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1. Introduction and main definitions

Let ¢ = g(t), t > 0, be a continuous-time homogeneous Markov chain with the finite state space E. Let &(t) =
et = (%(t))ijeE be the transition semi-group with the infinitesimal generator A. Consider the sequence of switching
times,0 < Ty < T, < --- < T, < -+, Ty = 0, and denote by N(t) the number of switchings occurred up to time t,
N(t) = max{n| T, < t}.

We study the piecewise linear random process

X(t) = xneey + Cary(t — Tnny), t>0. (1.1)

Herec;, i € E, are deterministic constants, and x,, n > 0, are independent random variables with distributions determined
by the current state &(T;,).

Process X(t), t > 0, describes the location of a particle that moves linearly and takes a new starting point after each trend
switch. Process X resembles well-studied Markovian growth-collapse processes, see e.g. Boxma et al. (2006). In contrast with
(1.1) the growth-collapse processes presume a constant trend with additive or multiplicative down jumps. Such models occur
in insurance mathematics and related fields, see Asmussen (2003, XIV-5) or Rolski et al. (1999, Chapters 5 and 11), and in
production/inventory models studied by Shanthikumar and Sumita (1983), among others.

On the other hand, (1.1) is related to jump-telegraph process T(t) := fot Ceuydu + fot Yeu—)dN,, which is a piecewise
linear process jumping from the current position, see e.g. Di Crescenzo et al. (2013) and Lopez and Ratanov (2012); piecewise
linear processes with jumps are presented by Ratanov (2014). Jump-telegraph processes are widely applied in various fields,
including financial market modelling, see Kolesnik and Ratanov (2013).
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In contrast to jump-telegraph process, X(t), t > 0, (1.1), completely updates starting points. Possible applications of this
type of processes could be in financial modelling and insurance mathematics.

The paper is structured as follows. In Section 2 we give explicit formulae for transition densities, expectations and limit
distributions of X(t) (as t — o0). Section 3 is devoted to a detailed analysis of the level passage times in the case of the
two-state underlying Markov process ¢.

2. Distribution

Define the transition probabilities p(t, dy | x) and p(t, dy) by entries

Pt dy [ X) = PX(0) € dy | 6(0) = i, X(0) =X},  —o00 < X,y < 00, 2.1)
and
pit. dy) = / pt.dy | X)g(dy),  —oo <y <oo, i€k, (22)

where g;(dx) is the distribution of the initial starting point at the initial state i = ¢(0). By conditioning on the first switching
one can obtain the following integral equations

t
pi(t, dy | X) = e M8 q(dy) + ) / rje Mp(t — T, dy)dr,  i€E, (2.3)
jeE, j#iv0

iAij. Further, by (2.2)

where §,(dy) denotes §-measure localised at point a and A; = Z'ea it

J

t
pit, dy) = e iglidy) + 3 / rge Tt — v dy)dr,  ieE. (2.4)
jek. j#i70

Here g/(dy) is the displacement of measure g;: for any integrable test-function ¢

o0 o0
| owetan = [ o+ asia)
—00 —00
Systems (2.3) and (2.4) can be solved explicitly. Note that when all trends vanish, ¢; = 0, i € E, the distribution of
X(t) = Xn(r is given by P{X(t) e dx | e(0) = i} = ZjeEq)ij(t)gj(dx). where @;(t) are the entries of the transition semi-group
e/ introduced in Section 1.

Theorem 2.1. The transition probabilities p(t, dy | x) and p(t, dy), (2.1)-(2.2), have the form

t
pilt, dy | x) = e '8, (dy) + ) / Dyt —7)| Y Ape T grk(dy) | dr, (25)
jeg Y0 keE k+j
t
pilt, dy) = e Hgi(dy) + ) / Gyt =) | D e HgM(dy) |dr, icE. (26)
jeg V0 keE k+#j
Let

Mi(t) = /Oc E{Xi(t) | (0) =i, Xi(0) = x}gi(dx),  i€E.

o]

Then,

t
M;(t) = e (m; + te;) + Z/ Byt —7)| Y Ape H(m + 1) | dr, (2.7)
jek Y0 keE, ki

where m; = [ xgi(dx), i € E.

