrowing from the risk-free
money market account.

vi. Suppose λE
[

Y
(1−Y )η

]
− bρ⊤σ−1(µ− r1) + ηb2(1− |ρ|2) + p′(1) < 0 and

1⊤
[1
η
(σσ⊤)−1(µ− r1) + b(σ⊤)−1ρ

]
≤ 1.

Then the pair π̂ = 1
η (σσ

⊤)−1(µ− r1) + b(σ⊤)−1ρ, κ̂ = 1 is optimal. In this case the agent
assumes totally the insurable background risk and invests a positive amount in the risk-free
money market account.

vii. Suppose λE
[

Y
(1−Y )η

]
− bρ⊤σ−1(µ−R1) + ηb2(1− |ρ|2) + p′(1) < 0 and

1⊤
[1
η
(σσ⊤)−1(µ−R1) + b(σ⊤)−1ρ

]
> 1.

Then the pair π̂ = 1
η (σσ

⊤)−1(µ−R1)+ b(σ⊤)−1ρ, κ̂ = 1 is optimal. In this case the agent
assumes totally the insurable background risk and leverages the investment in risky assets
by borrowing from the risk-free money market account.

4Other similar piece-wise linear margin payment functions related to funding costs (e.g., margin requirements for
leveraged positions, offsetting of positions in risky assets, short-sale constraints with negative rebate rates, etc.) can
be considered, see e.g. Cuoco and Liu [2000], Bielecki and Rutkowski [2015].
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Proof. g̃(∇πH(π, κ)) is finite if ∇πH(π, κ) = (ξ−r)1 for some ξ ∈ [r,R], in which case (6) reads

ξ − r = −(R− r)(π⊤1− 1)+ + π⊤∇πH(π, κ).

We can single out three cases: either π⊤1 < 1, π⊤1 > 1 or π⊤1 = 1. For each case it suffices to
have, respectively, ∇πH(π, κ) = 0, ∇πH(π, κ) = (R − r)1 or ∇πH(π, κ) = (ξ∗ − r)1 for some
ξ∗ ∈ [r,R]. Solving these (linear) equations for π as a function of κ, and inserting into equation
(7) yields h(κ; ξ) = 0 with ξ = r,R and ξ∗ respectively, and cases i, ii and iii follow. Cases iv -
vii follow similarly from 2 and 3 in Theorem 4.1.

Note that π(ξ) is the optimal Merton proportion plus a hedging component against the
insurable exogenous jump risk. That is, the agent uses the optimal demand in risky assets to
manage its exposure to both financial and background risk. The correlations also contribute to
the diversification effect. Moreover, note that if (13) holds, no wealth is invested in the riskless
market account. In this case, ξ can be interpreted as a shadow risk-free interest rate implied by
the optimal policy which lies between the riskless lending and borrowing rates and conforms to
the risk preferences of the firm.

Remark 4.7. As in Remark 4.4 κ(ξ) exists and is unique if h(0; ξ) > 0 > h(1; ξ). This is equivalent
to the following

λE[Y ] + p′(0) < bρ⊤σ−1(µ− ξ1) < ηb2(1− |ρ|2) + λE
[ Y

(1− Y )η

]
+ p′(1). (14)

Moreover, implicit differentiation of h(κ(ξ); ξ) = 0 gives ∂h
∂κκ

′(ξ) + ∂h
∂ξ = 0, hence

κ′(ξ) =
−∂h

∂ξ

∂h
∂κ

=
−bρ⊤σ−11

η
[
b2(1− |ρ|2) + λE

(
Y 2

[1−κY ]1+η

)]
+ p′′(κ)

and

d

dξ
[π(ξ)⊤1] = −

∣∣(σ⊤)−11
∣∣2

η
+ bk′(ξ)ρ⊤σ−11

=
−1

η

∣∣(σ⊤)−11
∣∣2 + (bρ⊤σ−11)2[

b2(1− |ρ|2) + λE
(

Y 2

[1−κY ]1+η

)]
+ ηp′′(κ)

