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Introduction

This dissertation presents three studies on the optimal investment/saving policies in

contexts where the agent’s or firm’s income, whether endogenous or exogenous, is

correlated with other sources of uncertainty. The included works address fundamental

questions such as: How are optimal investment policies affected when the agent

receives a stochastic labor income and has a stochastic life span? What is the

impact on the agent’s optimal policy with stochastic labor income and stochastic

life span when this utility is constant relative risk aversion? How can self-financing

help maximize the entrepreneur’s consumption while investing capital in multiple

production factors and in the presence of exogenous shocks that are related to shocks

in the financial market?

To address these questions, continuous-time models based on stochastic pro-

cesses are developed to capture the dynamics of investment and savings markets,

as well as other sources of uncertainty. Unlike previous studies, these works allow

for imperfect correlations among these sources, better reflecting empirical evidence.

Using stochastic optimal control techniques, partial differential equations are derived

and solved numerically to approximate the optimal policies. Additionally, a compre-

hensive sensitivity analysis is conducted regarding the model parameters, and the

results are compared with existing literature.

The first study analyzes an agent whose lifespan or retirement is governed by

a stochastic process and whose exogenous income is correlated with this process.

Relevant examples include the COVID-19 pandemic, which increased mortality

probabilities and disrupted financial markets. This work’s main contribution is

integrating two previously separate lines of research: stochastic income and random

lifespan. In particular, it assumes an imperfect correlation between income, lifespan,
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and the financial market, allowing for a more realistic and applicable modeling

approach.

The second study is based on empirical evidence suggesting a correlation between

the Consumer Price Index (CPI), household income, and the exchange rate against

the U.S. dollar. In this context, a model is developed where a household receiving

exogenous income in local currency and facing inflationary fluctuations can save in

foreign or local currency to maximize its terminal real wealth. The optimal policies

obtained do not directly depend on observed inflation but rather on parameters such

as CPI volatility, highlighting the importance of adequately modeling these factors

in economies subject to high uncertainty.

The third study examines entrepreneurs who must decide how to allocate their

wealth between production factors for their business and investments in the financial

market to diversify. Their income is derived from the firm’s productivity, with the

aim of maximizing the utility derived from consumption. The main challenge is that

the entrepreneur’s wealth is subject to shocks associated with production factors

that correlate with financial market shocks. Notably, the model incorporates shocks

characterized by a jump process, enabling the modeling of events such as natural

disasters, financial crises, or pandemics.

Key findings from this model include:

1. Failure to consider correlation and jump can lead to suboptimal policies.

2. One- and two-fund separation results are obtained for Constant Absolute

Risk Aversion (CARA) and Constant Relative Risk Aversion (CRRA) utility

functions, respectively.

These insights underscore the importance of accounting for correlation or jump

and utility functions in optimizing input and financial portfolio allocations for firms

operating in dynamic and uncertain environments.



Chapter 1

Optimal investment with stochastic income and

uncertain time horizon

Camilo Andre Castillo Tarazona

Abstract

In this paper, we study the problem of optimal portfolio allocation in continuous

time, where the investor’s income stream is correlated with stock prices, and their

stochastic lifetime is correlated with the stock market. The agent’s objective is to

maximize the expected utility of wealth at retirement, with the control variable

being the amount invested in the risky asset. Utilizing dynamic programming, we

derive the Hamilton-Jacobi-Bellman (HJB) equation to characterize the optimal

strategy. In the case of perfect correlation, we obtain optimal policies in closed form.

In the case of imperfect correlation, we apply a dimensional reduction to allow a

numerical approximation to the optimal policies. Our model illustrates that both the

income flow and the uncertainty surrounding retirement/death significantly affect

the optimal investment strategy. Moreover, when there is a correlation between the

financial market and income or between the financial market and lifetime, the effects

on optimal policies cannot be disentangled. However, the sign of the correlation

between different sources of randomness impacts the optimal policies.
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1.1. Introduction

This study addresses the problem of optimal portfolio selection in continuous time,

focusing on an investor who simultaneously faces financial and mortality risks. This

issue is particularly relevant for households, insurance companies, and pension funds,

which must incorporate mortality risk into their investment decisions.

For instance, households must account for mortality risk to estimate their

investment horizon accurately. Underestimating this horizon can lead to overly con-

servative decisions, resulting in lower accumulated returns, whereas overestimating it

could produce investment plans that are unattainable. In both scenarios, uncertainty

regarding mortality has a direct impact on optimal savings and investment decisions.

Similarly, insurance companies are significantly affected when managing life

insurance contracts. Underestimating mortality rates can lead to insufficient reserves,

jeopardizing the financial stability of these firms. Additionally, miscalculating the

risk premium—the cost associated with mortality risk—can shift this burden onto

households, directly affecting their wealth. Therefore, exposure to life events becomes

a central element in risk management and financial planning.

Recent events, such as the SARS-CoV-2 pandemic, have highlighted the im-

portance of integrating mortality risk into financial decision-making. This global

event not only increased mortality rates but also caused substantial disruptions

in financial markets. For example, during the H1N1 influenza pandemic in 2009,

life insurance reserves in the United States reached $3.8 trillion, according to the

American Council of Life Insurers (ACLI, 2010), illustrating the direct link between

public health events and economic stability. Similarly, the recent pandemic led to

significant fluctuations in mortality rates and, consequently, in financial market

dynamics.

Figure 1.1 shows the weekly variation in total deaths across countries such as

Austria, Hungary, Sweden, Switzerland, the Czech Republic, and Portugal. While

changes were minimal in the years prior to 2020, sharp increases were observed in

2020 and 2021, attributable to the pandemic. Meanwhile, Figure 1.2 presents the

distribution of weekly deaths in Hungary and the United States from January 2015
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to October 2022, highlighting the inherent randomness of mortality risk and the

shifts in these rates over time.

Figure 1.1: Weekly total deaths in various countries. Source: Human Mortality
Database. The University of California, Berkeley (USA), and Max Planck Institute for
Demographic Research (Germany). Available at www.mortality.org (downloaded
data [17/12/2022]).

In light of this evidence, this study proposes a continuous-time model for

optimal portfolio selection that incorporates the uncertainty associated with the

agent’s stochastic mortality. This model presents two key challenges: (i) assuming an

imperfect correlation between income and the risky asset, which makes it impossible

to replicate income flows perfectly and complicates the valuation of future income

streams, and (ii) modeling the agent’s mortality as a stochastic variable whose

dynamics are not directly linked to financial market prices, thereby introducing an

additional source of uncertainty into the model.

The problem of continuous-time optimal portfolio selection under uncertainty

has long attracted the attention of researchers, R. Merton (1971) under certain

www.mortality.org
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(a)

(b)

Figure 1.2: (a) Frequency histogram of weekly deaths; (b) Q-Q plot of the number of
deaths per week. Source: Human Mortality Database. The University of California,
Berkeley (USA), and Max Planck Institute for Demographic Research (Germany).
Available at www.mortality.org (downloaded data [07/05/2021]).

assumptions and using dynamic programming, presents closed forms for the optimal

proportion that should be invested in a risky asset and the optimal agent consumption

when (i) the agent receives labor income, or (ii) the agent faces mortality risk,

whose age of death is the first moment in which an event occurs with exponential

distribution. R. Merton (1971) shows that the no-income model policies are still

optimal under certainty in the income increase and random occurrences. However,

He and Pages (1993) demonstrates that, under these policies, the wealth process can

take values below zero, opening the possibility of selling his income in the market

and borrowing against his income. By imposing restrictions on the agent’s wealth

(liquidity restrictions), the authors have a more realistic model where the agent’s labor

www.mortality.org
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income is stochastic, perfectly correlated with the market, and non-tradable. Under

the assumption of perfect correlation, the authors construct a certain equivalent

for future income flow and show that liquidity constraints lead to smooth optimal

consumption.

In the works of Duffie and Zariphopoulou (1993) and Duffie et al. (1997), the

time horizon is infinite, and they characterize the value function when the agent’s

income is imperfectly correlated with the risky asset. In a similar model, Koo

(1998) identifies several general properties of the value function using a dynamic

programming approach when the time horizon is infinite, the labor income follows a

stochastic exponential process, and liquidity constraints. Under this framework, the

optimal policies are expressed in terms of wealth and the implied value of the future

income stream. However, in none of the above cases are explicit closed-form solutions

provided for models with stochastic income and imperfect correlation. Munk (2000)

present a numerical solution via the Markov chains approach to solve the same

model presented in Duffie and Zariphopoulou (1993), showing that with imperfectly

correlated income, both consumption and investment policies are functions of wealth.

This paper generalizes that model by treating time as a stochastic process correlated

with both the risky asset and the agent’s income.

Different methodologies can be found in the literature to model the randomness

of the risk of death, among which are: suppose that the time is a random variable

with a probability density function deterministic, often exponential (see Pliska and

Ye (2007a), Pliska and Ye (2007b), Huang et al. (2008), Hambel et al. (2017), Zeng

et al. (2015), Wei et al. (2020), N. Wang et al. (2021), Peng and Li (2023) and

Dehm et al. (2023)), or assuming that the probability density function is a stochastic

process, which allows capturing changes over time for each cohort, but no changes

in the same cohort over time.

Blanchet-Scalliet, El Karoui, Jeanblanc, et al. (2008) present a model where

the agent’s time of eventual exit follows a random variable, and the conditional

distribution admits a density function that follows a stochastic exponential. The

agent’s preferences are modeled with a CRRA utility function, and closed-form
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solutions are derived for the amount invested in the risky asset when this amount is

the only control variable and the agent has no income. Under these assumptions,

they show that the amount invested is linear with respect to financial wealth.

The assumption about the density in Blanchet-Scalliet, El Karoui, Jeanblanc,

et al. (2008) does not consider some situations that may significantly affect the

agent’s probability of death. The agent’s probability of death may suffer positive and

negative shocks associated with events such as financial diseases or income changes.

We present a model of optimal portfolio selection where the agent receives a

stochastic labor income and has a lifetime modeled from a distribution function

whose density follows a perturbed diffusion process. The control variable is the

investment in the risky asset, and the objective is to maximize the expected utility of

the terminal wealth when the utility function is CRRA. The significant contribution

of this paper is to unify and generalize stochastic income models whose correlation

is imperfect with the risky asset and stochastic time models.

This work seeks to answer the following questions: How are optimal investment

policies affected when the agent receives a stochastic labor income and has a stochastic

life span? What is the impact on the agent’s optimal policy with stochastic labor

income and stochastic life span when this utility is constant relative risk aversion?

In the related literature, several papers consider income and obtain closed

solutions when adding some assumptions, for instance, N. Wang (2009), Henderson

(2005), and Zhang et al. (2019). N. Wang (2009) assumes an infinite time horizon,

employs Ornstein-Uhlenbeck dynamics for the income, and obtains closed-form

solutions for the amount invested in the risky asset and consumption that optimize

the discounted utility of consumption, and the agent has a Constant Absolute Risk

Aversion (CARA) utility function. As for the development of closed solutions when

the agent has an imperfectly correlated income, the existing literature is limited.

Henderson (2005) finds analytic solutions for the value function and the optimal

policy when the agent has a CARA utility function. The objective is to maximize

the expected utility of the terminal wealth under the assumptions of a finite time

horizon, and the labor income process is a Brownian motion with and without mean
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reversion. The possibility of finding closed solutions to the model of Henderson (2005)

comes from the particularity of the agent’s utility function, the objective function,

and finite time. These characteristics are not present in the model proposed in this

paper. It should be noted that for the model proposed in this paper, and in cases

such as a perfect correlation between the agent’s income and the financial market

and Constant Relative Risk Aversion utility function (CRRA), closed solutions are

found that have a particular relationship with the case of CARA. Regarding models

with CRRA utility and income, Zhang et al. (2019) assume a perfect correlation

between income and other sources of randomness.

The literature about random time can be divided into two streams: one in which

the agent’s lifetime is included in the optimal portfolio selection problem, including

life insurance, and the other in which the life insurance is not included. In the life

insurance strand the seminal work of Richard (1975) maximizes the expected utility of

consumption and bequest, assuming the agent’s lifetime is governed by a probability

distribution with deterministic density. The agent also has a deterministic income.

Using the dynamic programming approach, Richard finds closed-form solutions for

optimal consumption, the proportion invested in the risky asset, and the insurance

premium. An interesting result of this model is that lifetime and taking insurance do

not affect portfolio investment opportunities. This result is confirmed in the model

presented in this paper when income and financial market correlation is perfect.

Maintaining the same dynamic programming approach, Pliska and Ye (2007a)

present a model where a deterministic hazard ratio governs the agent’s time of death,

and the agent has access to life insurance and receives a deterministic income. The

objective is to maximize the expected utility of consumption, with consumption and

the risk premium as control variables. In the line of work on deterministic hazard

ratio, Huang et al. (2008) presents a model that includes labor income correlated

with the market and solved it by numerical methods. The model presented here

generalizes this literature by including randomization to the survival rate.

Using a different solution approach, Karatzas and H. Wang (2000) and Bouchard

and Pham (2004) employ martingale properties to find optimal policies. While
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Karatzas and H. Wang (2000) focuses on maximizing the expected discounted utility

of consumption under the assumption that the agent’s time of death is a stopping

time (an assumption that does not add uncertainty to the model), Bouchard and

Pham (2004) present a model for maximizing utility of the wealth dependent path,

where the process governing the agent’s time-of-death distribution may not admit

a density function. In both cases, the agent’s income is not considered, which is a

feature of the model presented in this paper.

The article is organized as follows. Section 2 presents the financial market,

income, and time model. Section 3 presents the Hamilton Jacobi Bellman (HJB)

equation, presents closed solutions when the utility function is CRRA and (i) no

labor income; (ii) perfect correlation between the market and the agent’s income; and

(iii) semi-closed solution for the case of imperfect correlations. Section 4 presents the

numerical solution to the general case and a sensitivity analysis of some parameters

of the interrelationships. The conclusions are presented in section 5.

1.2. The Model

We consider a continuous-time setting where an agent receives an exogenously given

stream of non-negative stochastic labor earnings .C from non-financial sources until

a fixed retirement time ) > 0. We assume the labor income process .C follows a

diffusion process (to be specified below) defined on a probability space (Ω,F,P)

endowed with a filtration F = {FC ; C ≥ 0} satisfying the usual conditions.

The agent can self-insure against income loss by saving or borrowing from a

risk-free money market account with continuously compounded interest rate A > 0,

or by holding shares of a market index that follows a geometric Brownian motion of

the form

3(C = (C [` 3C + f 3,C ], (0 > 0.

Here ` ∈ R and f > 0 are the mean rate of return and volatility of the market index,

respectively, and ,C is a real-valued Brownian motion on (Ω,F,P). At each time

C ≥ 0 the individual chooses the (dollar) amount \C invested in the market index.

We refer to this process as the investment strategy.
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The agent’s wealth -C is defined as the total market value of the financial

holdings of the agent at each time C ≥ 0. We assume the agent is self-financed in the

sense that -C satisfies the controlled wealth equation

3-C = [A-C + \C (` − A) + .C ] 3C + \Cf 3,C , -0 = G > 0. (1.1)

The investment strategy must satisfy some technical conditions for the wealth

process to be well-defined. The agent cannot borrow against her future income, i.e.,

wealth must be non-negative -C ≥ 0 at all times C ≥ 0. The policy \ is admissible if

it is adapted to F, and let A(C, G, H) the set of all admissible policy such that the

wealth process is non-negative with initial wealth level G and initial income rate H at

date C.

The agent’s preferences are given by a utility function * : (0,∞) → R. This

function is assumed to be continuously differentiable, strictly increasing, strictly

concave, and to satisfy the Inada conditions

lim
G→0

* ′(G) = +∞, * (+∞) := lim
G→+∞

* ′(G) = 0.

Let g denote the agent’s time horizon, that is, the maximum length of time for which

the individual gives weight to the utility of wealth. We assume it is a positive random

variable measurable with respect to the sigma-algebra F. The goal of the agent is to

maximize the expected utility functional E[* (-g∧) )] . Note that, given the agent’s

time horizon g and retirement date ), the investment horizon now becomes g ∧ ).

For the income process, we employ a widely used model that is tractable and

allows us to focus on the interaction between stochastic income and the other sources

of randomness. As in Henderson (2005) (see also Munk and Sørensen (2010) and

C. Wang et al. (2016)) we assume .C follows a geometric Brownian motion of the

form

3.C = .C [1 3C + � 3,̄C ], .0 > 0

where ,̄ is a Brownian motion on (Ω, F, P), possibly correlated with ,C , that is, the

quadratic covariation of , and ,̄ satisfies
〈
,, ,̄

〉
C
= dC for some d ∈ [−1, 1] .

We model the information set available to the agents such that it includes at

any date C information about past values of asset prices, income, and information
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about the event of interest (NC := f(g ∧ C)). the smallest filtration satisfying that

property is know as the progressive enlargement denoted by G, of F of g (see Jeulin

(1980) or Blanchet-Scalliet, El Karoui, and Martellini (2005) form more details).

We do not assume that F) equals F since we want to allow sources of uncertainty

different from the randomness of the financial market and the labor income process.

Indeed, we do not assume that the agent’s time horizon g is a stopping time with

respect to the filtration generated by the market index and the labor income1.

Observing (C and .C up to date C does not imply full knowledge about whether g has

occurred (or not) by time C. Formally, there are some dates C ≥ 0 such that the event

{C < g} does not belong to FC .

This assumption is a crucial feature of our model. Nevertheless, it is a severe

complication since, in general, the sources of randomness are not independent.

Following Blanchet-Scalliet, El Karoui, Jeanblanc, et al. (2008) and Bouchard and

Pham (2004), we isolate the sources of randomness by conditioning the timing

uncertainty upon FC . For instance, P(g > C |FC ) is the probability that the agent has

not reached her time horizon at date C, given all possible information about the

financial market and the income process. We denote by

�C := P(g ≤ C |FC ), C ≥ 0,

the conditional distribution of the agent’s time horizon. So that the expected utility

functional can be re-written as

E[* (-g∧) )] = E
∫ ∞

0

* (-C∧) ) 3�C = E
[∫ )

0

* (-C ) 3�C +* (-) ) (1 − �) )
]

see e.g. Dellacherie (1972).

1An example of a random time, which is not a stopping time of the filtration F, while being not
independent of F is the first hitting time of a stochastic barrier r

g = inf

{
C :

∫ C

0
5B3B ≥ r

}
,

where 5 is any F-progressively measurable nonnegative process and r is an independent random
variable exponentially distributed with a parameter equal to 1. In this,

P(g > C |FC ) = P
[
r >

∫ C

0
5B3B |FC

]
= exp

[∫ C

0
5B3B

]
.
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1.2.1. Dynamic programming approach

The model can be further transformed into a classical finite-horizon control problem

for which the standard stochastic dynamic programming holds under the following

Assumption I �C is an increasing, absolutely continuous process with respect to

Lebesgue measure, with known density 5C , that is, 3�C = 5C 3C. The process 5C is itself

a geometric Brownian motion

35C = 5C (UC 3C + VC 3, 5
C ), 50 > 0

with UC , VC square-integrable deterministic functions satisfying
∫ ∞
0
4�C 3C < ∞ where

�C :=
∫ C
0
UB 3B, and , 5 is a Brownian motion possibly correlated with , and ,̄ .

More concretely, the quadratic covariations of , 5 and ,, and of , 5 and ,̄ satisfy〈
, 5 ,,

〉
C
= XC and

〈
, 5 , ,̄

〉
C
= @C for some X, @ ∈ [−1, 1].

The assumption I imposes the following restriction on correlations: |@ − Xd | ≤√
(1 − d2) (1 − X2)2.