Proof. By conditioning on the last switching time and using the time-reversal property, see e.g. Brémaud (1999), one can
derive (2.5): the first term corresponds to the case of no switchings and other summands describe the movement of the
particle, which starts at time 0 from the state i € E and makes the last switching at time t — t. Eq. (2.6) follows from (2.2).
Formula (2.7) follows from (2.6). O
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Example 2.1. Letc; = 1, A; = A, i € E, and the random points x, are identically distributed with distribution g. In this
case (2.6) becomes

t
ple.dy) = e g e+ [ ae T eay)dr. 28)
0
After applying Fubini’s theorem one can see that the distribution (2.8) of X(t) is
y
p(t, dy) = e *gi(dy) + [Ae“’/ e“g(dx)} dy. (2.9)
y—t
In particular, if g(dy) = 8(dy), thatis x, = 0 n > 0, then by (2.9)

p(t, dy) = e *8,(dy) + re ™ 1gydy. (2.10)

Example 2.2. Consider the two-state Markov chain with alternating switching intensities A9, A1, so called flip-flop process,

Brémaud, (1999). Let 21 = Ag + A1 and 2v = Xy — Aq. The transition semi-group is defined by

1 < A+ )\oe_zM Ao (1 — e_z“))

(t) = exp(tA) m Al(l—e_ZM) Ao + Ao 2

see e.g. Kolesnik and Ratanov (2013, 4.1.23).
In this case formula (2.6) becomes

. t .
p(c, dy) = e A" g (dy) + Aok / At — m)e” ™" [g7(dy)] d, (2.11)
0
where
diag __ )LO 0

a= (3 3)

and
N =1 sinh(At) a7t (cosh(,\t) - %sinh(m)
Alt)=e (2.12)
A (cosh(u) n %sinh()\t)) 51 sinh(At)

Note, that in the case Ao = A; = A and gy = g; = g formula (2.11) coincides with (2.9).
In the two-state case formula (2.7) for expectations can be simplified also. Let M = (My, M;). By (2.11) we have

) t .
M(t) = e (m + tc) + Ao / At — 0)e ™" (m + rc)dr, (2.13)
0

where ¢ = (cp, ¢1) and m = (img, m;). Formula (2.13) can be expressed explicitly, but this is tedious. If .y = A1 = A > 0,
this formula looks simpler:

1—e™ (¢ 1—e 2 (Ac—rAm
M(t)=m+f<c0 + = laam— ac)- (2.14)

where Ac = ¢y — €1, Am =mg — m;y.
To prove (2.14) first note that in this case formula (2.13) becomes

t
M(t) = e (m + tc) + A2 f e MA(t — T)(m + rc)dr,
0

where

1 Y —2at
) (1 e 1+e )

= ﬁ 14e 2 _e 2
such that
1/0 1 dA(t) a1 —1
A(0) = 7 (1 0) and - e 11
Therefore,

dM(t) -t CQ—A(Am-FtAC) 2 —2at ! AT Am+ Tt Ac
dt =¢ 1+ AMAm+tAc) +A%e 0 € —Am—tAcC de.
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By integrating we have

am(t) o [ Am —at oy [ AC
g = ¢ e “am) @ =T 4

_ ot fC —at [ AC—rAm
=¢ (co> +e (AAm — Ac )’
which gives (2.14).