 < 0

that is π(ξ)⊤1 is strictly decreasing on its domain. Then, if (14) holds for some ξ∗ with π(ξ∗)⊤1 <
1, we can ensure existence of r∗ such that π(r∗)⊤1 = 1, and the optimality criteria of Corollary
4.6 simplifies into

(π̂, κ̂) =


(π(r), κ(r)), r > r∗

(π(R), κ(R)), R < r∗

(π(r∗), κ(r∗)), r ≤ r∗ ≤ R

Example 4.8 (Beta distribution with linear premium function). In order to illustrate the previous
results, we consider the case of linear premium rate function p(κ) = (1−κ)q with premium rate
q > 0 and Yn ∼ Beta(α, β) with density function

fY (y) =
Γ(α+ β)

Γ(α)Γ(β)
yα−1(1− y)β−1, y ∈ [0, 1].

This distribution is very flexible, as the density fY (y) can be U-shaped with asymptotic ends,
bell-shaped, strictly increasing/decreasing or even straight lines, depending on the parameters
α, β. For this distribution, we have the following Euler-type identity

E
[ Y

(1− κY )η

]
= 2F1(η, α+ 1;α+ β + 1, κ)

α

α+ β
, κ ∈ [0, 1) (15)
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Parameter A1 A2

q 0.3 0.8
r 2% 3%
R 6% 10%
b 0.4 0.6
s 0.25 0.05

µ

(
8%
10%

) (
16%
8%

)
Table 1: Parameter sets A1 and A2.

where 2F1 is the Gaussian (or ordinary) hypergeometric function. The identity does not hold
for κ = 1. However, we may calculate the integral for this value directly using the definition of
the Beta function in terms of Gamma functions

E
[ Y

(1− Y )η

]
=

αΓ(α+ β)Γ(β − η)

Γ(β)Γ(α+ β + 1− η)
, η < β.

For κ = 0 we have E[Y ] = α
α+β , so inequalities (14) read

λα

α+ β
< q + bρ⊤σ−1(µ− ξ1) < ηb2(1− |ρ|2) + λαΓ(α+ β)Γ(β − η)

Γ(β)Γ(α+ β + 1− η)
.

We present some numerical examples with two risky assets (d = 2) and two sets of parameters
A1 and A2. For both sets we assume α = 2, β = 8, λ = 0.25,

ρ =

(
0.2
−0.3

)
and σ =

(
0.25 0

0.32s 0.32
√
1− s2

)
.

The remaining parameters are as follows Figures 1 and 2 show the plots of π̂i, for i = 1, 2 and
π̂⊤1 = π̂1 + π̂2 (optimal total position in risky assets) as functions of risk aversion coefficient
η, respectively. In Figure 1 we see that for the parameter set A1 both π̂1 and π̂2 decrease for
small values of η, whereas for set A2 the optimal weight π̂2 is mostly negative and increasing.
This is due mostly to asset 1 in set A2 having an expected return (µ1 = 16%) greater than the
borrowing rate R = 10% and the expected return of asset 2 (µ2 = 8%), so the agent leverages its
long position in asset 1 by borrowing from the risk-free market account and short-selling asset
2.

Figure 1: π̂1(η) in blue and π̂2(η) in orange, for parameter sets A1 (left) and A2 (right).

Figure 2 illustrates the first three cases of Corollary 4.6. As expected, π̂⊤1 = π̂1 + π̂2

decreases as η < β increases. Moreover, there exist 0 < ηR < ηr such that π̂⊤1 > 1 (leveraged
portfolio, case ii of Corollary 4.6) decreases strictly on (0, ηR], equals 1 (risky assets only, case
iii of Corollary 4.6) over [ηR, ηr] and then again decreases strictly and tends to 0 on [ηr,∞). In
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R 10% 9% 8% 7% 6% 5% 4% 3.5% 3.1%
ηR 0.71 0.95 1.18 1.42 1.65 1.89 2.12 2.24 2.33

Table 2: ηR as function of borrowing rate R > r.

particular, for η ∈ [ηR, ηr] the agent’s portfolio is fully invested in risky assets. For set A1 we
have ηr = 1.47 and ηR = 0.6, for set A2 we get ηr = 2.35 and ηR = 0.71.