It should be noted that such general specification does not prevent �C from

taking on values greater than 1. Requiring �C ≤ 1 would lead to considering random

coefficients UC , VC for which the problem is not analytically tractable; see Section 5

in Blanchet-Scalliet, El Karoui, Jeanblanc, et al. (2008). Following Yor (1992) and

Dufresne (2001). We then provide a condition on the parameters of 5C such that

P(�C ≤ 1) = 1 − n , with n > 0 (small).

By scaling property of Brownian motion,∫ C

0

4<B+=,B3B
3
=

4

f2
�
(a)
g , g =

=2C

4
, a =

2<

=2

2You can see the proof in the appendix 3.
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where �ag :=
∫ g
0
42(aB+,B)3B. If a < 0, then 1

2�
(a)
∞
∼ �0<<0(−a, 1). Therefore, if

a = 2U
V
− 1, then

P (�∞ ≤ 1) = P

(
4

V2
�
(a)
∞ ≤

1

50

)
= P

(
2�(a)∞ ≤

V2

2 50

)
= �

(
V2

2 50
; 1 − 2U

V2
, 1

)
where � (G, 0, 1) is the cumulative density function of an inverse-Gamma random

variable. Table 1.1 shows P (�∞ ≤ 1) for 50 = 0.05 and different values of U and V.

U

-0.05 -0.07 -0.09
0.01 0.508409 1.000000 1.000000

V 0.05 0.541918 0.993423 0.999998
0.10 0.583039 0.916541 0.992813
0.15 0.622609 0.859553 0.962261

Table 1.1: Probability of obtaining a true density function.

Under Assumption I, we can employ the change-of-measure technique used by

Blanchet-Scalliet, El Karoui, Jeanblanc, et al. (2008) and reduce the dimension of

the value function as follows. First, note we can write 5C = 50bC4
�C where

bC = exp

(∫ C

0

VB 3,
5
B −

1

2

∫ C

0

V2
B 3B

)
is the (Doléans-Dade) stochastic exponential of the martingale

∫ ·
0
VB 3,

5
B . Given

the initial value 50, we have the following

E[* (-g∧) )] = 50

∫ ∞

0

� [* (-C∧) )bC ]4�C 3C

= 50

{∫ )

0

EQ [* (-C )]4�C 3C + EQ [* (-) )]
∫ ∞

)

4�C 3C

}
, (1.2)

where Q is the probability measure on (Ω, F ) with Radon-Nikodym derivative
3Q
3P

��
FC = bC . Given this, and to use the dynamic programming method, we recast the

control problem using the time-dependent expected utility functional

� (C, G, H; \) := EQ
[∫ )

C

* (- G, \B )iB 3B +Φ)* (- G, \)
)
��� (- G, \C , .C ) = (G, H)

]
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where iC := 4�C , Φ) :=
∫ ∞
)
iC 3C, and - G, \ is the solution to the wealth equation

(1.1) under the probability measure Q. Notice that the problem now is a finite time,

and the 4�C term in (1.2) can be interpreted as a time discount factor with �C the

agent’s impatience rate.

By Girsanov’s Theorem, the dynamics of the state process (- G, \ , . ) reads

3-C = [A-C + \C (` − A + fXVC ) + .C ] 3C + \Cf 3,Q
C , (1.3)

3.C = .C [(1 + @�VC ) 3C + � 3,̄Q
C ], (1.4)

where ,Q and ,̄Q are Brownian motions under Q with the same quadratic variation〈
,Q, ,̄Q

〉
C
= dC.3 Finally, we introduce the (time-dependent) optimal value function

o(C, G, H) := sup
\ ∈A(C ,G,H)

� (C, G, H; \). (1.5)

The original control problem is related to this value function via

sup
\ ∈A(0,G,H)

E[* (- G, \
g∧) ) | (-

G, \
0 , .0) = (G, H)] = 50o(0, G, H).

1.3. HJB equation for CRRA preferences

If the optimal value function (1.5) is sufficiently differentiable, it satisfies the non-

linear second-order PDE, usually referred to as the Hamilton-Jacobi-Bellman (HJB)

equation

mo

mC
+ iC* (G) + [GCo] (C, G, H) + sup

\ ∈R
[L \C o] (C, G, H) = 0, C ∈ [0, )], (G, H) ∈ (0,∞)2

with final condition

o(), G, H) = Φ)* (G) (1.6)

where GC and L \C are the second-order differential operators

[GCo] (C, G, H) := (AG + H)oG + (1 + @�VC )HoH +
1

2
�2H2oHH

[L \C o] (C, G, H) := \ (` − A + fXVC )oG +
1

2
\2f2oGG + \fd�HoGH

3Notice that 3, QC 3,̄
Q
C = 3,C3,̄C
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Finding an interior solution to the HJB equation requires maximizing [L \C o] (C, G, H)

over \ ∈ R. The first-order necessary optimality condition for the existence of a

maximizer is

(` − A + fXVC )oG + \f2oGG + fd�HoGH = 0.

Solving for \, we can readily determine the candidate for the optimal amount of

financial wealth to be invested in the market index as a function of time, wealth,

and income

\ (C, G, H) = − ` − A + fXVC
f2

oG

oGG
− d�H

f

oGH

oGG
. (1.7)

Conversely, the so-called verification Theorem links the solution of the above

HJB equation with sufficient conditions for the existence of optimal strategies \ (C, G, H)

for the control problem (1.5). Indeed, if the HJB equation has a smooth solution

o satisfying appropriate growth conditions and the boundary condition (1.6), then

the feedback policy \ (C, -C , .C ) is optimal, see e.g. Theorem 3.5.2 in Section 3.5 of

(Pham, 2009).

The amount invested in the risky asset has three components: (i) \" := − `−A
f2

oG
oGG

,

(ii) \� := − d�H
f

oGH

oGG
, and (iii), \� := − fXVC

f2
oG
oGG

. \" is of the form the R. C. Merton

(1969) when the agent’s income is generated by returns on assets only, \� is the form

the Henderson (2005). It represents the hedging demand for the agent’s income risk,

and the sum of these terms is the optimal policy presented by Henderson (2005). The

optimal policy in our model presents a correction factor to the Henderson model that

depends on the correlation of the risky asset and the process for the time horizon

density 5 , the volatilities of the risky asset and 5 , and the value function. If X or VC

are zero, our model is the same as Henderson (2005). If VC = 0, the density function

is deterministic and the optimal policy by Pliska and Ye (2007a). If X = 0, then

the risk of death is independent of the financial market, and therefore, the optimal

policy is not affected by the dynamics of the time horizon. However, income still

influences the solution through the value function, even in these cases.

In the remainder, we assume the following condition holds
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Assumption II The agent has a von Neumann–Morgenstern CRRA utility function

of the form

* (G) =


G1−[

1−[ , [ ∈ (0, +∞) \ {1} ,

ln G, [ = 1.

This utility function satisfies the homogeneity property * (^G) = ^1−[* (G) if [ ≠ 1.

We will use this to reduce the dimension of the value function even further. Let . H

denote the income process with initial value .C = H > 0 for a fixed date C ∈ [0, )] .

Given our specification for the market index and income processes, it is easy to see

that the following identity holds

(- G, \ , . H) = H(- G/H, \/H , .1).

Moreover \ ∈ A(C, G, H) if and only if \̄ := \/H ∈ A(C, G/H, 1) for all H > 0. Therefore,

we have

o(C, G, H) = H1−[o(C, G/H, 1), [ ∈ (0, 1) ∪ (1,∞).

Given this, we consider the wealth-to-income or liquidity ratio I := G/H a state variable,

\̄ := \/H and define D(C, I) := o(C, I, 1). Then, we have o(C, G, H) = H1−[D(C, G/H). The

partial derivatives are given by

oC = H
1−[DC

oG = H
1−[DIH

−1 = H−[DI

oGG = H
−[DIIH

−1 = H−[−1DII

oGH = −[H−[−1DI − H−[−2DIIG = −H−[−1
(
[DI + GH−1DII

)
oH = (1 − [)H−[D − H1−[DIGH

−2 = H−[ [(1 − [)D − GH−1DI]

oHH = H
−[−1 [

−[(1 − [)D + 2GH−1[DI + G2H−2DII
]

The PDE that characterizes the function D(C, I) is given by

0 = iC
I1−[

1 − [ +
mD

mC
+ sup
\̄ ∈R

&̄(C, I, \̄, DI , DII) (1.8)
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with

&̄(C, I, \̄, DI , DII) =
{
\̄ [` − A + fXVC ] + IA + 1

}
DI + (1 + �@VC ) ((1 − [)D − IDI)

+1

2
�2

[
−[(1 − [)D + 2[IDI + I2DII

]
+ 1

2
\̄2f2DII (1.9)

−\̄�df [[DI + IDII] ,

D(), I) = (1 −Φ())) I
1−[

1 − [ . (1.10)

Then, the equation (1.7) is a follows

\̄∗ (C, I, DI , DII) = −
[` − A + fXVC − [�df] DI

f2DII
+ �d
f
I (1.11)

and the expression (1.8) can be written as

−iC
I1−[

1 − [ −
mD

mC
= sup

\̄ ∈R

{[
1 + �@VC −

1

2
�2[

]
(1 − [)D +

[
1

2
�2I2 − \̄�dfI + 1

2
(\̄f)2

]
DII

+
[
\̄ [` − A + fXVC − �df[] + 1 +

(
A − 1 − �@VC + �2[

)
I

]
DI

}
.

(1.12)

Taking into account the following definitions

�C =

[
(1 + �@VC ) −

1

2
�2[

]
(1 − [).

�C = ` − A + fXVC − �df[.

�C = A − 1 − �@VC + �2[.

� = (1 − d)�f, (1.13)

the equation (1.12) can be written as

0 = iC
I1−[

1 − [ +
mD

mC
+sup
\̄ ∈R

{
�CD + (�C \̄ + �C I + 1)DI +

[
1

2

(
�I − \̄f

)2 + �I\̄] DII} . (1.14)
The approach of Duffie et al., 1997 involves approximating the value function

with a sequence of smooth functions, each corresponding to the value function of

a non-degenerate stochastic income problem. The limit of this sequence, which is

sufficiently differentiable, is then identified as the value function. This identification

relies on the strong stability properties of viscosity solutions and the uniqueness
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of the viscosity solution to the HJB equation. Additionally, Duffie et al., 1997

derive useful growth conditions on the value function and characterize its asymptotic

behavior by considering a fictitious consumption-investment problem. These growth

conditions enable the application of Itô’s lemma to confirm that \ (C, G, H) is indeed

an optimal policy.

Reducing the problem to a one-dimensional HJB equation significantly simplifies

the characterization and numerical computation of the optimal policy; see Koo, 1998

and Munk, 2000. In the present work, we numerically solve the partial differential

equation (1.14) using policy iteration (Howard, 1960) combined with finite difference

methods.

Proposition 1.3.1 The optimal investment policy is asymptotically linear in G

lim
G→+∞

\ (C, G, H)
G

=
` − A + fXVC

[f2
.

The key idea of this result is that for financial wealth G sufficiently large, labor

income and the borrowing constraint become irrelevant. So individual behavior

will be like in a problem without labor income and without a borrowing constraint,

which can be solved analytically, see Proposition 6 of Blanchet-Scalliet, El Karoui,

Jeanblanc, et al. (2008).

Now, we present the case when the agent has not an income, i.e. (H0 = U(C, H) =

fH (C, H) = 0), the value function and amount invested in the risky asset are given

by (1.15) and (1.16) respectively.4 See proof in Appendix 1.A.1 or followed Rogers

(2013).

E(C, F, (C ) = 5 (C, (C )
FV

V
(1.15)

and

\∗ (C, F, (C ) =
`(C, (C ) − A + f(C, (C )d(,ℎ1C

(1 − V)f2 (C, (C )
F, (1.16)

4The value function + (C , F, G) and optimal policy matches with Blanchet-Scalliet, El Karoui,
Jeanblanc, et al. (2008), in your model the coefficients of time of death are constants and
W (C , I) = 0.
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where

5 (C, (C ) = exp {−� (C, (C )C}
{
exp {� (C, (C ))} (1 −Φ())) −

∫ )

C

i(B) exp {�B} 3B
}

(1.17)

with � (C, (C ) = V
[
A + 1

2(1−V)

(
` (C ,(C )−A+f (C ,(C )d(,ℎ1C

f (C ,(C )

)2
]
. Therefore,

+ (C, F, G, 0) = G
[∫ ∞

0

exp(�D)3D
]
5 (C, (C )

FV

V
. (1.18)

The optimal policy when the agent has no income partly coincides with R. C.

Merton (1969), and this policy is linear in the wealth but has a correction factor that

depends directly on the tendency of the agent’s retirement/death process, market

volatility inversely and correlation between financial market and the agent’s risk of

retired/death. When uncorrelated between the financial market and the agent’s risk

of retirement/death, Richard (1975) assertion remains valid; the agent’s lifetime does

not affect the optimal policy. Concerning Merton’s policy, the optimal investment is

higher when the mortality risk is considered and positively correlated with the risk of

retirement/death than when the risk of death is not considered. In addition, if risky

asset volatility increases, then the investment decreases even more in comparison

with the investment proposed by R. Merton (1971); this is due to the high uncertainty

about their time of retirement/death.

1.4. Numerical Solution

We truncate the semi-axis I > 0 and implement the finite differences as a homogeneous

grid is defined over I with size ΔI = /
=
and / an artificial upper bound. Taking

D(C, I 9 ) = D 9 (C) with I 9 = 9ΔI, we have the following approximation to partial

derivatives by finite differences

DI ≈
D(C, I + ΔI) − D(C, I)

ΔI
=
D 9+1 (C) − D 9 (C)

ΔI
(1.19)

DII ≈
D(C, I + ΔI) − 2D(C, I) + D(C, I − ΔI)

(ΔI)2 =
D 9+1 (C) − 2D 9 (C) + D 9−1 (C)

(ΔI)2 .(1.20)

Therefore, the optimal amount (1.11) is written as a function of C for all I 9 as

\̄∗9 (C) = −�
D 9+1 (C) − D 9 (C)

D 9+1 (C) − 2D 9 (C) + D 9−1 (C)
ΔI + �d

f
I 9 (1.21)
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where

� =
` − A + fXVC − �df[

f2
, (1.22)

and (1.14) as

0 = iC
I
1−[
9

1 − [ + D
′
9 (C) + �D 9 (C) +

[
1

2
(�I 9 − \̄f)2 + �\̄I 9

]
D 9+1 (C) − 2D 9 (C) + D 9−1 (C)

(ΔI)2

+ (�\̄ + �I 9 + 1)
D 9+1 (C) − D 9 (C)

ΔI
. (1.23)

Now, taking a homogeneous grid with size ΔC = )
<

over axis C and D 9 (C) = D 9 (C8) = D 9 ,8,

where C8 is an element of set {0 = C0, C1, . . . , C= = )} with C: = :ΔC we have the following

finite difference approximation for C

D′9 (C − ΔC) ≈
D 9 (C) − D 9 (C − ΔC)

ΔC
=
D 9 ,8 − D 9 ,8−1

ΔC
. (1.24)

Replace forward equation (1.24) in (1.23) at C − ΔC we obtain

−D 9 ,8 − i(C8−1)
I
V

9

V
ΔC = D 9 ,8−1

{[
� − (�\̄ + �I 9 )

1

ΔI
−

[
(�I 9 − \̄ 9 ,8−1f)2 + 2�\̄I

] 1

ΔI2

]
ΔC − 1

}
+ D 9+1,8−1

{
(�\̄ + �I 9 )

ΔC

ΔI
+

[
1

2
(�I 9 − \̄ 9 ,8−1f)2 + �\̄I

]
ΔC

(ΔI)2

}
+ D 9−1,8−1

[
1

2
(�I 9 − \̄ 9 ,8−1f)2 + �\̄I

]
ΔC

(ΔI)2 . (1.25)

The equations (1.25) together to (1.21) allow the use of policy improvement method

(see Puterman (1994)). This method is implemented in Python, and the algorithm

is described below.

1.4.1. Algorithm

Intuitively, the policy iteration algorithm or policy improvement algorithm (see

Bellman (1955)) makes a sequence of sub-optimal policy (\=)=∈N with (D\= )=∈N
rewards that updated at every step. These policy and rewards sequences converge

to the optimal policy \∗ and the value function of the optimization problem D,

respectively.5 The algorithm is implemented with finite differences to approximate

the solution of (1.25). This requires defining the following bounds.
5You can see convergence exercises in the appendix 1.A.2
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For this problem, we take I = 0 and I = / as boundaries (arbitrary truncation

over I-axis). If I = 0, then F = 0, the wealth invested in the risky asset is 0, thus

\̄ = 0. Now, if I → ∞ agent’s income is not significant compared to wealth F and

therefore, the function converges to a non-income case.

On the other hand, (1.10) provides a terminal condition that allows starting the

algorithm to approximate the value function and the optimal policy in the rectangle

[0, )] × [0, /]. For this, we define a tolerance )$! > 0, 8 = < and find D 9 ,8 and \̄∗9 ,8
for 0 ≤ 9 ≤ = using (1.10) and (1.21). Next,

1. For 8 = < − 1, we define : = 0 and \̄ (:)
9 ,8
= \̄∗

9 ,8+1.

2. Find D (:)
9 ,8

using D 9 ,8+1, \̄
(:)
9 ,8

and (1.25).

3. Find \̄ (:+1)
9 ,8

using D (:)
9 ,8

and (1.21) and D (:+1)
9 ,8

with (1.25).

4. If |\̄ (:+1)
9 ,8
− \̄ (:)

9 ,8
| > )$!,then : = : + 1 and back to (2). Otherwise, D 9 ,8 = D

(:+1)
9 ,8

,

\̄∗
9 ,8
= \̄
(:+1)
9 ,8

, 8 = 8 − 1 and back to (1) until 8 = 0.

1.4.2. Numerical Results

The algorithm presented in section 4.1 is implemented in Python. Some examples

of the model are presented below. The chosen parameters for the next numerical

example are: ) = 100, / = 20, ` = 7.0%, A = 2.0%, f = 21.0%, 1 = 1.0%, � = 5.0%,

V = 0.05 W = 0.02, X = 0.3, d = 0.7, @ = 0.4, [ = 2.1, )$! = 1 × 10−6 and U = −0.07.

Taking U < 0 guarantees convergence of integral in (1.2).

Figure 1.3 shows the optimal policy \̄∗ (C, I) and the value function D(C, I) for

the reduced dimension problem. Figure 1.3 (a) shows that the optimal policy is

increasing in I, suggesting that the higher the ratio of wealth to income, the greater

the wealth investment per unit of income in the risky asset should be. The optimal

policy is decreasing in C; consistent with the idea of lower risk exposure as retirement

time approaches. Agents with high wealth compared to income make larger changes

over time on the risky asset than agents with low wealth-to-income ratios. In looking

at the results on the numerical approximation to the value function, Figure 1.3 (b)

shows that it is increasing in I but decreasing at C. In addition, the calculation of
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(a) (b)

Figure 1.3: Level curves: (a). Optimal policy, \̄ (C, I); (b). Value function, D(C, I).

the relative error of approximation to the value function over the entire grid is of

the order of 0.4% except near the point (), 0).

(a) d(,H = −0.7, d(,ℎ = 0.3 (b) d(,H = 0.7, d(,ℎ = −0.3 (c) d(,H = −0.7, d(,ℎ = −0.3

Figure 1.4: Optimal policy for different correlations.

Figure 1.4 shows the investment in the risky asset per unit of income for different

correlations; in all cases, the investment in the risky asset should be reduced as

time passes, i.e., risky investment should be reduced regardless of the signs of the

correlations when the closer the death/retirement time. Additionally, the closer the

agent is to retirement, the optimal policy will be most affected when the wealth-to-

income ratio is higher and the time of death/retirement is more probability.

