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Abstract

Thanks to the great advance technology has had, the increase in computer resources
and the strong impact that the era of "big data" has had on society, artificial intel-
ligence has become a highly studied and used area. Machine learning is a branch
of artificial intelligence which main objective is to build models that are capable of
learning from a set of data, without the need to be explicitly programmed. These
models use tools from different branches of mathematics, such as statistics and lin-
ear algebra, to identify patterns and relationships between a set of data.

Regarding machine learning, it allows us to generate models that are capable of
classifying a set of data based on its intrinsic characteristics and its relationship with
an objective variable. These models are widely used in real-life problems, such as
classifying a bank transaction as malicious or normal, determining with a certain
probability whether a tumor is malignant or benign, estimating a person’s credit
risk, among others.

Most of these classification models learn through the use of gradient descent or
its variations. This is an iterative algorithm which allows finding the parameters 6 of
the model that minimize a cost function and allow an adequate classification. These
parameters are initialized randomly. However, there are several limitations when
training these models. The real data is in considerably large dimensions, and it is
difficult to know the shape of the cost surface that is generated with it. This causes
the models to require a lot of care, and a large amount of time and computational
resources for their training. On the other hand, due that in most cases the cost func-
tion is not convex as it normally happens in neural networks, it is possible that when
initializing the weights randomly, the algorithm stalls because it was initialized in a
flat region of the cost function, or that it initializes in a very rough region and does
not converge to an appropriate minimum.

This is way the present study aims to propose an initialization strategy for classi-
fication problems that initialize the models in an appropriate region of the cost func-
tion in order to improve its convergence rate and produce better results in faster
training times. We aim to propose a new deterministic initialization strategy for
the logistic regression (linear classifier), the multinomial logistic regression and the
classical neural networks (fully connected feed-forward) for classification problems.

We proposed an initialization strategy based on the properties of the statistical
distribution of the data on which the models are trained. For the logistic regression
and the multinomial logistic regression we propose to initialize the models with a
characteristic vector of the data distribution of each class, such as its mean or me-
dian. In the fully connected feed-forward neural networks we propose to use pro-
totype data of each one of the classes. These prototype data are not the most repre-
sentative data of the entire class distribution, but in this case, they are data that map
and linearize the separation boundary with the other classes.

A benchmark for the initialization proposal was made using various real datasets
for classification tasks from the UCI and Kaggle repositories. We also tested the
proposed initializations with different toy examples.

In the logistic regression, we compared the behavior of the model using ran-
dom initialization and using the proposed initialization. For fully connected feed-
forward neural networks, we compared the behavior of the neural networks using
the proposed initialization and the state of the art initializations for these models,
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Xavier’s and He’s initialization. In both cases, we were able to successfully initial-
ize the models reducing it’s required training time and making the learning algo-
rithm start in a better region of the cost function. Codes and tables are available at
https://bitbucket.org/davidsantiago1011/thesis-ml/.

In this way, we proposed new initialization strategies for the multinomial logistic
regression and the neural network models for classification problems. The logistic
regression initialization is based on statistical estimators of the data distribution and
distance metrics, particularly the mean and the euclidean distance between different
scalar products. The neural networks strategy is based on the decision boundary
linearization using prototype data of each one of the classes. We have seen that
our approach works very well for all the tested datasets, considerably reducing the
computational resources required for the training of these models and increasing
their performance.
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Chapter 1

Introduction

1.1 Machine Learning

Artificial intelligence is an area of computer science that aims at developing systems
that can mimic human behaviour in various tasks and environments. Some fields
of Artificial intelligence study how systems can learn form experience, what does
it mean to develop cognitive abilities, as well as to study sensations and feelings.
The field of artificial Intelligence was founded in the Dartmouth workshop in 1956,
where several distinguish scientist gather together to discuss topics related to differ-
ent aspects of learning and intelligence. Artificial Intelligence was heavily explored
by the mathematician Alan Turing in his publication "Computing Machinery and In-
telligence" [1]. Though the expectations for the development of this field were huge,
it took several decades for Artificial intelligence to produce a huge impact. Nowa-
days, thanks to the advancement of technology, the increase in computing resources
and, above all, the great impact that the era of "big data" has had on society artificial
intelligence has become more popular.