Figure 2: π̂(η)⊤1 in sets of parameters A1 (left) and A2 (right). For set A1 we have ηr = 1.47 and
ηR = 0.6, for set A2 we get ηr = 2.35 and ηR = 0.71.

Figure 3 shows the plots of the two-dimensional curves (π̂1, π̂2) as functions of η. Unlike
Figure 1 we consider values of η in the whole range (0, β). We observe that for both parameter
specifications, portfolio weights move in different directions on both sides of the hyperplane
π1 + π2 = 1. Indeed, for set A1 the optimal weight π̂1 decreases until η reaches the threshold
value ηR, increases slightly until ηr and then decreases again, while π̂2 is always decreasing.
For set A2 optimal weight π̂1 is always decreasing, while π̂2 is always increasing. This can be
explained mostly from the correlations with the continuous part of the insurable risk (positive
for the first asset, negative for the second asset) and from the spreads of the mean return rate
with the borrowing rate µi −R, as they are positive for all cases except for the second asset in
the parameter set A2.

Figure 3: π̂1(η) vs. π̂2(η) for parameter specifications A1 (left) and A2 (right).

Table 2 contains values of ηR for the parameter set A2 and different decreasing values of R,
and figure 4 contains the plots of π̂1 + π̂2 and π̂1 vs. π̂2 as functions of η for different values of
R. We note that the direction of π̂ changes before reaching π1+π2 = 1. From these, we see that
the threshold value ηR moves in opposite direction to the borrowing rate R > r, and ηR ↑ ηr as
R ↓ r. Similar behavior holds for ηr as a function of the lending rate r. However, note that the
both ηR and ηr do not depend solely on the values r and R.
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Figure 4: Plots of π̂⊤1 (left) and π̂ (right) as functions of η > 0 for parameter set A2. From top to
bottom we take R = 9%, 6%, 3.5%

In Figure 5 we present plots of the optimal non-insured fraction κ̂ of background risk, that is,
the fraction assumed by the agent, as function of η. Again, there exists a threshold value η∗ > 0
such that if η ≤ η∗ then the agent assumes totally the insurable background risk, whereas for
η > η∗ the optimal fraction κ̂ of insurable risk assumed by the agent is a decreasing convex
function of η.

Figure 5: κ̂(η) for parameter specifications A1 and A2.

Note that the range in which κ̂(η) remains constant equal to one is larger for set A2 partially
due to the cost of insurance q being higher for this specification.

Example 4.9. We now look into the relation of the optimal strategy with the correlation ρ in the
case of only one risky asset (d = 1). Again, we assume Beta distribution for the jump part of
the insurable background risk, and consider four sets of parameters. For sets B1 and B2 we take
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Parameter B1 B2 C1 C2

β 8 6 8 8
b 0.4 0.4 0.8 0.4
µ 16% 10% −5% 16%
η 2 4 4 4

Table 3: Parameter sets B1, B2, C1 and C2.

α = 2, q = 0.3, λ = 0.1 and σ = 26%. For sets C1 and C2 we assume α = 12, q = 0.2, λ = 0.15
and σ = 30%. For all four sets the borrowing and lending are the same: r = 3%, R = 9%. The
remaining parameters are as follows Figure 6 contains plots of the optimal proportion π̂ of wealth
invested in the risky asset as a function of the correlation ρ with the continuous (diffusion) part
of the insurable background risk. Note that in most cases the agent relies more in the risky
asset as the correlation increases. Moreover, for set B1 we have π̂(ρ) = 1 in for ρ ∈ [0.01, 0.3],
for set B2 we get π̂(ρ) = 1 for ρ ∈ [0.6, 0.77]. In the notation of Corollary 4.6, for these values
of ρ there exists ξ∗ ∈ [3%, 9%] such that

µ− ξ∗

ησ2
+
ρb

σ
κ(ξ∗; ρ) = 1.