Regardless of the sign of the correlation between the process governing the

probability of death/retirement and the risky asset, investment in the risky asset

by agents with a low (high) wealth-to-income ratio should be lower (higher) in the
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presence of a positive correlation between income and the risky asset than in cases

of negative correlation. This may be because agents with a low wealth/income ratio

are proportionally more exposed to income shocks and their impact on the risky

asset.

(a) U = −0.08 (b) U = −0.09 (c) U = −0.10

Figure 1.5: Optimal policy for different values of U.

Figure 1.5 shows the optimal investment when d = 0.7, X = −0.3. If U decreases,

then the probability that the agent will die before C decreases. Therefore, the agent

maintains its position in the risky asset for a longer period.

Figure 1.6 shows the levels curves of different values of ) with the same param-

eters of Figure 1.3. In this figure, we can see how the investment falls as retirement

time becomes shorter. This occurs so that the agent is not overexposed near T.

Figure 1.7 shows the level curves for the proportion invested in the risky asset

\C/GC ; the parameters for this figure are the same as Figure 1.3. The optimal

policy changes as a function of time and the wealth/income ratio. For a small

(a) ) = 90 (b) ) = 80 (c) ) = 70

Figure 1.6: Optimal policy for different values of ) .
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(a) (b)

Figure 1.7: Level curves for the proportion invested in the risky asset.

wealth/income ratio, the optimal proportion exhibits small variability over time

and high variability for higher wealth/income ratios. In contrast to the stationary

optimal policies obtained by R. Merton (1971), where the agent’s time to death

has a perfect correlation with the financial market, and Richard (1975), where the

agent’s time to death is uncorrelated with the financial market, the optimal policy

obtained here changes as a function of time in the presence of imperfect correlation

with the agent’s time to death. In models such as N. Wang et al. (2021) and Wei

et al. (2020) in which income and hazard functions are included, the optimal policy

is linear, but in our model, it is not linear, and this could be due to taking into

account the correlation between the sources of randomness. Our model allows us to

obtain optimal policies that reduce risk by investing in assets that move in the same

direction of death/retirement risk, income, and financial market.

Figure 1.8 compares the value function and the amount invested in the risky

asset between the model with neither income nor mortality risk and the model

that includes income and stochastic time. The parameters chosen are the same as

in Figure 1.3 to the model full, and 1 = � = 0 and H0 = 1 (Merton model). For

the optimal policy, when the stochastic time of death and non-stochastic income

are taken into consideration, the optimal investment (i) is higher than in the case

where these assumptions are not taken into consideration and decreases when the

probability of death is close; (ii) is neither linear in wealth nor constant over time.
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Figure 1.8: H0 = 1, � = 1 = U = VC = W = 0 vs. Full.

Additionally, The value function proposed in this paper is always higher than in the

case of no mortality and income risk.

Figure 1.9 shows the optimal proportion of investment in risky assets per unit

of income (\̄ (C, I)) when the correlation between the financial market and the agent’s

time to death has opposite signs. The parameters chosen for Figure 1.9 are the

same as in Figure 1.3. A negative correlation between the financial market and the

agent’s time to death smooths the investment in the risky asset compared to the

positive correlation case (the surface d(ℎ = −0.3 is below surface d(ℎ = 0.3). This is

because in the face of a positive shock in the probability of death and a correlation

is positive, the price of the risky asset will go up, motivating the agent to invest. If

the correlation is negative, the price falls, diminishing the incentive to invest in risky

investments.

Figure 1.10 shows the change in the optimal ratio invested in the risky asset

when the correlation between the risky asset and income changes; the parameters

are the same as in Figure 1.3. The ratio is higher for negative correlations and small

wealth/income ratio because a negative correlation between asset risk and income is

a better hedge against income shocks. If the agent has a high wealth/income ratio,

the correlation does not significantly impact the agent’s decisions. This is in line

with Henderson (2005), where the demand for hedging against income shocks has
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Figure 1.9: Changes in sign correlation between time of death and financial markets.

the opposite sign of the correlation. Furthermore, for low values of I, the changes

are not as pronounced as for high values of I; this is because, in front of a large

wealth/income ratio, it is not as important to hedge against income shocks as it is if

the ratio is small.

Figure 1.10: Changes in sign correlation between income and financial markets.
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1.4.3. Sensitivity analysis

This section examines the behavior of the optimal policy under changes in the

parameters of correlation, risky asset volatility, income volatility, and risk aversion

coefficient.

Figure 1.11 shows the proportion of investment in risky assets per unit of income

(\̄ (C, I)) as a function of d for I = 2, 24, X = −0.3 and the other parameters are the

same as in Figure 1.3. The traces (\̄, d) show that this proportion is decreasing as a

function of the correlation between the risky asset and the agent’s income, which

is in line with Munk (2000). This behavior may be because a negative correlation

motivates the agent to invest more to hedge against changes in his income, on the

other hand, and as a generalization of the model presented by Munk (2000), when

the retirement time is reached or the probability of death increases, the investment

in the risky asset declines. When time is considered, the proportion invested in the

risky asset per unit of income will be lower than in the case of only considering

income. It should be noted that this ratio is not constant over time, a result that

would not obtain R. C. Merton (1969) model.

Figure 1.11: Proportion invested in the risky asset as a function of d with I = 2.24.
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Figure 1.12 shows the same proportion as Figure 1.11 for I = 1.60 (a) y

I = 6, 08(b), and the same parameters of Figure 1.12. These graphs show that for

different values of the wealth/income ratio, the decreasing behavior of the proportion

invested in the risky asset is maintained as a function of the correlation between the

risky asset and income.

In addition, the investment in the risky asset grows with the wealth-to-income

ratio, and the impact of the correlation is smaller the higher the wealth-to-income

ratio. An agent with a higher wealth per unit of income invests more in the risky

asset per unit of income, and the higher the wealth/income ratio, the impact of the

correlation between S and W because the bulk of portfolio management relies on

wealth and income would be marginal so the relationship between risky asset and

income does not impact the agent’s wealth as much.

(a) I = 1, 60 (b) I = 6, 08

Figure 1.12: Proportion invested in the risky asset as a function of d with different
wealth/income ratio.

Figure 1.13 shows the proportion invested in the risky asset per unit of income

(\̄ (C, I)) as a function of X for I = 2, 24 and the other parameters are the same of

Figure 1.12. The proportion increases as a function of the correlation between the

risky asset and the retirement/death time. Given a negative correlation between
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Figure 1.13: Proportion invested in the risky asset as a function of X with I = 2.24.

retirement/death time and the risky asset, if the probability of withdrawal tends to

increase, then the price of the asset tends to fall. Thus, the investment will be lower,

and this probability increases as time goes by; therefore, the possibility of the risky

asset falling also falls, which leads to a reduction in the investment in the risky asset.

Now, if the correlation is positive and the probability of retirement/death tends to

increase, then the price of the risky asset increases, and therefore, the investment in

such asset will be higher.

Figure 1.14 shows that the behavior of the proportion invested in the risky asset

per unit of income is maintained when the wealth/income ratio varies. In addition,

the behavior of investment in the risky asset in response to large values of I drops

as well as in Figure 1.12.

Figure 1.15 shows the behavior of the proportion invested per unit of income as

a function of income volatility (�) with d = 0, 5 and X = −0.3, and the parameters

are the same as Figure 1.3. Notice that the stylized fact is that the proportion

decreases as a function of this volatility, and our model captures it. On the other

hand, Figure 1.16 shows the same proportion for other values of I; This figure shows

that the proportion is decreasing as a function of income volatility.
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(a) (b)

Figure 1.14: Proportion invested in the risky asset as a function of X; (a): I = 1.60,
(b) I = 6.08.

Figure 1.15: Proportion invested in the risky asset per unit of income as a function
of income volatility � with I = 2.24 and d = 0.5 and X = −0.3.



32
How does the correlation between an agent’s income and

financial market impact optimal portfolio allocation?

(a) (b)

Figure 1.16: Proportion invested in the risky asset per unit of income as a function
of income volatility � with (a) I = 1.60 and (b) X = 6.08.

Figure 1.17: Proportion invested in the risky asset per unit of income as a function
of the risk aversion coefficient with I = 2.24.
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Figure 1.17 shows the proportion invested in the risky asset per unit of income

as a function of the risk aversion coefficient. The parameters for this figure are

the same as Figure 1.3. The model in this paper is consistent with expectations of

investment behavior in the face of changes in risk aversion. If [ increases, the agent

reduces the exposition to the risk. Figure 1.18 shows the proportion invested in

the risky asset per unit of income as a function of the risk aversion coefficient with

different values of I. Notice that the proportion invested is more sensitive to the

risk aversion coefficient for small values of I and not linear.

(a) (b)

Figure 1.18: Proportion invested in the risky asset as a function of [; (a): I = 0.64,
(b) I = 1.20.

1.5. Conclusion

This paper presents a model for optimal portfolio selection when the agent’s income

and time to death are both stochastic and imperfectly correlated with the risky asset.

We derive expressions of the optimal strategies and the corresponding value function

by employing the dynamic programming principle and the HJB equation. Numerical

examples show that the mortality dynamic, correlations, and risk aversion coefficient



34
How does the correlation between an agent’s income and

financial market impact optimal portfolio allocation?

impact the optimal policy. The numerical examples agree with Peng and Li (2023)

and extended to include imperfect correlation and income process.

Unlike R. Merton (1971), the optimal policy in this model is influenced by the

agent’s income, and the correlation between income and the risky assets is studied.

In addition, the optimal policy is affected by the parameters governing the agent’s

time to death, directly V and U through i. In turn, the investment grows as a

function of the correlation between the risky asset and the agent’s retirement/death

time.

By disregarding the agent’s stochastic time of death or income flow, the agent is

not adequately hedged against perturbations in the time of death or income, leading

to a lower expected terminal wealth compared to scenarios where these risks are

accounted for.

The challenge of dealing with imperfectly correlated income complicates the

derivation of closed-form solutions to the Hamilton-Jacobi-Bellman equation, neces-

sitating the use of numerical methods to approximate the solution.

This work can be extended in several directions. First, jumps in the income

process should be included to capture substantial changes (positive or negative) in

income. Second, it includes purchasing a life insurance policy and taking control of

the premium paid. Third, other utility functions such as CARA or recursive utility

following the line of C. Wang et al. (2016).



1.A Appendix

1.A.1. Inequality of correlations proof

Consider the following decompositions of the Brownian motions:

,̄C = d,C +
√

1 − d2�̄C ,

,
5
C = X,C +

√
1 − X2�

5
C

where �̄C and �
5
C are a Brownian motions independent of ,C , and

〈
�̄, � 5

〉
C
= @̄C. On

the other hand, the covariance between ,̄C and ,
5
C is given by:

Cov(,̄C ,, 5
C ) = Cov(d,C +

√
1 − d2�̄C , X,C +

√
1 − X2�

5
C ).

Expanding this, we get:

Cov(,̄,, 5
C ) = dXVar(,C ) +

√
(1 − d2) (1 − X2)Cov(�̄C , � 5C ).

Since Var(,C ) = C, this becomes:

Cov(,̄C ,, 5
C ) = dXC +

√
(1 − d2) (1 − X2)C@̄.

Thus,

@ = dX +
√
(1 − d2) (1 − X2)@̄.

Now, by correlation property |@̄ | ≤ 1, we have

|@ − Xd | ≤
√
(1 − d2) (1 − X2).
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H0 = U = f
H = 0 case

The problem can be reduced to finding an optimization problem without stochastic

income but with initial wealth FC , i.e.

E(C, F) = sup
\ ∈AF

E

[∫ )

C

i(B)D(FB)3B + (1 −Φ()))D(F) )
]

(1.26)

subject to

3FC =
[
\C

[
`(C, (C ) − A (C, (C ) + f(C, (C )d(,ℎ1C

]
+ FCA (C, �C )

]
3C + \Cf(C, (C )3,̃(

C (1.27)

By the principle of optimality, E(C, F, H) satisfice

0 = i(C)F
V

V
+ mE
mC
+ sup
\ ∈R

{[
\
(
` − A + fd(,ℎ1C

)
+ FA

]
EF +

1

2
\2
C f

2EFF

}
(1.28)

together with

E(), F) = [1 −Φ())] F
V

V
. (1.29)

From the first-order conditions, we obtain

\∗ (C, F) = −
(` − A + fd(,ℎ1C )EF

f2EFF
. (1.30)

Replacing the CPO in the equation (1.28), you have to

0 = i(C)F
V

V
+ mE
mC
−
(` − A + fd(,ℎ1C )2 (EF )2

2f2EFF
+ FAEF (1.31)

Taking as a guess E(C, F) = 5 (C) FV
V
,

0 = i(C)F
V

V
+ 5 ′(C)F

V

V
−
(` − A + fd(,ℎ1C )2FV

2f2 (V − 1) 5 (C) + A 5 (C)FV

= i(C) + 5 ′(C) + 5 (C)V
[
A −
(` − Afd(,ℎ1C )2

2f2 (V − 1)

]
Thus,
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E(C, F) = 5 (C)F
V

V
(1.32)

and

\∗ (C, F) =
` − A + f(C, (C )d(,ℎ1C

(1 − V)f2
F, (1.33)

where

5 (C) = exp {−�C}
{
exp {�)} (1 −Φ())) −

∫ )

C

i(B) exp {�B} 3B
}

(1.34)

with � = V

[
A + 1

2(1−V)

(
`−A+fd(,ℎ1

f

)2
]
. The value function must satisfy the original

HJB with d(,H = 1, making the respective calculations C.

Perfect correlation

If |d(,H | = 1, U(C, HC ) = HCU and fH (C, HC ) = fH , then under the change of measurement

obtained from the perfect correlation, we have

3HC = HC

[(
U + fHdH,ℎ1C −

(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C
)
d(,Hf

H

)
3C + d(,HfH3,

(

C

]
.

Therefore,

HC = H0 exp

{(
UH + fHdH,ℎ1C −

(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C
)
d(,Hf

H − 1

2
[fH]2 d2

(,H

)
C

+ fHd(,H,
(

C

}
Now, if

� (C, HC ) = E
[∫ )

C

ZDHD3D

]
, (1.35)

where

Z (D) = exp

{
−A (D − C) − 1

2

(
`C − A
fC

+ d(,ℎ1C
)2

(D − C) −
(
`C − A
fC

+ d(,ℎ1C
)
(,̃(

D − ,̃(
C )

}
,

(1.36)

then the problem is reduced to a problem with initial wealth F̄C = FC +� (C, HC ). The

value function of this problem is shown in (1.15), thus

+ (2) (C, F̄) = 5 (C) F̄
V

V
, (1.37)

and satisfy the HJB equation. Calculating the different partial derivatives, we have
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+
(2)
C = 5 ′(C) F̄

V

V
+ 5 (C)F̄V−1�C .

+
(2)
F = 5 (C)F̄V−1.

+
(2)
FF = 5 (C) (V − 1)F̄V−2.

+
(2)
H = 5 (C)F̄V−1�H .

+
(2)
HH = 5 (C)

[
(V − 1)F̄V−2�2

H + F̄V−1�HH
]
.

+
(2)
FH = 5 (C) (V − 1)F̄V−2�H .

Replace in HJB equation, we have

0 =
i(C) + 5 ′(C)

V
+ A 5 (C) − 5 (C)

[
`(C, (C ) − A + f(C, (C )d(,ℎ1C

]2
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{
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[
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]
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+1

2
[fH]2 �HH

}
+ 5 (C)
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[fH]2 (V − 1)�2

H

{
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}
.

thus � (C, H) satisfy

−�C+A�−
[
U(C, H) + fH (C, H)dH,ℎ1C −

(
`C − A
fC

+ d(,ℎ1C
)
fH (C, H)d(,H

]
�H−

1

2
[fH (C, H)]2 �HH = H,

(1.38)

and by the terminal condition, it is also known that � (), H) = 0.

On the other hand,
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� (C, H) = E

[∫ )

C

ZDHD3D

]
= E

∫ )

C

H exp

{[
−A − 1

2

(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C
)2

]
(D − C)

−
(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C
)
(,̃(

D − ,̃(
C )

+
(
UH + fHdH,ℎ1C −

(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C
)
d(,Hf

H − 1

2
[fH]2 d2

(,H

)
D

+fHd(,H
[
,̃(
D +

( ` − A
f
+ d(,ℎ1C

)
C

]}
3D

= E

∫ )

C

H exp

{[
−A + UH + fHdH,ℎ1C −

1

2

(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1CfHd(,H
)2

]
(D − C)+

+
(
`(C, (C ) − A
f(C, (C )

+ d(,ℎ1C + fHd(,H
)
(,̃(

D − ,̃(
C )

+
[
UH + fHdH,ℎ1C −

1

2
[fH]2 d2

(,H

]
C + fHd(,H,̃(

C

}
3D

=

∫ )

C

H exp
[
AC +

(
UH + fHdH,ℎ1C − A

)
D
]
3D

= H
4[C

[ − A

(
4 ([−A ) () −C) − 1

)
with [ = U + fHdH,ℎ1C .

1.A.2. Convergence rates

The proposed method for evaluating the convergence rate is taken from (Hairer

and Wanner, 1996) and is described below. First, find the value function for each

point on a grid I ∈ [0, 80] and C ∈ [0, 100] with size steps ΔI = 0.64 and ΔC = 0.4,

respectively. Second, find the value function for a grid with size steps ΔI = 0.32

and ΔC = 0.4, ΔI = 0.16 and ΔC = 0.4, ΔI = 0.08 and ΔC = 0.4. Finally, calculate

the ratio between the value functions at the same grid points. This exercise shows

the values are close to 1 (theoretical convergence rate by numerical approximation).

This proves the method’s convergence rate.
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Chapter 2

Optimal foreign currency savings and income under

inflation risk: A continuous-time approach

Camilo Andre Castillo Tarazona

Abstract

This paper investigates the optimal saving strategy in foreign currency in a continuous-

time framework, where the households are exposed to inflation risk, receive income

in local currency, and have the option to save in foreign currency. By assuming that

the different sources of randomness present imperfect correlations, the model is closer

to empirical findings. Dynamic programming is used to obtain the Hamilton Jacobi

Bellman (HJB) equation, and finite differences are implemented to obtain a numerical

solution. The sensitivity analysis shows that the correlations, inflation volatility, and

the wealth-to-income ratio significantly influence optimal save decisions.
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2.1. Introduction

Price variations in goods and services within an economy are measured through

the Consumer Price Index (CPI), and its changes are referred to as inflation. A

phenomenon closely associated with inflation is the Money Illusion, which occurs

when households perceive distorted changes in their purchasing power. A household

facing nominal changes in income, goods, and services might believe its purchasing

power has increased when, actually, it may have declined.

To mitigate this inflation risk, households or agents often purchase foreign

currencies from countries with lower inflation rates as a strategy. If the local

currency loses value due to inflation, foreign currency holdings may preserve or even

increase their value. However, purchasing a currency that negatively correlates with

local inflation could result in an even greater loss of purchasing power, making it

necessary to consider these correlations with the local currency when buying foreign

currencies.

Another response to inflation risk is the very common practice of governments

to adjust the minimum wage, a key measure to protect workers’ purchasing power

and avoid the rising of their living costs. This reflects a typical economic policy

aimed at keeping the well-being of citizens by linking incomes to consumer price

behavior. However, it also means that household incomes in local currency is linked

to inflation.