From Theorem 2.1 one can obtain the limiting distribution, as t — oo.
Let ¢ = g(t) be an ergodic regular homogeneous Markov chain, Brémaud, (1999), that is

lim ®4(t)=m, i, jeE. (2.15)
t—o00

Theorem 2.2. Process X(t) converges in distribution, as t — oo. The limit distribution is

pldy)= Y mikpdCh dy), (2.16)
J.keE, k#j
where (s, fo e S’g ”" -)dt is the time-Laplace transform of distribution gk k().

The lzmlt of expectatlons is gzven by

Ck \ Ajk .
lim My(t) =y Yy ( +fk>7k’ icE. (2.17)

JjeE keE, k#j

Proof. Applying (2.15) to (2.6) by Lebesgue’s dominated convergence theorem we obtain

Jimop(edy) =3 7 3 / e g ¥(dy)dr, (2.18)

JjeE keE, k#j

which gives (2.16).
By (2.7)

Jim Mi(t = > ”J)‘Jk/ M (my + To)dr,
Jj.keE, j#k
which gives (2.17). O

Formula (2.16) looks in detail as

B 77‘)\‘1 B y 0
) = 3 e e / €M/ gy (d2) g0 + / /g, (d2)1 g, 0 | dy
. . K —00
JokeE, ketj Y » (2.19)
> T )=o)
J.keE, k#j

To prove this, note that with any test-function ¢ applied to the integral term of (2.18) we have

/ ) / e Mg (dy)dr = / [ / ¢(y+ckr)e—kkfdr]gk(dy).
—00 0 —00 0

By applying again Fubini’s theorem we obtain

1 [ Y
- ply)e M/ [ / e/ C"gk(dl)] dy, ifg >0;
—00 —00

Ck

1 [ »
@f ) [e_wm/ e)\kZ/Ckgk(dZ)] dy, ifce <0;
. !

—l o0
o / d(¥)gr(dy), ifce = 0.
k J—-c

and

Example 2.2 (continued). Note that in the case of Example 2.2 the limiting distribution (2.19) can be simplified to

p(dy) =

dy) + ¥r1(r1, dy)], (2.20)
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and formula (2.17) becomes

. . AoA1 | mg my Co C1
lim My(t) = lim M;(t) = —+ —+ =+ =.
t—00 o(t) t—o00 1(t) 2\ |:k0 A k(z) )‘%]

3. First passage time

Let T} = TX(y) = inf{t > 0 : X;(t) > y}, be the first passage time through the fixed level y starting with the initial point
X, Xi(0) =x <y; €(0)=1i € E.Toavoid overshooting we assume that the distributions of x,, are supported in (—oco, y).
From viewpoint of possible applications, this means that the supporting level y is visible for a moving particle.

If all velocities are nonpositive, ¢; < 0, j € E, then Tj"(y) = 00, a.s. Note that in the case of a positive velocity c; the
distribution of T*(y) has an atom: if ¢; > 0, then P{T(y) = (y — x)/c¢i} = exp (—=Ai(y — x)/ci).

Let fi(x, y, t) be the density function of T(y),

filx, y, t) .= P{T}(y) € dt}/dt, t>0,i€E.

Conditioning on the first switching we obtain

tNE;

flxy ty=ehse—g) + Y / hije M [/ ﬁ(z,y,t)gj(dz)]dr
. 0 —00

t [ee]
+ / rge i [/ fiz.y. t)g;(dz)} dr, i€,
. .. J0 —00
JEE, j#i
<0
where §(-) is Dirac’s §-function and &; = (y — x)/c;.
In what follows we study in detail the “flip-flop” case of the two-state Markov process ¢, £(t) € E = {0, 1}.
3.1. Positive velocities

Let both trends be positive, g > ¢; > 0, and the alternating distributions gy, g1 of renewal starting points satisfy the
condition gj((—o0,y)) =1, i € {0, 1}.