For set C1 since µ−r
ησ2 = −0.2222 < 1 and µ < r, by part iv of Corollary 4.6 κ̂ = 0 and

π̂ = −0.2222 are optimal for values of ρ larger than

σ

b(µ− r)
[λEY + p′(0)] =

σ

b(µ− r)

[ λα

α+ β
− q

]
= 0.5156. (16)

Similarly, for set C2 we get κ̂ = 0 and π̂ = µ−r
ησ2 = 0.3611 are optimal in the region ρ ∈

[−1,−0.6346].

Figure 6: π̂(ρ) for sets B1, B2 (top) and C1, C2 (bottom).

Figure 7 contains the plots of the optimal non-insured proportion κ̂ with respect to the
correlation ρ. The plots for sets B1 and B2 are U-shaped. In particular, for set B1 if we further
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take ρ = −1 then

λE
[ Y

(1− Y )η

]
− bρ(µ− r)

σ
+ η(1− ρ2)− q = −0.05714 < 0,

µ− r

ησ2
+
bρ

σ
= −0, 5769 < 1.

By part vi of Corollary 4.6 it is optimal for the agent to assume completely the insurable
background risk, in this case by selling short the risky asset and benefiting from the negative
(inverse) correlation. In fact, this choice is optimal near ρ = −1. The same occurs for ρ = 1
since

λE
[ Y

(1− Y )η

]
− bρ(µ−R)

σ
+ η(1− ρ2)− q = −0.3648 < 0,

µ−R

ησ2
+
bρ

σ
= 2.0562 > 1.

Hence, by part vii of Corollary 4.6 κ̂ = 1 is again optimal, in this case by borrowing from the
risk-free account to leverage a larger position in the risky asset and benefit from the positive
(direct) correlation with the diffusion part of the background risk.

Figure 7: κ̂(ρ) for sets B1, B2 (top) and C1, C2 (bottom).

For set C1 we have that κ̂(ρ) is strictly decreasing for ρ < 0.5156 and, as we already mentioned
above, it stays constant equal to zero beyond that value. Since µ < r in this case this threshold
value (16) for the correlation increases with q, σ and β, and decreases with b and λ.

For parameter set C2 we obtain the opposite behavior: κ̂(ρ) = 0 for ρ < −0.6346 and then
increases strictly, but never reaches the value one. In general, if µ < r + ησ2 then the agent
invests the Merton proportion in the risky asset and buys full insurance against the background
risk as long as λα

α+β ≥ q+ bρ
σ (µ− r). Note this last inequality, which ensures optimality of κ̂ = 0,

does not depend on the risk-aversion parameter η. A similar assertion holds if µ > R+ ησ2.
Finally, we look at the effect of first-order stochastic dominance of the jump distribution on

optimal κ̂. We use the set of parameters C2 and consider two values for α = 2, 12. In this case,
Beta(12, 8) dominates Beta(2, 8), see Figure 8.
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Figure 8: Cumulative distribution functions (left) and densities (right) of distributions Beta(2, 8)
(blue) and Beta(12, 8) (orange) .

Figure 9 depicts κ̂(ρ) for these two jump distributions. As expected κ̂ is larger for Beta(2, 8)
and takes strictly positive values, unlike the case of Beta(12, 8) which remains zero for cer-
tain values of ρ. Jumps with distribution Beta(12, 8) represent a greater risk than those with
distribution Beta(2, 8).

Figure 9: κ̂(ρ) for parameter set C2 with jump distributions Beta(12, 8) (orange) and Beta(2, 8)
(blue).