The relationship between CPI and the rates of US Dollar exchange generally

shows a positive correlation, though not as strong, indicating that inflation often

correlates with currency depreciation. This can be attributed to expansionary

monetary policies aiming to stimulate the economy through low interest rates,

which can lead to moderate inflation and currency depreciation. Countries like

Japan and the United Kingdom, which exhibit negative correlations between CPI

and the exchange rate1, stand out due to specific monetary and economic policies

that influence this relationship, such as Japan’s long-standing struggle against

1See Appendix Table 2.2 shows the correlations between the CPI, US Dollar exchange rate, and
minimum wage (income) in different OCDE countries from 2005 to 2022.
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deflation. This illustrates that the relationship between CPI and the exchange rate

is influenced by various factors, making it unrealistic to assume a perfect correlation

or independence.

Also, although positive in most cases, the correlation between the rates of foreign

exchange and income is not as uniform, suggesting that income increases are not

always directly influenced by exchange rate fluctuations. This can be due to different

countries’ diverse exchange rates and wage policies. In summary, the relationship

between inflation, exchange rates, and minimum wages is complex and influenced

by monetary and fiscal strategies adopted to balance economic growth with price

stability and social welfare. Therefore, assuming either no dependence or perfect

dependence among these sources of randomness results in an unrealistic model.

Several researchers in the economic and financial fields have studied the relation-

ship between prices and wages and found empirical evidence of a relation between

this series. For example, Fosu and Huq (1988) find a unidirectional relationship

between price and wage inflation, while Hess and Schweitzer (2000) show that the

relationship between inflation and wages is not unidirectional. Additionally, Jordà

et al. (2022) present evidence about the significant role of inflation expectations on

wage growth since the COVID-19 pandemic. The relationship between exchange rates

and inflation is of particular interest to academics and policymakers; for example,

Kara and Nelson (2003) investigate the relationship between exchange rates and

consumer price inflation in the UK. With respect to policymakers, the monetary

policy reports of different central banks of both developing and developed countries

(e.g., of Canada (2024), of England (2024), de la Reública de Colombia (2024))

present and project (i) the behavior of the exchange rate of the local currency with

the USD, (ii) inflation, (iii) GDP growth, showing the relationship between these

series, highlighting the importance of including correlation in a model that considers

inflation, income, and optimal investment.

I study the effect of inflation on optimal savings/investment through a theorical

continuous-time model in which a representative household receives a stream of

income in local currency. Household income flow has an imperfect correlation with
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inflation, and inflation, in turn, has an imperfect correlation with risky asset prices.

The objective is to answer the question: How is the optimal foreign currency savings

strategy for a household in an economy exposed to random inflation shocks?

R. C. Merton (1969) has a seminal paper on optimal investment in continuous

time, finding an optimal policy for a financial market has two assets: a money account

and a risky asset. Subsequently, R. Merton (1971), Henderson (2005), He and Pages

(1993), Koo (1998), and Duffie and Zariphopoulou (1993) incorporate income flow in

different forms into Merton’s model. In models with stochastic inflation, Brennan

and Xia (2002) has a pioneering paper. His model is in discrete time, where the

agent has no income, inflation and the risky asset are independent, and the agent

invests in a zero-coupon bond or rolling over short-term bonds. The objective is to

maximize real consumption, and the optimal policy has a closed form. In continuous

time, Munk, Sørensen, and Nygaard Vinther (2004) presents a finite-time model

with a correlation between the risky asset and CPI, and the agent does not have

an income flow. Other models without income include Bensoussan et al. (2009),

Basak and Yan (2010), Fei (2012), Munk and Rubtsov (2013), Siu (2011), C. FEI

and W. FEI (2015), Bellalah et al. (2020), and Kwak and Lim (2014); the first shows

a modified Mutual Fund Theorem consisting of three funds, while the second is a

general equilibrium model.

In stochastic income models, Duffie et al. (1997) presents an approach for

reducing dimensionality when the income follows a stochastic dynamic, using dynamic

programming as the solution method for the maximization problem. Munk (2000)

apply this model and the Markov chain approximation to find a numerical solution.

Munk and Sørensen (2010) aggregate interest rates and use numerical methods to

aproximate the numerical solution. In the stochastic income and inflation setting,

F. Zhang et al. (2019) present a model that includes income flow with perfect

correlation between other sources of randomness; the objective is to maximize the

utility of consumption. They find that risk asset investment increases with inflation

volatility, and the agent’s income is related to the investment. Ma (2011) presents a

model where the inflation risk can be hedged with income and a financial portfolio.
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Y.-S. Zhang et al. (2022) presents a model where the agent chooses between two

deterministic income flows in an environment with inflation; the model presents a

correlation between the risky asset and inflation, and the solution approach is the

martingale method. I include a stochastic income stream correlated with the other

sources of randomness, and the solution approach is dynamic programming.

This paper extends the model presented by F. Zhang et al. (2019) by incorporat-

ing imperfect correlations between income, inflation, and risky assets. Following the

approach of Duffie et al. (1997), this model includes inflation risk via CPI. The focus

is on how inflation affects optimal investment policy in models with non-diversifiable

stochastic income under imperfect correlation. The model presents interesting chal-

lenges, such as (i) an imperfect correlation that prevents the construction of a

synthetic portfolio to hedge against inflation or income risk, (ii) high dimensionality

in the optimal control problem, and (iii) finding closed forms for optimal policies or

find a numerical approximate. The main contribution is to extend optimal investment

theory by including inflation and income with imperfect correlations. Addition-

ally, we present sensitivity analyses over parameters such as inflation volatility and

correlations. Some key findings include: (i) the optimal investment depends not

on observed inflation but on the parameters governing inflation dynamics, and (ii)

optimal investment drops below zero only when the correlation between inflation

and foreign currency is negative.

This paper is organized as follows: In Section 2, I formulate the allocation with

an inflation risk model. In Section 3, I present a numerical solution approach via

finite differences and policy improvement. In Section 4, I illustrate how correlations

affect the optimal policy. Finally, in Section 5, I present the conclusions about the

work.

2.2. The model

The deposit in local currency at time C with the dynamic of price as follows

3�C = =�C3C, �0 > 0, (2.1)
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where = is a nominal rate. The nominal rate is connected with the inflation rate

through Fisher equation Fisher (1930). Fisher equation relates the real interest rate

(A), the nominal interest, and the expected rate of inflation on a planning horizon (8)

through the following formula

= − A = Ẽ(8). (2.2)

We take the continuous time Fisher equation based in the work of A. Zhang et al.

(2007) where

8(C, C + ΔC) = cC+ΔC − cC
cC

(2.3)

and cC is the CPI with dynamic as follows

3cC

cC
= (= − A) 3C + [3,̃ c

C , (2.4)

where ,̃ c
C is a Brownian motion under any risk neutral measure2. By Girsanov

theorem, the CPI under the original measure is as follows

3cC

cC
= (= − A + [_) 3C + [3, c

C , c0 = c > 0 (2.5)

where _ is a market price of inflation risk.

Now, suppose that 5C is the local currency amount saved in the foreign currency

at time C with a dynamic of price as follows

3(C = (C (`3C + f3,C ) , (0 > 0. (2.6)

where ,C is a Brownian motion with 〈,,, c〉C = dC, and ` denote the drift. The

income of household HC has a dynamic follows

3HC = HC

[
(= − A + U)3C + 13, C

]
, H0 = H (2.7)

where , C is a Brownian motion with 〈,,,〉C = rC and 〈, c ,,〉C = ZC, with the

condition |Z − rd | ≤
√
(1 − d2) (1 − r2),3 and U represents adjusting by changes of the

inflation, such that the drift of salary rate consists of two terms: (i) = − A adjusting

salary for inflation rate and (ii) U adjusting for economic growth, The agent can not

2For more technical discussions, see A. Zhang et al. (2007)
3You can see the proof in Appendix
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adjust your income instantly with the inflation. Thus, the nominal wealth at time C

(GC ) with a initial wealth G as follows

3GC = 5C
3(C

(C
+ (GC − 5C )

3�C

�C
+ HC3C

= [GC= + 5C (` − =) + HC ] 3C + 5Cf3,C . (2.8)

The solutions of stochastic differential equations (2.5) and (2.8) as the follow

cC = c4
[, c

C +
(
=−A+[_c− [

2

2

)
C (2.9)

GC =

[
G +

∫ C

0

4−AB ( 5C (` − =) + HC ) 3B +
∫ C

0

5Cf4
−AB3,B

]
4AC . (2.10)

The agent’s interest is to maximize their terminal real wealth utility

E

[
*

(
G)

c)

)]
. (2.11)

The expression (2.11) can be written as follows

� (C, Ḡ, H̄; 5̄ ) := E
[
* (Ḡ) ) |Ḡ 5̄0 = G/c, H̄0 = H/c

]
, (2.12)

where ḠC = GC
cC
, H̄ := H

c
, 5̄ := 5

c
with real wealth and real income dynamic as follow4

3ḠC =
[
ḠC (A − [_ + [2) + 5̄C (` − = − [df) + H̄C

]
3C − ḠC[3, c

C + 5̄Cf3,C ,

(2.13)

3H̄C = H̄C
[
(U − [_ + [2 − [Z1)3C + 13,̄C − [3, c

C

]
, (2.14)

and G 5̄ denotes the solution of (2.13).

The agent’s preferences are given by an utility function * : (0,∞) → R. This

function is assumed to be continuously differentiable, strictly increasing, strictly

concave, and satisfy the Inada conditions. A policy admissible is a 5̄ such that ḠC > 0.

Denote A(C, Ḡ, H̄) the set of all admissible control policies.

4See the proofs in Appendix
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2.3. Dynamic programming approach

The household’s optimization problem can be solved using dynamic programming.

Indeed, if the optimal value function

+ (C, Ḡ, H̄) := sup
5̄ ∈A(C , Ḡ, H̄)

� (C, Ḡ, H̄; 5̄ ) (2.15)

is sufficiently differentiable and satisfies

+ (), Ḡ, H̄) = * (Ḡ), (2.16)

then, for any (Ḡ, H̄) ∈ R2, it satisfies the non-linear second-order equation, usually

referred to as the HJB equation

0 = +C + sup
5̄ ∈R

[
L 5̄ +

]
(C, Ḡ, H̄), C ∈ [0, )], (2.17)

where[
L 5̄ +

]
(C, Ḡ, H̄) =

[
Ḡ(A − [_ + [2) + 5̄ (` − = − [df) + H̄

]
+Ḡ + H̄(U − [_ + [2 − [Z1)+H̄

+ 1

2

(
5̄ 2f2 − 2 5̄ Ḡ[df + Ḡ2[2) +Ḡ Ḡ + H̄2

2

(
12 − 21Z[ + [2) +H̄ H̄

+ H̄(Ḡ[2 − Ḡ1Z[ + 5̄ fr1 − 5̄ fd[)+Ḡ H̄ ,

+ = + (C, Ḡ, H̄), and +· = m+
m· . Finding an interior solution to the HJB equation (2.17)

requires maximizing
[
L 5̄ +

]
(C, Ḡ, H̄) over 5̄ ∈ R. The first-order necessary optimality

condition for the existence of a maximizer is

5̄ (` − = − [df)+Ḡ +
1

2

(
5̄ 2f2 − 2 5̄ Ḡ[df

)
+Ḡ Ḡ + 5̄ fH̄(r1 − d[)+Ḡ H̄

over 5̄ .i.e.,

5̂ (Ḡ, H̄) = − ` − =
f2

+Ḡ

+Ḡ Ḡ
+ [d
f

(
+Ḡ

+Ḡ Ḡ
+ Ḡ

)
−
fH̄(r1 − d[)+Ḡ H̄

f2+Ḡ Ḡ
. (2.18)

Conversely, the so-called verification Theorem links the solution of the above

HJB equation with sufficient conditions for the existence of optimal strategies 5̄ (Ḡ, H̄)

for the control problem (2.15). Indeed, if the HJB equation has a smooth solution +

satisfying appropriate growth conditions and the boundary condition (2.16), then
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the feedback policy 5̂ (ḠC , H̄C ) is optimal, see e.g. Theorem 3.5.2 in Section 3.5 of

(Pham, 2009).

The optimal policy has three different components, the first term is Merton’s

proportion, the second term [d

f

(
+Ḡ
+Ḡ Ḡ
+ Ḡ

)
, represent the impact of the correlation

between exchange rate and inflation in the optimal policy. Notice that this term

has the same sign of d; this is interesting because the saving in foreign currency is

larger in positive than negative correlation cases. This may be because movements

in inflation negatively affect the agent’s wealth, therefore, the agent takes a position

in the asset whose price takes the same direction of inflation. Hedging against

inflationary risk. The last term fH̄ ( r1−d[)+Ḡ H̄
f2+Ḡ Ḡ

can be interpreted hedging income risk.

This term has a different sign of the correlation between income and risky assets.

This is consistent with Henderson (2005), but the second term has a correction by

CPI dynamic, which depends on the correlation between risky assets and inflation

and volatility inflation. This suggests that not considering inflation and its degree of

correlation leads to suboptimal policies. Additionally, households with income in the

local currency in an inflation environment must observe the correlations between

income, inflation, and foreign currency to make an optimal allocation. On the other

hand, F. Zhang et al. (2019) present a close optimal portfolio, but they assume a

perfect correlation between the different sources of randomness and obtaining closed

forms for the optimal policy. I do not make that assumption and present a numerical

approximation of optimal policy.

2.3.1. CRRA utility

* (G) =


G1−W

1−W , W ∈ (0, +∞)\ {1}

ln(G), W = 1.
(2.19)

where W is the relative risk aversion coefficient of the household. Under this utility

function, the value function can be reduced in dimension as follows

+ (C, Ḡ, H̄) = sup
5̄ ∈A(C , Ḡ, H̄)

E

[
Ḡ

1−W
)

1 − W

����Ḡ0 = Ḡ
5̄

0 = G/c, H̄0 = H/c
]
,
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and the homogeneity of the utility function allows for a dimension reduction proposed

by Duffie et al. (1997) as follows. Define I := G/H, and + (C, Ḡ, H̄) = H1−WD(C, Ḡ
H̄
) =

H̄1−WE(C, Ḡ
H̄
) where E(C, I) := + (C, I, 1), and

+C = H̄1−WEC ,

+Ḡ = H̄−WEI ,

+H̄ = H̄−W [(1 − W)E − IEI] ,

+Ḡ Ḡ = H̄−W−1EII ,

+Ḡ H̄ = −H̄−W−1 (WEI + IEII),

+H̄ H̄ = H̄−W−1
[
−W(1 − W)E + 2IEI + I2EII

]
.

Now, I define \ := 5̄

Ḡ
=

5

G
, then (2.17) equation can be written as follows

0 = EC + sup
\ ∈R

{ [
I(A − [_ + [2) + I\ (` − = − [df) + 1

]
EI +

1

2

(
\2f2 − 2\[df + [2) I2EII

+ (U − [_ + [2 − [Z1) [(1 − W)E − IEI]

+ 1

2
(12 − 21Z[ + [2) (−W(1 − W)E + 2IEI + I2EII)

− I(−1Z[ + [2 + \fr1 − \fd[) (WEI + IEII)
}

(2.20)

and satisfies E(), I) = * (I). Considering the following definitions

� := A − U + 12 + (1 − W) ([2 − [Z1), (2.21)

� := (1 − W)
(
U − [_ − W

2
12 + [2 (1 − W

2
) + [Z1(W − 1)

)
, (2.22)

the maximized (2.20) equation can be written as

0 = EC + (I� + 1)EI + �E +
12 − \̂2f2

2
I2EII (2.23)

with

\̂ (I) = − [` − = − fd[ − Wfr1 + Wfd[] EI
If2EII

+ r1
f
. (2.24)
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Non-Income case

This section presents the case when the agent does not have income5. For this case,

the HJB equation (2.20) can be written as follows

0 = +C + sup
5̄ ∈R

{[
Ḡ(A − [_ + [2) + 5̄ (` − = − [df)

]
+Ḡ +

1

2

[
( 5̄ f)2 − 2 5̄ Ḡ[df + Ḡ2[2

]
+Ḡ Ḡ

}
(2.25)

with terminal condition + (), Ḡ) = * (Ḡ). I propose the following guess for a value

function

+ (C, Ḡ) = Ḡ1−W

1 − W� (C). (2.26)

Therefore,

+C =
Ḡ1−W

1 − W�
′(C) (2.27)

+Ḡ = Ḡ−W� (C) (2.28)

+Ḡ Ḡ = −WḠ−W−1� (C) (2.29)

(2.30)

the optimal investment amount is

\̂ =
` − =
Wf2

+ d[
f

(
1 − 1

W

)
(2.31)

and

� (C) = 4− () −C) (2.32)

where  = (W−1)
[
A − [_ − = + [2

(
1 − W

2

)
+ Wf

2

2

(
`−=−[df
Wf2 + [d

f

)2
]
. Notice that based

on (2.31), the optimal proportion of wealth is constant and independent of level

wealth and CPI6, and the correlation between CPI and foreign currency impact of

optimal Merton’s proportion. I have three situations over the relative risk aversion

coefficient: (i) if W = 1, then the optimal proportion of wealth invested in the risky

asset is the same as Merton’s proportion; (ii) if W > 1, then the optimal proportion is

Merton’s proportion plus a share of d[
f
; and (iii) if W < 1, then the optimal proportion

5See the proof in Appendix 2.A.2.
6Consistent with Brennan and Xia (2002), see Lemma 1 in case no correlation and Fei (2012) in
correlated case.
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is Merton’s proportion minus a factor greater than once d[

f
. Adding or subtracting

from Merton’s depends on the correlation sign and relative risk aversion coefficient.

2.3.2. Numerical solution

This subsection presents the finite difference and policy iteration for solver (2.23)

together (2.24), and the terminal condition E(), I) = * (I) allows using a backward

algorithm to approximate the value function and solve the optimal control problem.

Truncate the semi-axis I > 0 and C > 0 and implement the finite differences

method over a homogeneous grid defined over I and C with ΔI = /
=
and ΔC = )

;
, where

/ and ) are truncations. When I = 0, the wealth is 0, then the wealth invested in

the risky asset is 0; thus, \̂0,: = 0. On the other hand, I →∞ implies that F >> H,

meaning income is not significant. Consequently, the problem reduces to a portfolio

optimization model with inflation but without income where (2.31) is the optimal

policy, and (2.32) is the value function.

To simplify the notation, I make use of E(C: , Iℎ) = E:,ℎ with Iℎ = ℎΔI and

C: = :ΔC, and the finite-difference approximations to the partial derivatives over I

used are

�IE(C, I) ≈
E(C, I + ΔI) − E(C, I − ΔI)

2ΔI
=
Eℎ+1 (C) − Eℎ (C)

ΔI

�IIE(C, I) ≈
E(C, I + ΔI) − 2E(C, I) + E(C, I − ΔI)

(ΔI)2 =
Eℎ+1 (C) − 2Eℎ (C) + Eℎ−1 (C)

(ΔI)2

and finite-differences approximation over C is as follows

�CEℎ (C − ΔC) ≈
Eℎ (C) − Eℎ (C − ΔC)

ΔC
=
Eℎ,: − Eℎ,:−1

ΔC
. (2.33)

Replace forward equation (2.33) in (2.23) and (2.24) at C − ΔC, I obtain the follow

optimal policy

\̂ℎ,: = −
[` − = − fd[(1 − W) − Wfr1]

Iℎf
2

Eℎ+1,: − Eℎ,:
Eℎ+1,: − 2Eℎ,: + Eℎ−1,:

ΔI + fr1
f2

. (2.34)

To compute (2.34) is necessary Eℎ,: , and the policy improvement algorithm can be

used for its finding. On the other hand, The approximation of HJB equation (2.23)
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is

−Eℎ,: = Eℎ,:−1

[
�ΔC − 1 − (�Iℎ + 1) ΔC

ΔI
− I2ℎ (1

2 − \̂2
ℎ,:−1f

2) ΔC
ΔI2

]
+ Eℎ+1,:−1

[
(�Iℎ + 1) ΔC

ΔI
+ I2ℎ

12 − \̂2
ℎ,:−1f

2

2

ΔC

ΔI2

]
(2.35)

+ Eℎ−1,:−1

[
I2ℎ

12 − \̂2
ℎ,:−1f

2

2

ΔC

ΔI2

]
.