Theorem 3.1. The first passage times T} and T} have proper distributions,
P{T)(y) < oo} = P{T{(y) < o0} =1, X <}y. (3.2)
Let the renewal starting points be exponentially distributed over the half-line (—oo, y),

g(dz) = aiexp(—ai(y — 2))1z<ydz,  a; >0,
and w; = A; + cia;, i € {0, 1}. Then, the density functions f, and f, are given by

fix,y, t) = e ME8(t — &)+ A I:Alfiu(t NE Ai— 53)67%[ + Bi_iu(t A&, A — 53{)647[] ,ie {0, 1} (3.3)
Here
5"_y_x S*_li()'l-lh—~/B s*_M0+M1+«/5 (3.4)
1 C,‘ ’ 0 — 2 ’ 1 — 2 ’ .

D = (o — p1)* + 4rorq; constants A; and B; are given by

_ op1 — dort — (po — Ao)sp Aor1 — popr + (o — Ao)sy

A ’ B — ’ 3.5
0 \/5 0 \/B ( )
A o1 — Aorq — (1 — )\1)58’ B, — Aor1 — popr + (1 — M)ST’ (3.6)
JD VD
and

¢ 1—eF 0
u(g, B) :=/ efar=1"p 7% >0

0 &, B=0.
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Proof. For the two-state case, by (3.1) the following coupled equations hold: for t > 0

tAEo
folx, y, t) = e 0%05(t — &) +/ roeM0Thy(y, t — T)dr,
0 (3.8)

tAEq
filx.y.t) = e M85t — &) +/ Ae M Thy(y, t — T)dr,
0

where hi(y, t) = [4fi] (¥, t) = ffooof,-(z,y, t)gi(dz), i € E = {0, 1}. Let
ai(y, s) = [ZLshil (v, 5) = [Zs @1 (. 5). s = 0,

be the time-Laplace transform of h;, i € {0, 1}.
By applying to system (3.8) the time-Laplace transformation .%;_,; we have

[Z-sfol (x,y,5) = exp(—(Ao + $)€0) + Aou(&o, Ao + S)o1(y, ), (3.9)
[Z%Sf‘l] (X! Y, S) = eXp(—()\,] + 5)51) + )“‘lu(sl, )‘41 + S)ao(yv 5)7 .

since
Zi50(t — &) = exp(—s&)

and, by Fubini’s theorem,

tAE [e's] tAE
700 / e Mhy, t —t)dr = / e Stdt / e Mh(y, t —t)dr
0 ¢ -~ 0 0
= / e’”dt/ e Sh(y, t — 7)dt = u(&, A + s)a(y, s).
0 T
Here function u = u(§, B) is defined by (3.7).
Note that .%,_. s is commutative with ¢, and ¢;. Applying operator % to the first equation of (3.9) and operator ¢, to the

second one, we obtain the linear algebraic system,

w0y ) = Bo (Bols)) + % [1— & (Bols)] cr(y. ).
. A A
ai(y, s) = &1 (Bi(s) + Tls [1- 81 (Bis)] (v, ),

where By(s) = Af;:s, Bi(s) = Alc—:rs and

&i(B) = / N e PUNg(dx), B>0, ie{0, 1} (3.10)

The integral in (3.10) converges by the condition, g;([y, co)) = 0.
The solution of the algebraic system is given by

. A . N
ao(y. s) = (Q(s)™ {go (Bo(s)) + o —(i)-s [1— 80 (Bo(s))] & (,31(5))} ;
(3.11)
ai(y, s) = (Q(s)™! {& (Bi(s) + Mﬁ 8o (Bo(s) [1-& (m(s»]} ,

where Q(s) =1 — % (1 -8 (xgoﬂ)) (1 -8 (*l—f)) , s>0.

By (3.11) it is easy to see that ao(y, 0) = a1(y, 0) = 1. Therefore, due to (3.9) the first passage times T}(y) and T{(y) have
proper distributions P{T}(y) < oo} = P{T{(y) < o0} =1, Vy, y > x.