Remark 4.10. For the case d = 1, note that equation h(κ, ξ) = 0 can be solved for ξ explicitly for
each κ, so the zero-level curves can alternatively be characterized as the set of points (κ, ξ̄(κ))
with

ξ̄(κ) = µ− σ

bρ

[
p′(κ) + (1− ρ2)b2ηκ+ λE

(
Y

[1− κY ]η

)]
, k ∈ [0, 1].

Define

π̄(κ) := π(ξ̄(κ)) =
1

ηbσρ

[
p′(κ) + λE

(
Y

[1− κY ]η

)]
+

b

ρσ
κ.

Then

π̄′(κ) =
1

ηbσρ

[
p′′(κ) + ηλE

(
Y 2

[1− κY ]1+η

)]
+

b

ρσ
.

That is, π̄ is strictly increasing (resp. strictly decreasing) if ρ > 0 (resp. if ρ < 0). If ρ > 0 and

p′(0) + λEY < bσηρ < p′(1) + λE

(
Y

[1− Y ]η

)
+ ηb2
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then there exists κ∗ such that π̄(κ∗) = 1, and the optimal strategy can be rewritten as

(π̂, κ̂) =


(π(r), κ(r)) = (π̄(κ(r)), κ(r)), ξ̄(κ∗) < r

(π(R), κ(R)) = (π̄(κ(R)), κ(R)), ξ̄(κ∗) > R

(1, κ∗), r ≤ ξ̄(κ∗) ≤ R

A similar result holds for the case ρ < 0.

We observe in Figure 3 that optimal portfolios move along one-dimensional portfolio lines.
Indeed, the following mutual-fund separation-type result holds for the case of linear premium
function. Let π(ξ, η) and κ(ξ, η) be as in Corollary 4.6, with risk aversion level η > 0 as an
additional variable.

Theorem 4.11 (Mutual-Fund Separation Theorem). Suppose the premium function is linear
p(κ) = q(1− κ) with premium rate q > 0. Let η1 < η̄ < η2.

1. If π(r, η1)
⊤1 < 1 and π(r, η2)

⊤1 < 1 then there exists δ ∈ (0, 1) such that

δ(π(r, η1), κ(r, η1)) + (1− δ)(π(r, η2), κ(r, η2))

is optimal for the risk aversion level η̄.

2. π(R, η1)
⊤1 > 1 and π(R, η2)

⊤1 > 1 then there exists δ ∈ (0, 1) such that

δ(π(R, η1), κ(R, η1)) + (1− δ)(π(R, η2), κ(R, η2))

is optimal for the risk aversion level η̄.

3. π(ξ1, η1)
⊤1 = π(ξ2, η2)

⊤1 = 1 for some ξ1, ξ2 ∈ [r,R] then there exists δ ∈ (0, 1) such that

δ(π(ξ1, η1), κ(ξ1, η1)) + (1− δ)(π(ξ2, η2), κ(ξ2, η2))

is optimal for the risk aversion level η̄.

Proof. Recall that in the case of different rates for borrowing and lending, and linear premium
function, we have f̃((ξ− r)1, γ) = ξ− r− q for ξ ∈ [r,R] and γ ≤ −q. The associated optimality
condition (4) becomes

−(R− r)(π⊤1− 1)+ + π⊤∇πH(π, κ; η) + κ[∂πH(π, κ; η) + q] = ξ − r

and ∇πH(π, κ; η) = (ξ − r)1 for some ξ ∈ [r,R]. In view of this, for case 1 we define L :
(0,∞)× [0, 1]× [r,R] → R as

L(δ, η; ξ) := π̃(δ; ξ)⊤[∇πH(π̃(δ; ξ), κ̃(δ; ξ); η)− (ξ − r)1]

+ κ̃(δ; ξ)[∂κH(π̃(δ; ξ), κ̃(δ; ξ); η) + q]

where for each δ ∈ [0, 1] and ξ ∈ [r,R] we denote

π̃(δ; ξ) = δπ(ξ, η1) + (1− δ)π(ξ, η2),

κ̃(δ; ξ) = δκ(ξ, η1) + (1− δ)κ(ξ, η2).