In this setting, I implement policy improvement and finite differences algorithms

to find a numerical solution for partial differential equation (2.23). Define a tolerance

)$! > 0, : = ; and find Eℎ,: and \̂ℎ,: for 0 ≤ ℎ ≤ = with terminal condition and

(2.34). For : = ; − 1

1. Define 8 = 0 and \ (8)
ℎ,:

= \̂ℎ,:+1.

2. Find E (8)
ℎ,:

using Eℎ,:+1, \
(8)
ℎ,:

and (2.35) for 0 ≤ ℎ ≤ =.

3. Improvement: Find \ (8+1)
ℎ,:

using E (8)
ℎ,:

and (2.34).

4. If |\ (8+1)
ℎ,:
− \ (8)

ℎ,:
| > )$!, then 8 = 8 + 1 and back to (2). Otherwise, Eℎ,: = E

(:+1)
ℎ,:

,

\̂ℎ,: = \
(:+1)
ℎ,:

, : = : − 1 and

5. If 8 ≥ 0 back to (1), otherwise stop.

2.4. Results

The algorithm presented in the previous section is then used to compare the uncorre-

lated model with an imperfect correlated model to illustrate the differences between

the optimal policy. In addition, sensitivity analyses on the different correlations are

presented. Most of the parameters are taken from Munk and Sørensen (2010) and

Wang (2009) for this exercise and are in Table 2.1.

Figure 2.1 shows the optimal saving in a foreign currency when the agent has a

wealth less than time his income (a) or more than three times his income (b). Notice

that in both scenarios, the investment proportion is greater in positively correlated

cases than in uncorrelated or negatively correlated. The allocation to foreign currency
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Parameter Value Parameter Value
` 8% W 2.5
f 20% Z 0.2
A 2% = 7%
U 0.03 1 0.01
[ 0.3 _ 0.3
d 0.3 r 0.5

Table 2.1: Parameters.

decreases over time, which is consistent with the conventional investment strategy of

reducing exposure as maturity approaches. When the correlation between inflation

and currency is positive, the agent allocates a higher proportion of the portfolio

to the risky asset than the uncorrelated scenario, underscoring the importance of

considering correlation in portfolio allocation. Since positive shocks to the CPI

negatively impact the agent’s real wealth, the household is incentivized to increase

investment in the currency that tends to appreciate.

Investment behavior varies between households with different wealth-to-income

ratios. A household with a low wealth-to-income ratio allocates a higher proportion

of its wealth to save in foreign currency than one with a higher wealth-to-income ratio.

This may be because the portfolio turnover of a low wealth-to-income household

does not significantly affect its wealth, whereas a household with a higher wealth-

to-income ratio could face a substantial impact if it saves to foreign currency two

or three times its wealth. For households with high wealth-to-income ratios, the

proportion of wealth saved to foreign currency increases over time but declines as

the investment horizon approaches.

In the presence of positive (negative) correlation, the inverse optimal ratio is

convex (concave) over time, consistent with Proposition 4.8 in (Henderson, 2005).

In summary, regardless of the sign of the correlation, the optimal policy adjusts,

indicating the necessity for households to account for correlation when selecting an

optimal portfolio.

Figure 2.2 shows the optimal saving in foreign currency for different I values

when inflation volatility changes. Regardless of the ratio of wealth to income,

the optimal policy is higher in cases of positive correlation than in instances of
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(a) I = 0.53 (b) I = 3.70

Figure 2.1: Optimal policy with correlate vs. uncorrelated Brownian motions

negative correlation. In positive correlation scenarios, the optimal policy increases

with inflation volatility, consistent with F. Zhang et al. (2019) in the scenery of a

perfect positive correlation between inflation and foreign currency. When there is a

negative correlation between inflation and foreign currency prices, the household has

a short position, and its effect increases with inflation volatility. This suggests that

households should save more in foreign currency in a country with higher volatility

inflation expectations and a positive correlation between inflation volatility and

foreign currency prices. Conversely, when the correlation is negative, households

should leverage investments in foreign currency with local currency.

(a) I = 0.60 (b) I = 3.60

Figure 2.2: Sensitivity of optimal policy to inflation volatility.

Figure 2.3 illustrates the sensitivity of optimal saving in foreign currency to

changes in the correlation between inflation and foreign currency prices. As the
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correlation shifts from negative to positive, the savings in foreign currency increase.

In scenarios of negative correlation, households use foreign currency as leverage to

invest in local currency. The proportion of wealth invested in assets decreases as the

wealth-to-income ratio increases and ranges between 15% and 50%. A household

with high wealth compared to its income initially increases its exposure over time

and reduces it close to the saving horizon. Conversely, a household with a low

wealth-to-income ratio reduces its exposure over time. This behavior aligns with

the intuition from wealth-only models, where exposure decreases as the planning

horizon shortens.

(a) I = 0.60 (b) I = 3.60

(c) d = 0.30 (d) d = −0.30

Figure 2.3: Sensitivity of optimal policy to d.

Figure 2.4 illustrates the sensitivity of optimal saving in foreign currency to the

correlation between income and inflation. In households with lower wealth relative

to income, the saving in foreign currency decreases over time and remains similar

across different correlation values. Households with higher wealth relative to income

and correlation shifts from negative to positive, and the saving in foreign currency
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is concave over time. These small changes suggest that households with a small

wealth-to-income ratio do not need to see the correlation, while households with a

larger wealth-to-wealth ratio should adjust their investment according to the degree

of correlation at the beginning of the window time.

(a) I = 0.60 (b) I = 3.60

Figure 2.4: Sensitivity of optimal policy to Z .

Figure 2.5 illustrates the sensitivity of optimal saving in foreign currency to

changes in the correlation between income and foreign currency. It holds that

households with low wealth should invest a greater proportion of their wealth in

foreign currency compared to their income, while households with a high wealth-

to-income ratio should invest less. At the initial stage, and the correlation between

income and foreign currency goes from negative to positive, the optimal investment

policy falls for a small wealth-to-income ratio and increases to a major wealth-to-

income ratio. This behavior is due to the fact that shocks affect the agent’s wealth

in the same direction, i.e., a negative shock in income or the price of the risky asset

negatively affects the agent’s wealth. Consequently, if the correlation is negative

(positive), the agent invests more (less) in the risky asset.

An interesting result is that optimal investment drops below zero only when

the correlation between inflation and foreign currency is negative; in other scenarios,

the optimal saving in foreign currency should be positive.

The last sensitivity analysis focuses on risk aversion, Figure 2.6 shows the

sensitivity of optimal saving in foreign currency to changes in risk aversion. For

households with low wealth relative to income, the optimal policy remains similar
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(a) I = 0.60 (b) I = 3.60

Figure 2.5: Sensitivity of optimal policy to r.

for different values of risk aversion, with changes only around the beginning of

the window time. In the beginning, the proportion saving increases in response to

increases in risk aversion because the CPI has greater variability. Figure 2.6 (c) and

(d) illustrate the optimal policy when the inflation volatility is less than risk asset

volatility. Notice that the optimal policy decreases with increasing in risk aversion.

In contrast, the proportion of wealth saved in foreign currency of households

with high wealth relative to income initially is low and increasing with time, but

it reduces their exposure as they near the ’retirement’ period. The higher the risk

aversion, the earlier the reduction in exposure.
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(a) I = 0.60 (b) I = 3.60

(c) I = 0.60 (d) I = 0.60 and [ = 0.15

Figure 2.6: Sensitivity of optimal policy to W.

2.5. Conclusions

This paper presents a model of optimal saving in foreign currency in which a

representative household is exposed to inflation risk, receives income in local currency,

and invests in risky and risk-free assets. The model includes imperfect correlations

between income, inflation, and risky assets; The numerical implementation shows that

these correlations impact the optimal allocation. Additionally, different proportions

of wealth to income imply different proportions of the wealth investment in the risky

assets, particularly in response to changes in the correlation between inflation and

risky asset. A higher positive correlation between inflation and currency leads to

a greater allocation to risky assets, especially for households with lower wealth-to-

income ratios. This finding highlights the necessity for investors to consider these

correlations when crafting their investment strategies, as ignoring them could lead

to suboptimal outcomes.



64
How does the correlation between an agent’s income and

financial market impact optimal portfolio allocation?

Moreover, the sensitivity analysis demonstrates that the relationship between risk

aversion and investment behavior varies with the wealth-to-income ratio. Households

with lower wealth relative to income tend to have a similar behavior. Conversely,

households with higher wealth relative to income increase their exposition to risky

assets, subsequently reducing their exposure, this reduction in exposure occurs earlier

the greater the risk aversion. The findings suggest that traditional investment models

that do not account for these correlations may fail to capture the complexities of

real-world portfolio management, leading to less effective investment decisions.



2.A Appendix

2.A.1. Empirical correlation evidence

Data in Table 2.2 are taken from World Bank

Country CPI-Exchange CPI-Income Exchange-Income
CAN 0.531878 0.993008 0.529008
DEU 0.780366 0.978885 0.730367
GBR -0.033015 0.988441 0.018252
FRA 0.213539 0.987341 0.184562
JPN -0.493964 0.415557 -0.472369
NOR 0.116909 0.986470 0.172296
ITA -0.227815 0.971488 -0.140588
SWE 0.481210 0.968452 0.441944
CHE 0.743631 0.861016 0.886926
ISR 0.908505 0.815946 0.970880
MEX 0.280577 0.996524 0.280883
POL 0.903881 0.953753 0.912480
ESP -0.133612 0.952903 -0.027555
TUR 0.032168 0.999377 0.010829
COL 0.366690 0.984447 0.381450

Table 2.2: Historical correlations between the Consumer Price Index (CPI), exchange
rate, and minimum wage (income).

2.A.2. Proofs

Real wealth dynamic
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The optimal policy (2.18) can be written as
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WḠ−W−1
+ Ḡ
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where the solution of this differential equation is (2.32).
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Chapter 3

Input allocation and investment in a jump-diffusion

multi-factor productivity model

Camilo Andre Castillo Tarazona

Abstract

We consider a continuous-time dynamic budgeting problem for a representative

entrepreneur who accumulates wealth by allocating production capital into multiple

factors and invests in the financial market. Productivity gains are subject to

exogenous shocks modeled by a jump-diffusion process that captures both permanent

capital fluctuations as well as transitory shocks. The business is assumed to be self-

financed as it reinvests internal gains into the production process and the financial

market. Using dynamic programming, we find an explicit characterization of optimal

production capital allocation and risky asset holdings that maximize infinite-horizon

expected utility from consumption for both CARA and CRRA preferences. The

optimality criteria resemble the classical long-run profit maximization problem with

risk-adjusted costs that lead to a non-zero maximum value in the constant returns-

to-scale case. Finally, we obtain one- and two-fund separation results for CARA

and CRRA utilities, respectively. We illustrate our findings with several numerical

examples.

Rafael Serrano is coauthor of this chapter.
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3.1. Introduction

The classical long-run profit maximization problem is the process by which firms aim

to maximize their profits in the long term by choosing the optimal combination of

inputs and output levels that maximize their profit-earning capacity. This approach

to profit maximization takes into account all costs and revenue streams, allowing

firms to make adjustments to their operations over time to continue maximizing

profits in the long run.

In practice, firms face substantial productivity, technology, and demand shocks

in their daily operations that complicate their production planning and profit

maximization process. For instance, international firms benefit from globalization

and vertical integration, which help them improve their efficiency while enabling

them to react more rapidly to changes in international markets. However, this strong

interconnection has created new channels for the propagation of adverse external

shocks.

Fluctuations in the financial market can significantly impact firms’ production

planning processes, especially during recessions. Indeed, as economic downturn

phases deepen, the price of assets drops below critical values, which forces banks

to stop new credit activity or cancel existing credit arrangements to reduce risk

exposure irrespective of the merit of investment projects and firms’ creditworthiness.

It is well-documented that capital depreciation shocks are also strongly related to

financial and credit shocks.

Firms often invest excess cash or profits in financial markets to preserve and

potentially grow their capital, diversify their sources of income, and reduce their

dependence on their core business activities. This can be particularly important

during periods when their core business is experiencing cyclical downturns or facing

uncertainties. Investing in financial markets also helps firms hedge against risks

and uncertainties in their main operating purpose, such as fluctuations in demand,

supply, costs, or competition, as well as have access to more capital and liquidity

for their main operating purpose, such as expanding, innovating, or acquiring other

firms. This ensures that they have sufficient funds available to meet operational
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requirements and take advantage of strategic opportunities.

In addition, firms can participate in financial markets to support strategically

their long-term objectives. For example, they might acquire shares in other companies

to gain influence, secure supply chains, or diversify into related industries. These

investments can help the firm expand and strengthen its position in the market, and

potentially enhance shareholder value. Indeed, when they invest wisely and generate

returns on their investments, it can lead to higher stock prices and increased market

capitalization, benefiting shareholders.

In the present paper, we consider a business growth model in which a represen-

tative entrepreneur allocates production capital into its own firm but also invests

in the financial market. The firm allocates the capital into multiple production

inputs. Gains to the firm’s productivity are subject to exogenous shocks that reflect

changes in the marginal efficiency of input investment, variations in the future

productivity of the capital stock, and fluctuations in the capital depreciation rate.

The entrepreneur is assumed to be self-financed as it reinvests internal gains in the

production process and the financial market. We address the question: how can

self-financing help maximize the entrepreneur’s consumption while investing capital

in multiple production factors and in the presence of exogenous shocks that are

related to shocks in the financial market?

The main feature of the present paper is to assume that exogenous shocks

follow a jump-diffusion process. These processes have gained significant attention in

the economic literature due to their large-scale applicability, especially in dynamic

general equilibrium models, as they can be used to capture the effect of large

economic shocks such as natural disasters and financial crises in corporate earnings

and asset pricing (see e.g. Longstaff and Piazzesi, 2004, Barro, 2006, 2009, Gourio,

2012, Posch and Trimborn, 2013, and the survey paper Tsai and Wachter, 2015) as

well as the impact of technological improvements, R&D and income variations in

productivity and wealth distribution, see e.g., Wälde, 2005, N. Wang, 2007, Wälde,

2011, C. Wang et al., 2016, Brunnermeier and Sannikov, 2014, and Itskhoki and

Moll, 2019. See also the empirical evidence found by Posch, 2009 for rare Poisson



74
How does the correlation between an agent’s income and

financial market impact optimal portfolio allocation?

jumps (positive and negative) in US macro data.

In our setting, jump-diffusion processes allow continuous or permanent capital

fluctuations as well as transitory shocks to be captured. Studying how both these

sources of uncertainty affect the thresholds at which investment and disinvestment

occur, and the sequential determination of the optimal policies provides the main

motivation for our model. The introduction of such discontinuities introduces non-

Gaussianity in the firm dynamics using skewness and thicker tails and escapes the

restriction of having to represent all sources of risk by means of the variance of a

Normal distribution.

We formulate an infinite-horizon control problem for the expected utility of the

entrepreneur’s consumption under the self-financing condition for input allocation

and risky investment. Using the standard dynamic programming approach, we find

explicit optimality conditions for both constant absolute and relative risk aversion

preferences. The case of negative exponential utility with constant absolute risk

aversion is of particular interest as its flexibility allows considering production

functions that do not necessarily have constant returns to scale.

Moreover, since the diffusion part of the exogenous random shocks is assumed to

be correlated with the risky asset returns, the obtained optimal decisions can be very

different from the decisions that would be recommended if the correlation and/or

productivity were ignored, which emphasizes the importance of understanding the

direction and degree of dependence.

Our setting extends the formulation of Roche, 2003 to the case where the shocks

follow a jump-diffusion process, and the firm can also invest in the financial market.

Junca and Serrano, 2021 study a similar problem in a general semi-martingale setting,

however, only for CRRA utility functions and using a convex duality approach. Our

model is also similar to the setting considered by C. Wang et al., 2012 as they

assume similar one-dimensional productivity shocks. However, their production

model features AK technology augmented with capital adjustment costs, and the

capital stock is an additional state variable with a growth rate equal to the difference

between gross investment and capital depreciation.
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The budget constraint in our model also resembles the wealth accumulation

model in Section I.B. of Moll, 2014, since they also assume entrepreneurs accumulate

wealth instead of owning and accumulating capital. Nonetheless, they assume capital

investment is determined (internally) in equilibrium and depends only on the price

of physical capital. The following are the main contributions of our work:

1. We obtain an analytic characterization of optimal policies for both CARA and

CRRA preferences that resemble the classical long-run profit maximization

problem. In the case of CARA utility, the risk-adjusted cost depends on

the input prices, model parameters, and risk aversion. Unlike classical profit

maximization, constant returns-to-scale lead to a non-zero maximum value.

For the CRRA case, we also obtain a version of the profit maximization problem

in which input variables of the production function are rescaled by their price,

and the risk-adjusted cost function depends only on the parameters of the

model and the risk-aversion.

2. We obtain one- and two-fund separation results for CARA and CRRA utilities,

respectively. This shows that optimal input allocations move along one-

dimensional segments. In particular, the optimal allocation for a given risk

tolerance level can be obtained as a combination of one (resp. two) mutual

funds. This brings to light the relevance of our results for CARA and CRRA

preferences.

The organization of this paper is as follows. In Section 2 we formulate the jump-

diffusion multi-factor productivity model. In Section 3 we consider CARA preferences,

present some numerical examples, and sensitivity analysis as well as the one-fund

separation Theorem for this model. In Section 4 we briefly address the CRRA case

and the two-fund separation result in this setting. We close out the paper with a

few conclusions about our work.
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3.2. A jump-diffusion multi-factor production model

Our model extends the framework introduced by Roche (2003) to a setting that

includes investment in a risky asset and exogenous shocks in the form of a jump-

diffusion process. A representative entrepreneur in a continuous-time economy owns

a private firm and allocates, at time C = 0, an initial endowment G > 0 between

a risk-free asset, a risky asset, and production capital. The firm owned by the

entrepreneur allocates the capital into 3 inputs or factors of production, e.g., natural

resources, labor, equipment, machinery, entrepreneurship, etc. Thereafter, at each

instant C > 0, the firm (i) combines the production inputs to produce output; (ii)

updates or rebalances input and financial portfolio holdings, that is, sells current

holdings and uses the proceeds to buy new ones, and (iii) consumes part of its wealth.

The entrepreneur’s wealth accumulation is subject to exogenous productivity

shocks and to the market risk arising from its investment strategy. Throughout,

we assume that the financial and production inputs markets are friction-less, and

therefore, all inputs and securities can be traded continuously over time without

transaction costs or taxes.

For a mathematical formulation of the problem faced by the firm, let (Ω,P, F )

be a complete probability space endowed with a filtration F = {FC }C≥0 representing

the information structure available to the firm. At each time C ≥ 0,

• .C is the output income,

• =8C is the quantity of factor input 8 ∈ {1, . . . , 3} used by the firm,

• (C and (0
C denote the prices of the risky and risk-less asset, respectively,

• ℎC and ℎ0
C denote the number of units of risky and risk-less assets held by the

firm, respectively.