Functions «p(y, s) and a1(y,s) can be obtained explicitly whenever the renewal starting points are exponentially
distributed over half-line (—o0, y),

8i(dz) = a;exp(—ai(y — 2))1;<ydz, ie{0,1},

where ag, a; > 0 are constants, that is g;(8) = a;/(a; + B). In this case we have

) B Ai+s .
1—g9; ips = its = ’ 1e O, 1 ’
& (B) |ﬁ:’wc‘i*' a+p ﬁ:)\lc-;— Mmi+s { }
where po = doCo + Ao, 111 = ai¢1 + Aq. Therefore
hoh $
Q) =1- D a

(o + ) p1+5s) (o +S)u1+5s)
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b 0.3

Fig. 1. Density functions fo(0, 2, t) (absolutely continuous parts) withcg = 1, ¢; = 0.5: for(a)ap = a; = 1; 1o = A; = 1, 0.5, 0.2 (from top to bottom);
for (b)ag =a; =1, 2, 5, respectively, 1o = A1 = 1, 0.5, 0.2 (from top to bottom).

and (3.11) becomes
(gCoS + M1doCo + Apd1Cy

ao(s) =
(s) (3.12)
a1C1S + [Loa1Cq + A10gCo
ai(s) = ,
q(s)
where q(s) = (po + )1 +5) — Aor1, s> 0.
Let s§ and s] be defined by q(s) = (s + sj)(s + s7). It is easy to see that, sj, s7 > 0, and
A; B; .
(s) = _, ie{0,1},
ai(s) SJFSSJrSJFST {0, 1}
where s§, s7 are given by (3.4) and coefficients A;, B;, i € {0, 1}, are defined by (3.5)-(3.6).
Making the inverse Laplace transformation we obtain functions hg and hy,
ho(t) = Age 0! + Boe™*1',  hy(t) = Aje %' +Be~%it, ¢ >0. (3.13)

By (3.8) and (3.13) the density functions of Tj(y) and Tj(y) are given by (3.3) (see Fig. 1). O

Remark 3.1. Formulae (3.8) give the solution of the problem for arbitrary distributions gy and g;: the density functions f,
and f; are expressed by means of the inverse Laplace transforms hg and h; of ¢g and a1, (3.11).

Example 3.1. Letco =c; =1, Ao = A; = A and agp = a; = a(see Example 2.1). Then, by (3.3) we have
fo=fi=e N5t —(y —x)+ra-u(t Ay —x), A —a)e™ ™.

Remark 3.2. The mean of the first passage time T*(y) for a Markovian growth-collapse process has been studied in detail, see
Lopker and Stadje (2011). Meanwhile, formula (3.3) presents the explicit representation of the distribution (in the special
case of two-state processes with exponentially distributed jumps).

3.2. Velocities of opposite signs

Let the trends be of opposite signs, c = ¢y > 0 > ¢y, and distributions g, g; satisfy the condition gi((—o0,y)) =1, i €
{0, 1}.

Since ¢; < 0, the distributions of T{(y) and T{(y), x < y, do not depend on g; and c;. Further, T{(y) does not depend on
the starting point x.

Let fo(x, y, t) and fi(y, t) be the density functions of distributions of T}(y) and T;(y) respectively.

Theorem 3.2. The first passage times T} and T} have proper distributions, (3.2).
Let the renewed starting point of the upwards movement be exponentially distributed, go(dx) = g(dx) = aexp(—a(y —
x))]l{xq,dx.
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Then, the density functions fo = fo(x, y, t) and f1 = f(y, t) = fi(t) of T§(y) and T;(y) are given by the following:

acioh " "
fole. . 1) = e 9650 — )+ = [t A &, 20 = sp)e™5 — u(e A &, — s} ] (3.14)
and
aciq " *
At = £ [e*ﬁof _ e*slf] . t>0, (3.15)
VD
where &£ = (y — x)/c and
1 1
st = ~(ho + A1 + ac — VD), s = —(ho4+ A +ac++D), 0<s:<sk
0 2( 0 1 ) 1 2( 0 1 ) 0 1 (3.]6)