By definition of π(ξ, η) and κ(ξ, η), we have

∇πH(π̃(0; r), κ̃(0; r); η2) = ∇πH(π̃(1; r), κ̃(1; r); η1) = 0,

∂κH(π̃(0; r), κ̃(0; r); η2) = ∂κH(π̃(1; r), κ̃(1; r); η1) = −q.

Using the expressions (5) it is easy to see that L is strictly decreasing in η. Then, taking ξ = r
for case 1 we get

L(1, η̄; r) < L(1, η1; r) = 0 = L(0, η2; r) = 0 < L(0, η̄; r).
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By the intermediate value Theorem, there exists δ ∈ (0, 1) such that L(δ, η̄; r) = 0. From
the same argument in the proof of part i. in Corollary 4.6 and Lemma 3.1, we get that
(π̃(δ; r), κ̃(δ; r)) is optimal for the risk-aversion level η̄. The argument is the same for 2 taking
ξ = R, as in this case we have

∇πH(π̃(0;R), κ̃(0;R); η2) = ∇πH(π̃(1;R), κ̃(1;R); η1) = (R− r)1.

For case 3, we suppose π(ξ1, η1)
⊤1 = π(ξ2, η2)

⊤1 = 1 for r ≤ ξ1 < ξ2 ≤ R. We now denote

π̃(δ) = δπ(ξ1, η1) + (1− δ)π(ξ2, η2),

κ̃(δ) = δκ(ξ1, η1) + (1− δ)κ(ξ2, η2),

and

L(δ, η, ξ) := π̃(δ)⊤[∇πH(π̃(δ), κ̃(δ); η)− (ξ − r)1] + κ̃(δ)[∂κH(π̃(δ), κ̃(δ); η) + q]

Let ξ∗ ∈ (ξ1, ξ2) be fixed. Since L is strictly decreasing in both η and ξ, and

∇πH(π̃(0), κ̃(0); η2) = (ξ2 − r)1,

∇πH(π̃(1), κ̃(1); η1) = (ξ1 − r)1,

we obtain
L(1, η̄, ξ∗) < L(1, η1, ξ1) = 0 = L(0, η2, ξ2) < L(0, η̄, ξ∗).

Again, by the intermediate value Theorem, there exists δ ∈ (0, 1) such that L(δ, η̄, ξ∗) = 0. By
Lemma 3.1 we conclude that the pair (π̃(δ), κ̃(δ)) is optimal for the risk-aversion level η̄.

4.2.2 Large-investor with piecewise constant price pressure

Let d = 1 and g(π) = πl(π) with l = m+1[0,+∞) + m−1(−∞,0), see e.g. Cuoco and Cvitanić
Cuoco and Cvitanić [1998] and Long [Long, 2004, Section 7.1]. We assume m+ < m− so that f
is concave. In particular, if m+ < 0 < m−, long positions in the risky asset put pressure on its
expected return, while short positions increase its expected return.

In this case it is easy to see that g̃ = 0 with effective domain N = [−m−,−m+] × R. The
same arguments of Section 4.2.1 lead to the following result

Corollary 4.12. Suppose for each m ∈ [m+,m−] there exists κ(m) ∈ [0, 1] solution to h(κ;m) =
0 with

h(κ;m) :=
bρ

σ
(µ+m− r)− ηb2(1− ρ2)κ− λE

[ Y

(1− κY )η

]
− p′(κ)

and set

π(m) :=
µ+m− r

ησ2
+

1

σ
ρbκ(m).

i. If π+ := π(m+) > 0 then (π+, κ(m+)) is optimal. In this case, the agent holds a long
position in the risky asset.