The entrepreneur is a price-taker; that is, it has no pricing power and accepts

prevailing prices in the market. The factor inputs have constant (exogenous) prices

?8 for each 8 ∈ {1, . . . , 3} . Throughout, we assume, without loss of generality, that the

output price normalizes all factor prices, and therefore the output price is normalized
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to one. The firm’s total wealth +C is the sum of the production inputs value and the

market value of its financial holdings

+
=,�
C := ℎ0

C (
0
C + ℎC(C + =>C ? (3.1)

where =C = (=1
C , . . . , =

3
C )> is the vector of quantities, �C = (ℎ0

C , ℎC ), and ? =

(?1, . . . , ?3)> is the vector of prices. Our main assumption is that productivity

profits are subject to exogenous random shocks that reflect changes in expectations

about future capital productivity, fluctuations in the marginal efficiency of input

investment, and/or variations in the capital depreciation, see, e.g., C. Wang et al.

(2012), Furlanetto and Seneca (2014) or Brunnermeier and Sannikov (2014). In

particular, these shocks represent changes in the firm’s expected future cash flows

that could undercapitalize or alter its balance sheet. Alternative interpretations of

shocks to capital accumulation can be found in Wälde (2011) or Gourio (2012).

In the present setting, these shocks are modeled by a 3-dimensional jump-

diffusion process "C with "0 = 0 that impact in additive form (linearly) via the

capital inputs  8C = =8C ?8 . Under this assumption, the net cumulative gains to the

firm output are given by the integral process

�=C :=

∫ C

0

.B 3B +
∫ C

0

 >B 3"B , C ≥ 0 (3.2)

where  C = ( 1
C , . . . ,  

3
C )> is the vector of capital inputs. The cumulative gains/losses

to the financial investment portfolio associated with trading strategy �C = (ℎ0
C , ℎC )

is given by

��C :=

∫ C

0

ℎ0
g 3(

0
g +

∫ C

0

ℎg 3(g , C ≥ 0 .

A strategy (=, �) with values in R3+ ×R2 is said to be self-financing if G +�=C +��C ≥

+
=,�
C , for all C ≥ 0. The company pays out any residual wealth G+�=C +��C −+

=,�
C ≥ 0

as dividends for consumption by the owner-manager. We say that a self-financing

strategy (=, �, 2) is admissible if

d+C = [.C − 2C ] 3C + ℎ0
C 3(

0
C + ℎC3(C +  >C 3"C , +0 = G. (3.3)

with the process 2C := d
dC�C is the instantaneous consumption rate. Throughout, we

suppose the following conditions hold
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Assumption III 1. There exists a concave production function � : R3+ → R+

that relates income .C to the output produced by the factor inputs chosen by

the firm

.C = � (=1
C , . . . , =

3
C ).

2. The exogenous shocks process "C follows a 3-dimensional jump-diffusion process

with components

3" 8
C = <

8 3C +
3∑
9=1

18 9 3,
9
C + 3/ 8C , 8 = 1, . . . , 3

where , = (,1, . . . ,,3)> is a standard 3-dimensional Brownian motion, and

/ 8C =
∑#C
:=1

b8
:
is a compound Poisson process with i.i.d. jumps b8

:
.

The counting point process #C has constant arrival rate _ > 0 and the random

vector b: = (b1
:
, . . . , b3

:
) has a distribution � (3H) supported on R3 .

3. The jump-diffusion differential equation governs the price processes of the risky

asset

3(C = (C−

[
`3C + f3,̄C +

∫
R3
i(H) # (3H, 3C)

]
, (0 > 0,

where ` ∈ R and f > 0 are the mean rates of return and volatility of the risky

asset, respectively, ,̄C is a real-valued Brownian motion, and # (3H, 3C) is the

random counting measure of the 3-dimensional pure jump process /C =
∑#C
:=1

b:

with compensator a(3H) = _� (3H). The function i : R3 → R is locally-

integrable and satisfies i(H) ≥ −1.

We assume ,̄C is correlated with , 9 , that is, the quadratic covariation of , 9

and ,̄ satisfies
〈
, 9 , ,̄

〉
C
= d 9 C for some correlation coefficients d 9 ∈ [−1, 1]

satisfying
∑3
9=1 (d 9 )2 ≤ 1.

4. The risk-less asset (0
C satisfies 3(0

C = (
0
C ' 3C with continuously compounded

interest rate ' > 0.

The correlation between the continuous Gaussian part of the exogenous capital

shocks and the financial market, and jumps impacting both the dynamics of "C and
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(C , capture permanent and transitory productivity or depreciation shocks that impact

prices of assets in the financial market. Indeed, as argued by Gertler and Kiyotaki

(2010) and Justiniano et al. (2011), capital depreciation shocks are closely related to

the impact of financial shocks. Sudden increases in productivity can also lead to

higher profits for companies, which can, in turn, boost stock prices. Investors may

become more optimistic about the future earnings potential of companies, leading to

increased demand for stocks.

Furthermore, productivity and depreciation shocks can influence central banks’

decisions regarding interest rates, which can have a significant impact on bond prices

and equity valuations. For example, a central bank may lower interest rates to

stimulate economic growth in response to a productivity shock, which can make

bonds less attractive compared to stocks. Supply shocks can also affect financial

asset prices by changing output and inflation. For example, a negative supply shock

caused by catastrophic events can reduce output and increase prices, leading to lower

demand and lower asset values.

At each instant C ≥ 0, let \C := ℎC(C− denote the amount invested in the risky

asset before a jump Δ(C = (C − (C− occurs, so the wealth invested in the riskless asset

is given by ℎ0
C (

0
C = +C − \C −

∑3
8=1 =

8
C ?
8 . Using \C as a control variable, the dynamic

budget constraint (3.3) can be rewritten as

3+C = ['+C + � (=C ) − =>C � + \C (` − ') − 2C ] 3C + \Cf3,̄C + =>C % 3,C

+
∫
R3

[
=>C �(H) + \Ci(H)

]
# (3H, 3C)

(3.4)

where � ∈ R3 , % ∈ R3×3 and �(H) ∈ R3 have the following components

�8 = (' − <8)?8 , �8 (H) = ?8H8 , %8 9 = ?818 9 .

Equation (3.4) is comparable to the budget constraint considered by C. Wang et al.

(2012), as they assume similar one-dimensional productivity shocks. However, their

production model features AK technology augmented with capital adjustment costs,

and capital stock is an additional state variable with a growth rate equal to the

difference between gross investment and capital depreciation.
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The drift term in (3.4) also resembles the wealth accumulation model in Section

I.B. of Moll (2014), as they also assume the representative entrepreneur accumulates

wealth instead of owning and accumulating capital.1 The term =>C � in (3.4) can be

interpreted as the cost of renting the capital (possibly, from other entrepreneurs) in a

competitive rental market. However, in Moll (2014), they assume capital investment

is determined (internally) in equilibrium but does not depend on (or affect) the risk

of production capital investment and depends only on the price of physical capital.

In our model, we find the optimal production capital allocation accounting for the

exogenous productivity shocks.

We denote with +=,2, \ the solution to equation (3.4). The entrepreneur’s pref-

erences are characterized by a utility function * (·) and a subjective instantaneous

time preference or impatience discount rate X > 0. As usual, the utility function

* (·) is assumed to be continuously differentiable, strictly increasing, and strictly

concave. For a control policy described by the process (=, 2, \), we consider the

expected discounted lifetime utility derived from consumption,

� (=, 2, \; G) := E

[∫ ∞

0

4−XC* (2C ) dC
���+=,2, \0 = G

]
(3.5)

subject to the budget constraint (3.4). The objective of the entrepreneur is to find

the combination of inputs levels =̂, consumption 2̂ and investment strategy \̂ that

maximize � (=, 2, \; G).

This approach takes into account all costs and revenue streams, including both

fixed and variable costs, and allows the firm to make adjustments to its operations

over time, taking into account the random exogenous shocks and fluctuations in the

financial market.

3.3. CARA preferences

We first consider a utility function with constant absolute risk aversion (CARA)

coefficient [ > 0. More concretely, we assume it is a negative exponential utility
1In Appendix C of Moll (2014), a deterministic discrete version of (3.3) is proved to be equivalent
to the standard setup in which firms own and accumulate capital themselves and can trade in a
risk-free asset.
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function of the form * (2) = − 1
[
4−[2 . In this case, neither the consumption rate nor

the wealth need be negative, despite the cumulative consumption being required to

be strictly positive. This follows from the self-financing condition. Negative wealth

reflects borrowing from the risk-less asset and shorting of risky assets. A negative

consumption rate reflects capital injections by the owner-manager into the company,

which may be required if wealth declines.

The policy (=, 2, \) is admissible if it is adapted to F and (3.5) is strictly negative

for all initial wealth levels G ∈ R. The reason for this definition is that * < 0, with

* (2) → 0 as 2 →∞.2 Thus, although the firm can borrow (or short risky assets) to

render any (=, 2, \) self-financing, policies for which (3.5) is identically zero due to

excessive consumption growth are ruled out. As we show below, optimal = and \

are, in fact, constant through time, so there is no concern for these controls.

The firm’s optimization problem can be solved using dynamic programming

with an appropriate form of Itô’s lemma for jump-diffusion processes and standard

time-homogeneity arguments for optimal Markov policies in infinite-horizon problems.

Indeed, if the optimal value function

o(G) := sup
(=,2, \) ∈A

� (=, 2, \; G), G ∈ R

is sufficiently differentiable and satisfies the transversality condition

lim
)→∞

4−X)E[o(+=,2, \
)
)] = 0 (3.6)

then, for any level of financial wealth G ∈ R, it satisfies the non-linear second-order

integro-differential equation, usually referred to as the Hamilton-Jacobi-Bellman

(HJB) equation

− Xo(G) + sup
(=,2, \)

{
* (2) + [L=,2, \o] (G)

}
= 0, G ∈ R (3.7)

where L=,2, \ is the operator

[L=,2, \o] (G) =
[
� (=) − =>� + 'G + \ (` − ') − 2

]
o′(G)

+ 1

2

[��%>=��2 + \2f2 + 2\f=>%d
]
o′′(G) +

∫
R3
[o(G + =>�(H) + \i(H)) − o(G)] a(3H),

2In other cases, with * (2) → ∞ as 2 →∞, the corresponding admissibility condition is � < ∞.
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a = _�, and d = (d1, . . . , d3)> ∈ R3 , see e.g. Section III.7 of Fleming and Soner

(2006) or Section 3.6 of Pham (2009). Conversely, the so-called verification Theorem

links the solutions of HJB equations with sufficient conditions for the existence of

optimal strategies. We employ the following guess for the value function

o(G) = −4−'[ (G+V)

with V ∈ R to be determined below. Inserting this guess in the HJB reduces the

problem of solving the equation to maximizing

* (2) − 2'[4−'[ (G+V) , (3.8)

over 2 ∈ R, and

&(=, \) := � (=) − =>� + \ (` − ') − '[
2

[��%>=��2 + \2f2 + 2\f=>%d
]

− _

'[
E

[
4−'[ [=

>� ( b )+\i ( b ) ] − 1
] (3.9)

over (\, =) ∈ R ×R3 , respectively. We have the following result

Proposition 3.3.1 Suppose there exists

(=̂, \̂) = arg max
(=,\) ∈R3+ ×R

&(=, \).

Then, the strategy (=̂, 2̂, \̂) with

2̂(G) := 'G +&(=̂, \̂) + 1

[

[ X
'
− 1

]
is optimal.

Proof: See Appendix 3.A.1.

Note that definition of &(=, \) implicitly requires that the expected value

E
[
4−'[ [=

>� ( b )+\i ( b ) ] ]
is finite. If i = 0 (no jumps in the risky asset), it suffices that = belongs to the

domain of the moment-generating function (MGF) of the random vector −'[�(b).

If the components of b are independent, then

E4−'[=
>� ( b ) =

3∏
8=1

E4−'[=
8 ?8 b 8
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so =8 belongs to the domain of the MGF of −'[?8b8 , or, equivalently, −'[?8=8

belongs to the domain of the MGF of b8 , for each 8 = 1, . . . , 3.

First of all, we observe that the optimal combination of inputs and investment

in the risky asset (=̂, \̂) are independent of the level of financial wealth and constant

through time, and are the solution to an optimization problem that can be seen as

an extension of the classical long-run profit maximization problem. Indeed, suppose

there are no random exogenous shocks, that is, b: = 0 and 1 = 0. Then, finding the

optimal allocation of inputs is precisely the classical long-run profit maximization

problem with the same production function and rescaled prices ('−<8)?8 . Therefore,

by considering exogenous shocks and variations in the financial market, the firm

faces a risk-adjusted profit maximization problem that depends on the investment

strategy and the model parameters.

At the initial time C = 0, the firm must allocate \̂ + =̂>? in both the risky asset

and inputs. If the initial wealth is larger than \̂ + =̂>?, the firm invests the difference

in the risk-less asset. If not, the firm must finance its initial risky asset and input

allocation by borrowing at the risk-free rate ' > 0. Also, due to \̂ being constant,

the fraction of wealth invested in risky assets falls as the company accumulates more

wealth. Moreover, since &(=, \) does not depend on the company’s discount rate X,

neither do (=̂, \̂).

Optimal consumption 2̂ is an affine function of wealth. The firm consumes

at a fixed level &(=̂, \̂) + 1
[

(
X
'
− 1

)
plus an additional variable level 'G. Hence,

the marginal propensity to consume depends only on the risk-free rate, 3
3G
2̂ = '.

Moreover, consumption is positive if and only if wealth exceeds the threshold value

G∗ = − 1

'

[
&(=̂, \̂) + 1

[

( X
'
− 1

)]
.

The condition G∗ ≥ 0 ruling out the event of positive consumption coinciding with

negative wealth amounts to &(=̂, \̂) ≥ 1
'[
('−X). Below, we will pay special attention

to the case with no jumps in the dynamics of the risky asset, that is, i = 0. In this

case &(=, \) is separable in both control variables. The first-order condition for the
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existence of a maximizer \ reads

` − ' − '[(\f2 + f=>%d) = 0,

and we obtain

\̂ =
` − '
'[f2

− =̂
>%d

f
. (3.10)

Equation (3.10) determines the optimal share of wealth allocated to the risky asset

as the sum of two components. The first term, usually referred to as the myopic

or speculative demand, corresponds to an investment strategy that a manager with

a short investment horizon will follow, i.e., an investor that ignores what happens

beyond the immediate next instant.

The second term −=̂>%d/f, usually referred to as inter-temporal hedging demand

or excess risky demand, represents the change in the demand of the risky asset

to hedge against the exogenous capital shocks that cannot be fully eliminated. In

particular, if =>%d is positive, the firm allocates less in the risky asset compared to

the myopic allocation. This is the case if, for instance, [1d]8 > 0 for all 8 = 1, . . . , 3.

We also note that the firm holds a long position in the risky asset if ` >

'(1 + [f=̂>%d), and the allocation in both the risky asset and production inputs is

given by

\̂ + =̂>? = ` − '
'[f2

+ =̂>
[
? − 1

f
%d

]
.

Finally, inserting (3.10) in &(=, \) produces the partially maximized or profile

Hamiltonian criterion

&(=) := � (=) − =>� −Ψ(=)

where

Ψ(=) :=
'[

2

[��%>=��2 − ��=>%d��2] + k=>%d + _

'[
E

[
4−'[=

>� ( b ) − 1
]
− 1

2'[
k2.

And k = `−'
f

is the market price of risk of the risky investment. The term Ψ(=) can

be interpreted as long-term risk-adjusted production cost and is comparable to the

installation or adjustment costs that play a critical role in the neoclassical @-theory

of investment, see, e.g., Hayashi (1982). In our model, this correction term is an

external cost since it depends on prices and exogenous shocks.
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3.3.1. Examples

Example 3.3.2 To illustrate our results, we first consider the case 3 = 1 and

� (=) = �=U with U ∈ (0, 1). We assume constant negative jumps, i(H) = −0.3 for the

risky asset and b1 = −0.15 for the exogenous shock process. Table 3.1 contains the

remaining parameter values. Figure 3.1 depicts level curves of &(=, \). The optimal

Parameter Value Parameter Value

` 10% f 20%
' 4% <1 −0.15

111 0.40 d1 0.15
?1 0.50 [ 2.00
� 2.00 U 0.30
_ 0.03

Table 3.1: Parameter values for case 3 = 1.

policy is =̂ = 8.6603 and \̂ = 13.36788. Figure 3.2 plots optimal policies as a function

of the absolute risk aversion parameter [ ∈ [1, 3] for U = 0.3 and U = 0.15. For this

choice of parameters, both \̂ and =̂ decreases with [.

Figure 3.1: &(=, \) with jumps in the input and financial market.

Figure 3.3 contains plots of the sensitivity of the optimal policies to U ∈ (0, 1).

As U increases, so does the optimal input quantity. However, the dollar investment

in the risky asset decreases with U.
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(a) (b)

Figure 3.2: Sensitivity of =̂ and \̂ with respect to risk aversion [ ∈ [1, 3] for U = 0.3

and U = 0.15.

(a) (b)

Figure 3.3: Sensitivity of =̂ and \̂ with respect to elasticity U.

Figure 3.4 shows the optimal policies as a function of the correlation d1 between

the Gaussian shocks of the risky asset and the exogenous shocks. We notice that the

optimal input quantity and risky investment decrease as this correlation increases.

In particular, the hedging opportunity offered by the financial markets is reduced as

the correlation increases. Figure 3.5, we have plots of optimal policies as functions

of [ for correlations d1 = −0.15 and d1 = 0.15.

Example 3.3.3 Let us consider the one-dimensional case again but with no jumps

in the risky asset, i.e., i(H) = 0. In this case, the necessary first-order condition
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(a) (b)

Figure 3.4: Sensitivity of =̂ and \̂ with respect to correlation d1 ∈ [−1, 1].

(a) (b)

Figure 3.5: Sensitivity of =̂ and \̂ with respect to risk aversion [ ∈ [1, 3] for
correlations d1 = −0.15 and d1 = 0.15.

for the existence of a maximizer of &(=) reads � ′(=) = � +Ψ′(=). The second-order

condition is � ′′(=) < Ψ′′(=).

For this example we denote ? = ?1, 1 = 111, < = <1 and d = d1. Then, the

first-order condition is equivalent to the following

� ′(=) + (< − ')? − ?1dk − '[?212 (
1 − d2) = + ?_ ∫ ∞

−∞
H4−'[=?H � (3H) = 0. (3.11)

The second-order condition is

� ′′(=) < '[
[
(?1)2 (1 − d2) + _?2

∫ ∞

−∞
H24−'[?=H � (3H)

]
. (3.12)
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We further assume � (=) = �=U and, for simplicity, constant jumps with value b.

Therefore, the first-order condition can be rewritten as

�U=U−1 + ?_b4−'[?b= = −(< − ')? + ?1dk + '[(?1)2
(
1 − d2) =. (3.13)

We define

@(=) := �U=U−1 + (< − ')? − ?1dk − '[(?1)2
(
1 − d2) = + ?_b4−'[?b=. (3.14)

Note that if b > 0, the left-side of (3.13) tends to +∞ as = → 0+ and decreases to

zero as = tends to +∞, and the right-side is a straight line with a positive slope for

=. Now, if b < 0, as = → 0+, then @(=) → +∞, and if = → +∞, then @(=) → −∞.

Moreover, @′(=) < 0 for all = > 0. Therefore, @(=) has one single root.

We assume the parameters in Table 3.1, b = −0.15 and _ = 0.03. The optimal

policy for this parameters is =̂ = 8.5840 and \̂ = 17.4623. Without jumps in the risky

asset, there is a fall in the investment in the firm and an increase in the investment

in the risky asset. The increase in the risky asset is expected since it presents less

uncertainty, but given that our model has correlations with the investment in the

firm, an increase in the investment in the risky asset leads to a reduction in the

investment in the firm, to revalue the portfolio (Firm + Financial market). We now

look at the sensitivity of the optimal policy with respect to the absolute risk aversion

[, the output elasticity U ∈ [0, 1], and the correlation d between the exogenous capital

shocks and the log-returns of the risky asset.