D= (ho+ A1 +ac) —4dack; = (i — ac)* + rg(ho + 211 + 2ac)
and function u = u(&, B) is defined by (3.7).

aciq
ac+i1”

By definitions (3.16) it turns out that 1o < s} always holds. Further, the equality Ao = s§ holds, only if Ao =

Proof. System (3.1) becomes

tAE
folx,y, t) = e85t — &) + / Ao M fi(y, t — 7)dr,
0 (3.17)

t
fily.t) = / e MTh(y, t — T)dr, t > 0.
0

Here & = (y — x)/c, ¢ = cp, and h(y, t) = ffooofo(z,y, t)g(dz), where g = go corresponds the distribution of the starting
point of the upward motion.
Passing to the time-Laplace transform, we get

{[:i”r—mfo] (x,y,5) = exp(—(Ao + 8)&) + Aou(&, Ao + 5) [L=s[1] (1, ),

A
[~ il0.5) = - ;Sa(y, s),

(3.18)

where
oy, $) = [Zorsh] (v, 5) = f et [ f fo(x,y,r)gmx)]dr
0 —00

is the time-Laplace transform of h and function u = u(&, ) is defined by (3.7).
Similarly to the proof of Theorem 3.1 one can obtain

Al
,S),
Ha(y )

. A .
a(y, s) = 8((ho +5)/c) + Tis (1-&((ko +5)/0)) 5

(o)

where §(8) = [~ e PU"g(dx). Therefore

a(y.s) = 8((Ao +)/c) (3.19)

ok - .
1- (Ao+so)(kl1+s) (1= &((0 +5)/0)

If the distribution of the renewed starting point is exponential, g(dx) = aexp(—a(y — X))1ix<ydx, that is g (*0“) =

T
I exp (—(ho +5)EF) g(dx) = acio7s» then (3.19) becomes

_ ac(hi +5)
S q0s)

where q(s) = (ac + Ao +5)(A1 + ) — Aoh1 = 5% 4+ (Ao + A +ac)s +acky = (s + sp)(s + s7) with sj and s7 given by (3.16).
Hence,

ac [r—sF st —2q
o= [ 0 1 ’

VDL s+s; s+s3
and the inverse Laplace transform h can be expressed by
ac * *
= I:()\.] —ss)e%t — (g — s’{)e’slt] )

N
With this in hand, due to the second equation of (3.17) we easily obtain (3.15). Then, by the first equation of (3.17) one can
obtain (3.14). See Fig. 2. O
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a 0.45 T T T T T b 025 T T T T T

0.4
02
0.35
0.3

0.25

0.2
0.1

0.1

0 ! ! ! N 0
0 2 4 6 8 10 12 0

Fig. 2. Density functions fy(0, 2, t) (absolutely continuous parts) withc = ¢ > 0 > c¢;: for (@) withc = 1,a = 1,4 = land Ay =2, 1; A =
1, 2; 41 =0.5 3;for(b)withAig=A; =1landc=1,a=1 1; c=2,a=05 2; c=5,a=0.2 3.

Remark 3.3. The distribution f = f(t) of the times between consequent passages through the fixed level y satisfies the
equation

t
fe)y= / Ao MTfi(t — T)dr.

0
By (3.15)
t
fe) = —)Loj}l_ac e ot [e‘sg“‘” - e‘s7(t‘f)] dr
D Jo
)\.OA.]aC —s¥t ¥t
= —— |u(t, ro — s3)e " —u(t, 1o — s7)e "1 ] .
7|

4. Conclusion

Distributions of a piecewise linear process which starts after each tendency switching from a new random point are
completely described. In the case of two-state process the distributions of the level passage time are presented explicitly.
Applications of these processes will be presented elsewhere later.
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