ii. If π− := π(m−) < 0 then (π−, κ(m−)) is optimal. In his case the agent holds a short
position in the risky asset.

iii. If there exists m ∈ [m+,m−] such that π(m) = 0 then (0, κ(m)) is optimal. In particular,
the agent invests all in the risk-free asset.

iv. Suppose λE[Y ] + p′(0) ≥ bρ(µ − r + m+)/σ and µ + m+ > r. Then the pair π̂ = (µ −
r +m+)/ησ2, κ̂ = 0 is optimal. In particular, the agent holds a long position in the risky
asset and insures totally against the adverse shocks.

v. Suppose λE[Y ] + p′(0) ≥ bρ(µ− r +m−)/σ and µ+m− < r. Then the pair π̂ = (µ− r +
m−)/ησ2, κ̂ = 0 is optimal. In particular, the agent holds a short position in the risky
asset and insures totally against the adverse shocks.

20



vi. Suppose λE
[

Y
(1−Y )η

]
+ ηb2(1− ρ2) + p′(1) < bρ(µ− r +m+)/σ and

µ+m+ + ησρb ≥ r.

Then the pair π̂ = µ−r+m+

ησ2 + bρ
σ , κ̂ = 1 is optimal. In this case the agent assumes totally

the insurable background risk and holds a long position in the risky asset.

vii. Suppose λE
[

Y
(1−Y )η

]
+ ηb2(1− ρ2) + p′(1) < bρ(µ− r +m−)/σ and

µ+m− + ησρb ≤ r.

Then the pair π̂ = µ−r+m−

ησ2 + bρ
σ , κ̂ = 1 is optimal. In this case the agent assumes totally

the insurable background risk and holds a short position in the risky asset.

5 Linear premium function with premium rate depending
on risky asset allocation

As a final example, we consider the case d = 1 and f(π, κ) = −(1 − κ)q(π) with q a positive-
valued differentiable convex function of the portfolio proportion π ∈ R. Such premium functions
can be used to model insurers that incorporate information about the customer in the premium
rate, thus offering coverage at a cost that reflects customers’ actual risk exposure and preventing
asymmetric information and adverse selection from being exploited. Clearly, this requires that
the agent reveals all information on portfolio holdings to the potential insurer.

Although this assumption represents mostly a hypothetical scenario, our model and the fol-
lowing result shed some light on how the agent can make an optimal decision on both investment
and insurance demand, given the correlation between the associated risks. Moreover, under the
SEC5 regulation, quarterly disclosure of portfolio holdings in public companies by institutional
investment fund managers is mandatory, so the assumption is actually not too far from the
reality of regulated investment companies such as mutual and exchange-traded funds.

Theorem 5.1. Suppose q′ is bounded and sufficiently small so that

[q′(π) + ηρbσ]2 < σ2η2
(
b2 + λE[Y 2]

)
, ∀π ∈ R. (17)

Let

Q(π) := q(π) + ηbσρπ,

G(κ) := ηb2κ+ λE
[ Y

(1− κY )η

]
.

Suppose further Q is invertible on RangeG =
[
λEY, ηb2 + λE

(
Y

[1−Y ]η

)]
and there exists κ̂ ∈

(0, 1) such that G(κ̂) ∈ RangeQ and

µ− r − ησ2Q−1(G(κ̂)) + ησρbκ̂− q′(Q−1(G(κ̂)))(1− κ̂) = 0 (18)

then π̂ := Q−1(G(κ̂)) and κ̂ are optimal.

Proof. The necessary first-order optimality conditions for existence of an interior optimal are

q(π) + ηb[ρσπ − bκ]− λE
[ Y

(1− κY )η

]
= 0,

−q′(π)(1− κ) + µ− r − ησ[σπ − ρbκ] = 0,

5Securities and Exchange Comission
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which are satisfied if (18) holds. These in turn become sufficient if the second-order condition

η
[
(1− κ)q′′(π) + ησ2

]{
b2 + λE

[ Y 2

(1− κY )1+η

]}
> [q′(π) + ηρbσ]2

is satisfied, which occurs if (17) holds.