Figures 3.6(a) and 3.6(b) contain plots of =̂ and \̂ as functions of [ ∈ [1, 3],

respectively. For our choice of parameters, both policies decrease with risk aversion.

Figures 3.7(a) and 3.7(b) contain plots of =̂ and \̂ as functions of d ∈ [−1, 1]

for production elasticity U = 0.15, 0.3. Investment in the risky asset decreases with

correlation as the hedging effect dissipates. However, it decreases faster for a higher

production elasticity, as output responds at a higher rate to production input.

Figure 3.8 shows the sensitivity of the optimal policies with respect to the

elasticity U ∈ [0, 1], with fixed risk aversion [ = 0.3. We see that, as expected, =̂

increases with U, while \̂ decreases.
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(a) (b)

Figure 3.6: Sensitivity of =̂ and \̂ with respect to absolute risk aversion coefficient.

(a) (b)

Figure 3.7: Sensitivity of =̂ and \̂ with respect to correlation coefficient d ∈ [−1, 1] .

Example 3.3.4 Suppose 3 = 1, i(H) = 0, b1 = 0, and other parameters in Table

3.1, the optimal policies are =̂ = 8.7555 and \̂ = 17.4366. Figure 3.9 shows

Figure 3.9 shows the behavior of the optimal policies as a function of [ ∈ [1, 3]

with the other parameter in Table 3.1. Both investments in the risky asset and the

factors of production are decreasing as a function of risk aversion. On the other

hand, the investment in the risky asset is reduced at higher degrees of elasticity since

the firm is more profitable at higher levels of elasticity; therefore, the investment in

the risky asset is less attractive. Figure 3.9(b) shows the behavior of the optimal
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(a) (b)

Figure 3.8: Sensitivity of =̂ and \̂ with respect to elasticity U.

(a) (b)

Figure 3.9: (a) Sensibilidad de \̂ con respecto a [. (b) Sensibilidad de =̂ con respecto
a [.

quantity of the production factor, which is higher in the case of higher elasticity.

Figures 3.10 and 3.11 present the optimal policies as a function of the diffusion

component of the shocks when the parameters are the same that in Figure 3.9.

Increased variability in the shocks leads to a drop in the optimal amount of the

production factor. The investment in the risky asset, a positive correlation leads to a

reduction in investment, and greater elasticity implies a decrease in the investment.

When there is a negative correlation, the investment in the risky asset increases,

showing that the firm takes the financial portfolio as a hedging instrument against

shocks in the factors of production.
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(a) (b)

Figure 3.10: (a) Sensitivity analysis of \̂ with respect to 1. (b) Sensitivity analysis
of =̂ with respect to 1.

(a) (b)

Figure 3.11: (a) Sensitivity analysis of \̂ with respect to 1. (b) Sensitivity analysis
of =̂ with respect to 1 when U = 0.3
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(a) (b)

Figure 3.12: (a) Sensibilidad de \̂ con respecto a d. (b) Sensibilidad de =̂ con respecto
a d.

Figure 3.12 presents the optimal policies’ behavior as a correlation function. If

the correlation is negative, the investment in the risky asset and the optimal amount

of the production factor are high because a shock in the production factor affects the

financial portfolio in the opposite direction; therefore, the higher the investment in

the production factor, the higher the investment in the risky asset should be and thus

reduce exposure. Now, as the correlation becomes less negative, the investment in

the yield factor, as well as in the risky asset, falls. Note that in cases of positive

correlation, a higher elasticity of the firm leads to higher investment in the risky asset

and the possibility of going short in the risky asset in cases of negative correlation.

This shows that the portfolio is affected by changes in the parameters of the firm’s

classical problem, reaffirming that the investment model where the firm’s profile is

not taken into account in the calculation of the optimal portfolio is a myopic model.
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Example 3.3.5 We now move on to the case with 3 = 2 production factors. We

assume a Cobb-Douglas production function of the form � (=) = �=U1 =
1−U
2 , and

consider first the case of no jumps. Furthermore, we assume "C can be written as

3"1
C = <

1 3C + V1 3,1
C

3"2
C = <

2 3C + V2 (r 3,1
C +

√
1 − r2 3,2

C )

so that
〈
"1, "2

〉
C
= V1V2rC. Then, we have

% =
©­«
%11 %12

%21 %22

ª®¬ = ©­«
?1V1 0

?2V2r ?2V2
√

1 − r2

ª®¬ .
To calculate the integral term in &(=), we can first use Sklar’s Theorem and assume

the distribution � (3H) is absolutely continuous with respect to the Lebesgue measure,

with density

6(H1, H2) = mC
mH1mH2

(�1 (H1), �2 (H2))61 (H1)62 (H2) (3.15)

where C is a 2-dimensional copula, and �8 and 68 are the marginal cumulative

distribution function and density function of b8 respectively. For instance, if C is

Clayton’s copula with dependence parameter Z ∈ [−1,∞) \ {0}, then

6(H1, H2) = (Z + 1)
(
�1 (H1)−Z + �2 (H2)−Z − 1

)−2− 1
Z [�1 (H1)�2 (H2)]−Z−161 (H1)62 (H2).

(3.16)

Figure 3.13 contains the plot of &(=) with the following specification: r = 0.1, Z = 0.9,

�8 (b) = −?8b8 and b8 ∼ Exp(F8) with marginal density function

68 (H) =


F84

−F8 H , H ≥ 0

0, H < 0.

(3.17)

and parameters F1 = 8 and F2 = 7. The remaining parameters are given in Table

3.2

We see that, unlike the classical long-run profit maximization problem with

constant returns-to-scale Cobb-Douglas production function, in this case, &(=) is

strictly concave and has a unique maximizer. The optimal strategy for this choice of

parameters is =̂ = (76.6549, 25.5922) and \̂ = 7.9103.
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Parameter Value Parameter Value
` 0.10 f 0.20
' 0.04 [ 2.00
� 2.00 U 0.30

_ 0.03 ?

[
0.50

1.75

]
<

[
−0.15

−0.10

]
d

[
0.32

−0.10

]
V

[
0.30

0.50

]

Table 3.2: Parameter values for case 3 = 2.

(a) (b)

Figure 3.13: (a) The plot of &(=), (b) Level curves of &(=).

Figure 3.14(a) presents the sensitivity of the optimal quantities of production

factors according to the correlation between factors (r ∈ [−1, 1]) when there is no

risky asset and different degrees of risk aversion. For a given risk aversion, the optimal

policies are decreasing; this is because with negative correlations, the shocks affect

in the opposite direction the firm’s wealth, and as the correlation becomes positive,

the shocks affect in the same direction, leading the firm to reduce the purchase

of production factors to reduce risk. Figure 3.14(b) presents the sensitivity of the

quantities of optimal production factors as a function of the correlation between the

factors (r ∈ [−1, 1]) when there is no risky asset and different values of elasticity.

Note that as the elasticity of the first production good increases, as expected, the
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optimal quantity of the first factor is greater. In addition, the higher the elasticity

of the first factor, the less the correlation will be affected compared to cases of lower

elasticity.

(a) (b)

Figure 3.14: Correlation between inputs shocks and _ = 0.03

Figure 3.15 shows the sensitivity analysis of the optimal quantities of the

production factors according to the copula dependence parameter Z ∈ [0.01, 9] when

there are no risky assets and different degrees of risk aversion. We see that the

greater the dependence between shocks in factors of production, the lower their

optimal quantity.

The following example shows a particular case in which the integral in the

definition of &(=) can be calculated explicitly. This reduces the computational cost

considerably.

Example 3.3.6 We now assume (b1, b2) has a bivariate normal distribution with

mean vector D = (D1, D2)> standard deviations I = (I1, I2)> and correlation 5 . Then

b̃ = (?1b1, ?2b2) also has a bivariate distribution with mean vector D̄ = (?1D1, ?2D2)>,

standard deviations (?1I1, ?2I2) and the same correlation. Hence,

E
[
4−'[=

>� ( b )
]
= ℎ(−'[=)

where

ℎ(C) = 4C>D̄+ 1
2
C>ΣC
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(a) (b)

(c)

Figure 3.15: Z sensibility with _ = 0.3 and different risk aversion coefficient.

is the moment generating function of b̃ and Σ =

(?1I1)2 5 ?1?2I1I2

5 ?1?2I1I2 (?2I2)2

.
Then, the integral term in &(=) can be rewritten as

_

[
4−'[=

>D̄+ 1
2
−'2[2=>Σ= − 1

]
(3.18)

Figure 3.16 contains the plot of the surface and level curves of &(=) for the

parameters in Table 3.2 and I1 = 0.15, I2 = 0.10, 5 = 0.30, D =

−0.5

−0.4

. For this case,

the optimal choice is =̂ = (5.2183, 3.5141) and \̂ = 14.2362. For this setting, we also

consider a Constant Elasticity of Substitution production function of the form

� (=) = �
[
e (=1)−r + (1 − e) (=2)−r

]−1/r
.
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(a) (b)

Figure 3.16: (a) surface &(=), (b) level curves of &(=).

Figure 3.17: Curve (=̂1 (U), =̂2 (U)) con U ∈ [0.01, 0.99].

with e = 0.5 = r = 0.5 and other parameters in Table 3.2, the optimal policies

are =̂ = (7.8832, 3.5137) and \̂ = 16.5300. Figure 3.17 depicts =̂ as a function of

U ∈ [0.01, 0.99] . We see that as, as expected, as U increases, =̂1 decreases while =̂2

increases.

Figure 3.18 contains the plot of =̂ and \̂ as function of d1 ∈ [−1, 1], when _ = 0,

i.e. no jumps. Again, investment in the risky asset decreases with d1 ∈ [−1, 1] as

the hedging effect against exogenous shocks dissipates. The same holds by varying

d2 ∈ [−1, 1], see Figure 3.19.

Example 3.3.7 Suppose 3 = 2, Cobb-Douglas production function same to 3.3.5,
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(a) (b)

Figure 3.18: =̂ and \̂ as functions of d1 ∈ [−1, 1] .

(a) (b)

Figure 3.19: =̂ and \̂ as functions of d2 ∈ [−1, 1] .

without jumps in the risky asset, sources of risk on independent production factors, .

with exponential distribution same to (3.17) and �8 (H) = −?8H8. Then, the moment-

generating function in the example 3.3.6 as follows

ℎ.̄ (C) =
F1

F1 − C
F2

F2 − C
,

where F8 is the mean of .8. If r = 0.1 and parameters in Table 3.2, the optimal

policies are (=̂1, =̂2) = (77.4132, 25.7458) and \̂ = 7.7736. Compared to the example

3.3.5 (without jumps and Claiton Copula), the optimal investment in the risky asset

and the investment in the first factor of production fall. This may be due to the
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(a) (b)

Figure 3.20: Plots of (a) surface &(=), (b) level curves of &(=) with decreasing
returns-to-scale Cobb-Douglas production function.

inclusion of jumps in the dynamics of productivity shocks.

Example 3.3.8 Now, we assume a Cobb-Douglas production function � (=) =

�=
U1

1 =
U2

2 that does not have constant returns-to-scale, i.e. U1 + U2 ≠ 1. Figure

3.20 depicts the plots of the surface and level curves of &(=) for the values U1 = 0.3

and U2 = 0.5, and the same parameters of Figure 3.16. The optimal strategy is

=̂ = (3.728, 1.9810) and \̂ = 15.6586.

Figure 3.21 depicts the plots of the surface and level curves of &(=) for the

values U1 = 0.3 and U2 = 0.9. For this choice of parameters =̂ = (9.2432, 7.2704) and

\̂ = 10.4984.

Figure 3.22 presents a plot of the points (=̂1, =̂2) as function of U1, with the

same parameters as before, except U2 = 0.5.

Finally, we present the sensitivity with respect to risk aversion. Figure 3.23

shows the plots of optimal (=̂1, =̂2) as function of the absolute risk-aversion parameter

[. Figure 3.22 corresponds to the decreasing returns-to-scale case U1 = 0.1, U2 = 0.4,

while Figure 3.23(b) is the constant returns-to-scale case U1 = 0.6, U2 = 0.4.

Figure 3.23(b) suggests a linear relation as a function of risk aversion in the

case of constant returns-to-scale. Indeed, if we denote &(=, \; [) the function &(=, \)
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(a) (b)

Figure 3.21: Plots of (a) surface &(=), (b) level curves of &(=) with increasing
returns-to-scale Cobb-Douglas production function.

(a) Increasing returns-to-scale (b) Decreasing returns-to-scale

Figure 3.22: (a) (=̂1, =̂2) with U1 ∈ [0.01, 0.5]. (b) (=̂1, =̂2) with U1 ∈ [0.51, 0.7].

with absolute risk-aversion coefficient [ > 0, and assume � (=) is homogeneous of

degree 1, then we have the following homogeneity property

&([=, [\; 1) = [&(=, \; [).

Using this, it is straightforward to prove the following.

Theorem 3.3.9 (One-fund separation theorem) Suppose 3 ≥ 2 and � (=) is

homogeneous of degree 1. Let (=̂([), \̂ ([)) denote the optimal inputs quantities and
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(a) Decreasing returns-to-scale: U1 = 0.1, U2 =

0.4

(b) Constant returns-to-scale: U1 = 0.6, U2 = 0.4

Figure 3.23: Sensitivity with respect to risk-aversion level.

risky asset allocation as functions of the risk aversion coefficient [ > 0. Then, the

following holds

(=̂([), \̂ ([)) = 1

[
(=̂(1), \̂ (1)), ∀[ > 0.

Equivalently, [(=̂([), \̂ ([)) = Z (=̂(Z), \̂ (Z)) for all [, Z > 0. Therefore, it suffices to

calculate the optimal strategy for a fixed risk-aversion level [ to find the optimal

strategy for any other risk-aversion level Z > 0.

3.3.2. Technology shocks

Motivated by work such as that of Posch (2009) who finds empirical evidence of jumps

in aggregate U.S. data using a stochastic general equilibrium model in which the

total productivity or technology factor follows a perturbed process with jumps. We

modify the initial model by taking the total productivity factor as a continuous-time

Markov chain.

Let Y(·) a Markov chain in continuous time with finite state space � = {1, . . . , �}

and generator Q = (@:;)�×� which means

@:; ≥ 0 for : ≠ ;, and
�∑
;=1

@:; = 0.
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We denote @: := −@:: > 0 and suppose that Y and , are independents. The agent’s

wealth process is given by

3+C = [�Y (C) (=C ) − 2C ] 3C + ℎ0
C 3(

0
C +  >C 3"C , +0 = G,

where �, �, and % are now also dependent on regime : ∈ �.3 The optimal value

function

o: (G) = E
[∫ ∞

0

4−XC* (2C ) 3C
���+0 = G, Y(0) = :

]
,

is sufficiently differentiable and satisfies the transversality condition, then, for any

level of financial wealth G ∈ R, it satisfies the non-linear second-order differential

equation system

−Xo: (G) + sup
(=,2)
{* (2) + [L=,2o: ] (G)} = 0, G ∈ R, : ∈ �

where L=,2 is the operator

[L=,2o: ] (G) =
[
�: (=) − =>�: + 'G − 2

]
o′: (G) +

1

2

��%>: =��2o′′: (G) + Qo: (G)
and

Qo: (G) =
∑
;≠:

[o; (G) − o: (G)]@:; .

We employ the following guess for the value function

o: (G) = −4−'[ (G+V: ) ,

then

o′: (G) = −'[o: (G), (3.19)

o′′: (G) = ('[)2o: (G), (3.20)

and

&: (=) := '[
[
�: (=) − =>�:

]
− ('[)

2

2
|%>: =|

2. (3.21)

3We suppose that " does not have jumps and there is no risky asset investment.
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Proposition 3.3.10 Suppose there exists

=̂ = arg max
(=,\) ∈R3+

&: (=).

Then, the strategy (=̂, 2̂) with

2̂: (G) = '(G + V: ) −
ln('[)
[

and V: solution of the system equation

0 = r: − '2[V: − 4'[V:
#∑
;=1

@:;4
−'[V; , (3.22)

where r: := X − ' +&: (=̂) + ' ln('[) is optimal.

Proof: See Appendix 3.A.1.

Example 3.3.11 Suppose two economy states: low (1) and high (2). Then, the

system equation (3.22) is

0 = r1 − '2[V1 + @12

[
4−'[ (V2−V1) − 1

]
, (3.23)

0 = r2 − '2[V2 + @21

[
4−'[ (V1−V2) − 1

]
, (3.24)

and we can be written as follows

V2 (V1) = − 1

'1[
ln

(
r1 − '2

1[V1

@12
+ 1

)
+ V1, (3.25)

V1 (V2) = − 1

'2[
ln

(
r2 − '2

2[V2

@21
+ 1

)
+ V2, (3.26)

notice that V1 <
W1+@12

'2
1 [

, V2 <
W2+@21

'2
2 [

, lim
V1→−∞

V2 (V1) = −∞, lim
V1→ W1+@12

'2
1
[

− V2 (V1) = ∞,

lim
V2→−∞

V1 (V2) = −∞ y lim
V2→ W2+@21

'2
2
[

− V1 (V2) = ∞. On the other hand, lim
V2→−∞

V′2 (V1) = 1 y

lim
V2→−∞

V′1 (V2) = 1 Figure 3.24 shows the plots of (3.26) and (3.25), when '1 = 5.0%,

'2 = 4.0%, [ = 0.40, X = 0.30, U = 0.70, @12 = 0.10, @21 = 0.60, <1
1 = 0.40,

<1
2 = 0.50, <2

1 = 0.30, <2
2 = 0.40, ?1 =


1.0

0.9

, ?2 =


0.9

0.8

, 11 =


0.7 0.4

0.3 1.0

, 12 =


0.8 0.5

0.4 1.1

, �1 = 0.90, and �2 = 1.10. The system of equation solution for these
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Figure 3.24: V2 (V1) and V1 (V2) intersection.

(a) (b)

Figure 3.25: a. &1 (=) surface. b. &2 (=) surface.

parameters is (V1, V2) = (550.0596, 1354.1356). This way, the optimal policies are

=̂1 = (27.5536, 19.0028) =̂2 = (38.6347, 23.7841) with : = 1, 2.

Figure 3.25 shows the surfaces &1 (=) and &2 (=). If the production function has

constant returns to scale, then &8 (=) is a concave function for all 8; therefore, it is

possible to find the maximizers of these functions.
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3.4. CRRA preferences

In this section, we assume the firm makes decisions based on a utility function with

constant relative risk aversion (CRRA)

* (2) =


21−W

1−W , W > 0, W ≠ 1,

ln 2, W = 1.

(3.27)

and the following conditions hold

Assumption IV 1. There are at least two inputs 3 ≥ 2,

2. The production function � is homogeneous of degree 1.

By considering only production, investment, and consumption strategies for which

the wealth process +C is strictly positive, we can introduce the following control

variables

^8C :=
 8C

+C−
, 8 = 1, . . . , 3, cC :=

\C

+C−
, C ≥ 0.

^8C is the fraction of wealth invested in input 8, and cC is the fraction of wealth

invested in the risky asset. The fraction of wealth invested in the risky asset is

1 − (^>C 1 + cC ). With these definitions, the budget constraint now reads

3+C = +C−
{[
' + �̄ (^C ) + ^> (< − '1) + cC (` − ')

]
3C + ^>13,C + cf3,̄C

+
∫
R3

[
^>C H + ci(H)

]
# (3H, 3C)

}
− 2C 3C

where ^C = (^1
C , . . . , ^

3
C )> and

�̄ (^1, . . . , ^3) := �

(
^1

?1
, . . . ,

^3

?3

)
.

We denote with + ^, c,2 the solution to equation (3.28). Again, we consider the

expected discounted lifetime utility derived from consumption,

� (^, c, 2; G) := E

[∫ ∞

0

4−XC* (2C ) dC
���+ ^, c,20 = G

]
G > 0, (3.28)
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subject to the budget constraint (3.28). The class of admissible strategies, denoted

by A(G), is now defined as the set of policies (^, c, 2) such that + ^, c,2 > 0 a.s. for

all C ≥ 0. This is guaranteed, for instance, if

^>b + ci(b) > −1 a.s.

As usual, if the value function

o(G) := sup
(^, c,2) ∈A(G)

� (^, c, 2; G) (3.29)

is sufficiently differentiable, it satisfies the HJB equation

− Xo(G) + sup
(^, c,2) ∈R3+ ×R×(0,∞)

{* (2) + [L^, c,2o] (G)} = 0 (3.30)

where L^,2, c is the operator

[L^,2, co] (G) =
{
G
[
�̄ (^) + ' + ^> (< − '1) + c(` − ')

]
− 2

}
o′(G)

+ G
2

2

[
|^>1 |2 + (cf)2 + 2cf^>1d

]
o′′(G) + _E

[
o

(
G
[
1 + ^>b + ci(b)

] )
− o(G)

]
.

We propose the educated guess o(G) = 0* (G) for some constant 0 > 0 to be deter-

mined below. Inserting this guess in the HJB equation, it follows that finding an

interior solution requires maximizing

* (2) − 20G−W (3.31)

over 2 ≥ 0, and

&̄(^, c) := �̄ (^) + ^> (< − '1) + c(` − ') − W
2

[
|^>1 |2 + (cf)2 + 2cf^>1d

]
+ _

1 − W

{
E

[
1 + ^>b + ci(b)

]1−W − 1
}

over (^, c) ∈ R3 ×R respectively, if W ≠ 1. The log-utility case can be solved similarly.

We have the following result
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Proposition 3.4.1 Suppose W ≠ 1 (power utility), and there exists

( ˆ̂, ĉ) = arg max
(^, c) ∈R3+ ×R

&(^, c)

satisfying X > (1 − W) [' +&( ˆ̂, ĉ)] . Then, the strategy ( ˆ̂, ĉ, 2̂) with 2̂(G) = VG and

V =
1

W

(
X − (1 − W) [' +&( ˆ̂, ĉ)]

)
.

is optimal.

Proof: See Appendix 3.A.1.

Unlike the case of CARA preferences, the optimal combination of inputs and

investment in the risky asset now depends on the level of financial wealth. Indeed,

at the initial time C = 0, the firm must allocate ^>0 G in the production resources and

cG in the risky asset. Since prices ?8 are given, the firm must buy

=̂80 =
ˆ̂8G

?8

units of each input 8. If ˆ̂>1 + ĉ < 1, the firm invests G [1 − ( ˆ̂>1 + ĉ)] in the risk-less

asset. Otherwise, the firm must finance its initial risky asset and input allocation

by borrowing at the risk-free rate ' > 0. Thereafter, the firm ought to adjust all its

inputs at any time. Optimal consumption 2̂ is a linear function of wealth. Unlike

the case of negative exponential utility, the marginal propensity to consume depends

on all the model parameters.

In this case, if there are no random exogenous shocks, finding the optimal

allocation of inputs is precisely the classical long-run profit maximization problem

with production function �̄ and all prices equal to the interest rate. If instead, we

consider the general model with exogenous shocks and variations in the financial

market, we end up with a risk-adjusted cost function of the form

^> (<−'1)−c(`−')+W
2

[
|^>1 |2 + (cf)2 + 2cf^>1d

]
− _

1 − W

{
E

[
1 + ^>b + ci(b)

]1−W−1
}

which depends on the investment strategy and the model parameters but not on the

input prices. In the case with no jumps in the dynamics of the risky asset, that is,
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i = 0, the function &̄ is separable in both control variables (^, c). The first-order

condition for the existence of a maximizer ĉ reads

` − ' − W(cf2 + f^>1d) = 0.

Solving for c we obtain

c =
` − '
Wf2

− ^
>1d

f
. (3.32)

Inserting this in &̄(^, c) produces the partially maximized or profile Hamiltonian

criterion

&̄(^) := �̄ (^) + ^> (<−'1) + W
2

[( ` − '
Wf

− ^>1d
)2

− |^>1 |2
]
+ _

1 − WE
[
(1+ ^>b)1−W −1

]
.

(3.33)

In particular, the firm holds a long position in the risky asset if ` > ' + Wf ˆ̂>1d, and

the fraction of wealth allocated in both risky asset and production inputs is given by

ĉ + ˆ̂>1 =
` − '
'[f2

+ ˆ̂>
(
1 − 1

f
1d

)
.

Finally, as in the case of CARA utility, there exists a linear relation of optimal

policies with respect to risk aversion. We have the following result

Theorem 3.4.2 (Two-fund separation theorem) Let W1 < W̄ < W2 be fixed.

Suppose W8 > 0 satisfies the conditions of Proposition 3.4.1 for 8 = 1, 2. Let

( ˆ̂(W8), ĉ(W8)) denote the optimal policies for the risk aversion level W8. Then there

exists Z ∈ (0, 1) such that

Z ( ˆ̂(W1), ĉ(W1)) + (1 − Z) ( ˆ̂(W2), ĉ(W2))

is optimal for the risk aversion level W̄.

Proof: See Appendix 3.A.1.

3.4.1. Numerical examples

We consider 3 = 2. For simplicity, can assume no jumps in risky asset i = 0, and

^ ∈ R3 satisfying



Input allocation and investment in a jump-diffusion multi-factor
productivity model 109

• b8 > −1 and ^1 + ^2 ∈ [0, 1] . Here, we should preferably have b8 ∈ [−1, 0]

so that jumps correspond to transitory negative shocks. C. Wang et al.

(2016) consider a wealth accumulation model with income jumps that follow

a Power distribution over [0, 1] . In our setting, we can assume 1 + b8 has

Power distribution over [0, 1], which ensures b ∈ [−1, 0]. This is equivalent to

− ln(1 + b8) having exponential distribution, for each 8 = 1, . . . , 3.

• b8 > 0. No restrictions on ^8 ≥ 0. However, this case is not very realistic.

Example 3.4.3 For the following example, the parameters in the table 3.2 were

used and W = 2.0, r = 0.1, b1 = −0.1 and b2 = −0.2, thus, the optimal policies are

ˆ̂ = (1.6267, 1.8656) and ĉ = 0.2839. Figure 3.26 presents the sensitivity analysis

of the optimal policy as a function of risk aversion coefficient W ∈ [1.1, 3.9]. Figure

3.26 (a) shows the performance of the optimal investment in the production factors,

when the risk aversion coefficient increases, then the optimal investment decreases

over a line. Additionally, and same to (Junca and Serrano, 2021), the investment in

the first factor increases with an increase in the elasticity of the first factor. Our

model generalizes (Junca and Serrano, 2021) to aggregate a correlated risky asset.

Figure 3.26(b) shows the optimal investment in the risky asset as a function of

the risk aversion coefficient; notice that the investment in the risky asset falls with

increases in the risk aversion, and the elasticity affects the portfolio investment. If

the elasticity increases, then the firm uses the risky asset to increase production.

3.4.2. Technology shocks

Let Y(·) a Markov chain in continuous time with finite state space � = {1, . . . , �}

and generator Q = (@:;)�×� which means

@:; ≥ 0 for : ≠ ;, and
�∑
;=1

@:; = 0.

We denote @: := −@:: > 0 and suppose that Y and , are independent. Then, the

agent’s wealth process is as follows

3+C = +C
{
[' + �̄Y (C) (=C ) + ^> (< − '1) − 2C ] 3C + ^>13,C

}
, +0 = G, (3.34)
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(a) ˆ̂ (b) ĉ

Figure 3.26: Optimal policies as a function of risk avesion coefficient.

where �, � and % now also dependent on regimen : ∈ � . Suppose the agent’s utility

function is CRRA, and denote + ^,2,8 as the solution of equation (3.34). Then, the

discounted utility of the firm’s consumption is given by

� (^, 2, 8; G) := E

[∫ ∞

0

4−XC* (2C ) dC
���+ ^,2,80 = G, Y(C) = 8

]
G > 0, (3.35)

If the value function

o8 (G) := sup
(^,2) ∈A(G)

� (^, 2, 8; G) (3.36)

is sufficiently differentiable, it satisfies the HJB equation

− Xo8 (G) + sup
(^,2) ∈R3+ ×(0,∞)

{
* (2) +

[
L^,2
8
o
]}

(3.37)

where L^,2
8

is the operator[
L^,2
8
o
]
(G) =

{
G
[
�̄8 (^) + ' + ^> (< − '1)

]
− 2

}
o′8 (G)

+ G
2

2
|^>1 |2o′′8 (G) +

∑
9≠8

@8 9
[
o 9 (G) − o8 (G)

]
.

We propose the educated guess to the solution of (3.37) equation as o8 (G) = 08* (G)

with 08 > 0 to be determined. Inserting this guess in the HJB reduces the problem

of solving the equation to maximizing

* (2) − 208G−W
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over 2 ≥ 0, and

&̄8 (^) := �̄8 (^) + ^> (<8 − '1) − W
2
|^>1 |2 (3.38)

over ^ ∈ R3. We have the following result

Proposition 3.4.4 Suppose W ≠ 1 (power utility) and exist

ˆ̂ = arg^∈R3+ max &̄8 (^)

that satisfice X >
∑
9≠8 @8 9 + (1−W) (' +&8 ( ˆ̂)). Then, the strategy ( ˆ̂, 2̂) with 2̂ = 0

− 1
W

8
G

and 08 system solution

08

(
' +&8 ( ˆ̂) −

X

1 − W

)
+ W

1 − W 0
1− 1

W

8
+ 1

1 − W
∑
9≠8

@8 9 (0 9 − 08) = 0 (3.39)

Proof: Se Appendix 3.A.1.

3.5. Conclusions

Problems of inter-temporal optimization appear frequently in numerous fields of

economic activity, and there is a large amount of economic research dedicated

to analyzing such decision problems. Among the most prominent inter-temporal

optimization models studied is the standard profit maximization problem. Here

we have considered a dynamic version in which risk-averse firms are assumed self-

financed in the sense that reallocates internal funds obtained from production output

in the factor inputs and the financial market. The capital input allocation process

faces exogenous shocks in the form of an observable jump-diffusion process that

captures continuous permanent fluctuations as well as random discontinuities.

Using dynamic programming, we obtain explicit characterization for both CARA

and CRRA utility functions, as well as separation-type results. This elucidates the

importance of our findings on a non-technical level. Our results can be used in

an aggregate context to study market prices and market quantities and ultimately

consider general-equilibrium macroeconomic outcomes; see, e.g., Brunnermeier and

Sannikov (2014) and the references therein. Other ideas for extensions are considering
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firms with regime-switching and/or heterogeneous productivity as in Moll (2014),

and using similar models for studying endogenous efficiency improvement as in M. G.

Tsionas et al. (2020), M. Tsionas et al. (2022).



3.A Appendix

3.A.1. Proofs

Proposition 3.3.1.

We get

2̂(G) = '(G + V) − ln('[)
[

.

when solver (3.8) problem and obtain a condition over V when replace 2̂(G) and (3.9)

in (3.7) as follows

0 = −Xo(G) − 1

[
4
−[

[
' (G+V)− ln('[)

[

]
+ ('[)

2

2
o(G)

[
|%>=̂|2 + \̂2f2 + 2\̂f=̂>%d

]
−'[o(G)

[
� (=̂) − =̂>� + 'G + \̂ (` − ') −

(
'(G + V) − ln('[)

[

)]
+o(G)

∫
R3

(
4−'[ [=̂

>� (H)+ \̂ i (H) ] − 1
)
a(3H)

= −X + ' − '[
(
−'V + ln('[)

[

)
+ ('[)

2

2

[
|%>=̂|2 + \̂2f2 + 2\̂f=̂>%d

]
−'[

(
� (=̂) − =̂>� + \̂ (` − ')

)
+

∫
R3

(
4−'[ [=̂

>� (H)+ \̂ i (H) ] − 1
)
a(3H)

= X − ' + '[&(=̂, \̂) + '[
(
−'V + ln('[)

[

)
.

Then,

'V =
1

[

[
X

'
− 1

]
+ &̂(=̂, \̂) + 1

[
ln('[).

The wealth process +̂ = + =̂,2̂, \̂ satisfies

3+C =

[
� (=̂) − =̂>� + \̂ (` − ') −&(=̂, \̂) − 1

[

( X
'
− 1

)]
3C + \̂f3,̄C + =̂>% 3,C

+
∫
R3

[
=̂>�(H) + \̂i(H)

]
# (3H, 3C)

(3.40)
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Applying Itô’s lemma with the value function o(G) and the process +̂ , and using

o′ = −'[o, o′′ = ('[)2o, we get

3o8 (+̂C ) = −'[o(+̂C ) 3+̂C+
('[)2

2
o(+̂C ) 3

〈
+̂
〉c

C
+3

[ ∑
0<B≤C

o(+̂B) − o8 (+̂B−) + '[o(+̂B−)Δ+̂B

]
where 〈·〉c is the quadratic variation of the continuous part, and Δ+̂B = +̂B − +̂B−
are the increments in the interval (0, C] . We can write the sum of the increments

o(+̂B) −o(+̂B−) as an integral with respect to the random counting measure # (dH, dC)

as follows∑
0<B≤C

o(+̂B) − o(+̂B−) =
∑

0<B≤C
o(+̂B− + Δ+̂B) − o(+̂B−)

=

∫ C

0

∫
R3
o(+̂B−) [4'[ [=̂

>� (H)+ \̂ i (H) ] − 1] # (dH, dC)

Compensating these jump integrals and taking expected values, we get that the

function ℎ(C) := E[o(+̂C−)] satisfies ℎ′ = (X − ')ℎ with ℎ(0) = o(G). Therefore, the

transversality condition

4−X)E[o(+̂) −)] = 4−A) o(G) → 0, as ) →∞

holds. Thus, the conditions for the Verification Theorem linking the solution to the

HJB equation (3.7) with sufficient conditions for the existence of optimal strategies

are satisfied, and the desired result follows (see Theorem 9.1 in Section III.9 of

Fleming and Soner (2006)).

Proposition 3.3.10.

Suppose there exists

=̂ = arg max
(=,\) ∈R3+

&: (=),

and the guess of value function as follows

o: (G) = −4−'[ (G+V: ) .

Then, the FOC of (3.3.2) over 2 as follows

4−[2 − o: (G) = 0
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therefore,

2̂: = '(G + V: ) −
ln('[)
[

,

and the system of equations can be written as follows

0 = X − ' +&: (=̂) − '2[V: + ' ln('[) −
∑
;≠:

@:;

[
4−'[ (V;−V: ) − 1

]
= r: − '2[V: − 4−'[V:

#∑
;=1

@:;4
−'[V; .

Proposition 3.4.1. Suppose W ≠ 1 and there exists

( ˆ̂, ĉ) = arg max
(^, c) ∈R3+ ×R

&(^, c).

Then, due to o(G) = 0 G1−W

1−W with 0 > 0, and from (3.30), we obtain

0 = − X0

1 − W + 0
W−1
W

(
W

1 − W

)
+ 0

[
�̄ ( ˆ̂) + ' + ˆ̂(< − ') + ĉ(` − ')

]
− 0W

2

[
| ˆ̂>1 |2 + (ĉf)2 + 2ĉf ˆ̂>1d

]
+ _0

1 − WE
[
(1 + ˆ̂>b + ĉi(b))1−W − 1

]
= − W

1 − W +
W0
− 1
W

1 − W +&( ˆ̂, ĉ) + '.

Therefore,

0
− 1
W =

1

W
[X − (1 − W) (&( ˆ̂, ĉ) + ']

and since 0 > 0 we have

1

W
[X − (1 − W) (&( ˆ̂, ĉ) + '] > 0.

V := 0−
1
W completes the proof.

Teorema 3.4.2 We denote with &̄(^, c; W) the function &̄ with the risk-aversion

parameter W > 0 considered as a variable, and define the mapping � : [0, 1]×(0,∞) →

R as

� (Z, W) := ˜̂(Z)>∇^&̄( ˜̂(Z), c̃(Z); W) + c̃(Z)mc&̄( ˜̂(Z), c̃(Z); W)

where for each Z ∈ [0, 1] we have denoted

c̃(Z) : = Zc(W1) + (1 − Z)c(W2),

˜̂(Z) : = Z^(W1) + (1 − Z)^(W2).
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Since ( ˆ̂(W8), ĉ(W8)) are optimal, they satisfy the first-order conditions

∇^&̄( ˆ̂(W8), ĉ(W8); W8) = 0, mc&̄( ˆ̂(W8), ĉ(W8); W8) = 0, 8 = 1, 2.

∇^&̄( ˜̂(Z), c̃(Z); W) = ∇^ �̄ ( ˜̂)Z + (< − '1) − W
[
˜̂>11> + c̃f1d

]
+ _E

[ (
1 + ˜̂>b + c̃i(b)

)−W
b
]

mc&̄( ˜̂(Z), c̃(Z);_) = ` − ' − W(cf2 + f ˜̂>1d) + _E
[ (

1 + ˜̂>b + c̃i(b)
)−W

i(b)
]

Now,

m

mW
∇^&̄( ˜̂(Z), c̃(Z); W) = −

[
˜̂>11> + c̃f1d

]
− _E

[
(1 + ˜̂>b + c̃i(b))−W ln(1 + ˜̂>b + c̃i(b))b

]
m

mW
∇^&̄( ˜̂(Z), c̃(Z); W) = −(c̃f2 + f ˜̂>1d) − _E

[
(1 + ˜̂>b + c̃i(b))−W ln(1 + ˜̂>b + c̃i(b))i(b)

]
Thus, we proof that � is decreasing in W. Therefore, we have

� (1, W̄) < � (1, W1) = 0 = � (0, W2) = 0 < � (0, W̄).

By the intermediate value Theorem, there exists Z ∈ (0, 1) such that � (Z, W̄) = 0.

Since &̄ is strictly concave, the desired result follows.

Proposition 3.4.4. Suppose W ≠ 1, and there exist

ˆ̂ = arg^∈R3+ max &̄8 (^).

Then, due to o8 (G) = 08 G
1−W

1−W with 08 > 0, and from (3.37), we obtain

0 = − X08

1 − W +
W0

W−1
W

8

1 − W +
[
�̄ ( ˆ̂) + ' + ˆ̂(< − '1)

]
08 −

W08

2
| ˆ̂>1 | + 1

1 − W
∑
9≠8

@8 9 (0 9 − 08)

= 08

(
' +&8 ( ˆ̂) −

X

1 − W

)
+ W

1 − W 0
1− 1

W

8
+ 1

1 − W
∑
9≠8

@8 9 (0 9 − 08).

Therefore,

(W − 1)
(
' +&8 ( ˆ̂) −

X

1 − W

)
= W0

− 1
W +

∑
9≠8

@8 9
0 9

08
−

∑
9≠8

@8 9

(W − 1)
(
' +&8 ( ˆ̂) −

X

1 − W

)
+

∑
9≠8

@8 9 = W0
− 1
W +

∑
9≠8

@8 9
0 9

08
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Thus, this expression is true if

(W − 1)
(
' +&8 ( ˆ̂) −

X

1 − W

)
+

∑
9≠8

@8 9 > 0

or

X >
∑
9≠8

@8 9 + (1 − W) (' +&8 ( ˆ̂)).
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