Remark 5.2. If ρ > 0 it suffices that q′(π) > −ηρbσ for all π ∈ R for Q(π) to be strictly
increasing and invertible on RangeG. The same assertion holds if ρ < 0 and q′(π) < −ηρbσ for
all π ∈ R.
Example 5.3. We set q(π) := λE[Y ] +C(

√
π2 +A2 −A). Note that q(0) = λEY, that is the fair

premium if the agent has no exposure to the financial market. The derivative q′(π) = πC√
π2+A2

satisfies q′(π) > −ηρbσ (resp. q′(π) < −ηρbσ) if ρ > 0 (resp. if ρ < 0) and C > ηbρσ (resp.
C < −ηbρσ). Moreover, |q′(π)| < C so (17) holds, for instance, if

2[C2 + (ηρbσ)2] ≤ η2σ2
{
b2 + λE[Y 2]

}
. (19)

As before, we assume Y ∼ Beta(α, β). Then, (19) reads

2[C2 + (ηρbσ)2] ≤ η2σ2

{
b2 +

λα(α+ 1)

(α+ β)(α+ β + 1)

}
. (20)

If ρ > 0, the last inequality together with C > ηbρσ imply that the following must hold for η

(bρσ)2

C2
≤ 1

η2
≤ σ2

2C2

{
b2(1− 2ρ2) +

λα(α+ 1)

(α+ β)(α+ β + 1)

}
. (21)

This condition implicitly requires that the following holds

b2(1− 4ρ2) +
λα(α+ 1)

(α+ β)(α+ β + 1)
≥ 0.

Note that this always holds if 0 ≤ ρ ≤ 1/2. If, instead ρ < 0 we can similarly deduce that η
must satisfy the following

1

η2
≤ σ2

C2
min

{
1

2

[
b2(1− 2ρ2) +

λα(α+ 1)

(α+ β)(α+ β + 1)

]
, (bρ)2

}
.

Figure 10 shows plots of κ̂ as a function of ρ for jumps with distributions Beta(2, 8) (in blue)
and Beta(12, 8) (in orange), as the same parameter set C2 from previous sections. We observe
that monotonicity with respect to stochastic dominance also holds for this example.

Figure 10: κ̂(ρ) for f(π, κ) = −(1−κ)q(π) and parameter set C2 with jump distributions Beta(12, 8)
(orange) and Beta(2, 8) (blue)
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6 Conclusions

This article considers a hypothetical setting that extends the findings of Touzi [2000] and Lin
and Lu [2012] to the case in which the agent’s decision on portfolio choice and insurance demand
cause nonlinear frictions in the dynamics of the wealth process. Using the associated HJB PDE,
we found conditions under which the agent assumes the insurable risk entirely, partially, or
purchases total insurance against it. We also proved that the insurance demand increases with
the first-order stochastic dominance of the jump size and the magnitude of the jump arrival
rate.

We have paid special attention to piece-wise linear portfolio allocation frictions, with funding
costs arising from differential borrowing and lending rates being the most emblematic example.
We found sufficient conditions under which the agent responds to the insurable background risk
by investing at the (lower) lending risk-free rate r, holding only investments in risky assets, or
leveraging the risky-asset portfolio by borrowing at the (higher) funding rate R. The optimal
investment allocation is given by the Merton proportion plus a hedging component against
the insurable exogenous jump risk, so the agent uses the optimal demand in risky assets to
manage its exposure to both financial and background risk. The correlations also contribute
to the diversification effect. Finally, we proved a mutual-fund separation result which shows
that optimal portfolio allocations move along one-dimensional segments. Hence, the optimal
allocation for a given risk tolerance level can be obtained as a combination of two mutual funds.
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