One of the main branches of artificial intelligence is machine learning, which
main objective is to develop models that are capable of learning from data, without
the need to be programmed in an explicit way [2]. Currently, these models are used
in a large number of applications ranging from recommendation systems on stream-
ing platforms, to image classification to detect malignant tumors in medicine. The
truth is that machine learning has become such a popular topic that it is not only the
basis for the success of many startups, but it is also the subject of study in various
scientific fields. This success is mainly due to the fact that machine learning is a mul-
tidisciplinary field which foundations had been, and are being, developed in areas
such as mathematics, statistics, linear algebra and topology.

Machine learning models can be categorized into supervised, unsupervised and
self-supervised learning. Supervised learning assumes that there is a “supervisor”
variable that knows the exact value of the target that is intended to be estimated,
in the case of regression models, or the classes of data that are available for train-
ing these models, in the case of classification models. Meanwhile, unsupervised
learning aims at learning characteristics of the data from patterns that are obtained
heuristically, without knowing this information a priori. Self-suppervised learning
consists of learning through information obtained from evaluations of the system'’s
output, in this context self-suppervised learning is known as reinforcement learning
when the learning process is updated based on from trial and error through interac-
tions of the system with its environment [3].
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Therefore, if we focus on the way the different models learn, it is possible to
say that supervised learning models learn by adjusting their internal parameters via
an error signal between the known and the estimated output, unsupervised learn-
ing models adjust their parameters by learning from the intrinsic information of the
data, and reinforcement learning models use a reinforcement function to adjust their
local parameters [3].

Supervised learning problems can be categorized into regression and classifica-
tion problems. In both cases, there is a series of observations with a certain number
of predictors, regressors or descriptor variables, and the aim is to build a model that
can predict the value of a specific target from those observations. The main differ-
ence is that in regression problems the target is a continuous value and in the case of
classification it is a categorical value [1].

Predictive models of company’s shares are a good example of regression prob-
lems. These models are widely used today by various organizations because they
seek to predict the value of company’s shares based on various factors, including
the values of shares in the past. Consequently, although regression models are very
popular, classification models are not far behind, in the field of medicine these mod-
els have had a great impact because they are widely used to classify all types of
images, specifically, one of its main uses is the classification of tumors, in which var-
ious images of tumors are processed to build a model that is capable of determining
whether a tumor is malignant or benign as well as their location.

In the case of unsupervised learning models, one of their main topics under
study is clustering, which consists in grouping the observations using a fixed num-
ber of clusters based on the similarity of their characteristics. Clustering has the abil-
ity to reduce the complexity of the data by grouping it into small clusters, where the
members of each cluster share similar characteristics [4]. Unlike supervised learning
problems, in this case there is no target or objective variable, but the models learn
the intrinsic characteristics of the data. Clustering has a large number of applications
in various areas such as environmental engineering for the exploratory analysis of
meteorological data [4], medicine for the recognition of new Alzheimer’s patterns
[5] and economics to understand patterns in the global economy [6].

1.2 Training of Machine Learning Models

In this section we will discuss different aspects related to the training of machine
learning models. The discussion will be centered around gradient descent, more
specifically to the algorithms itself, the influence of some hyper-parameters, as well
as the initialization strategies.

1.2.1 Gradient Descent

The main goal of machine learning, in general, can be expressed in terms of opti-
mizing an objective function J(#) over a domain 6 € Q) [7]. In this context learning
constitute the process of finding the parameters that optimize the objective function.
There are various learning algorithms, some more complex than others, however,
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FIGURE 1.1: Illustration of gradient descent iterative procedure.
Credit: wikipedia

one of the most popular and flexible is gradient descent; an iterative algorithm that
seeks to minimize a continuously differentiable function, which is called the cost
function J(0), that depends on the parameters 6 € IR? of the model [8].

This method is originally attributed to the mathematician, engineer and physi-
cist Augustin-Louis Cauchy who initially proposed it in 1847 [8]; and as expected
in iterative methods, the algorithm updates the parameters 6 in each iteration based
on the fact that if a multi-variable function G : D — K is defined and differentiable
in a neighborhood of a point 6 € D, then G increases faster if it goes from 6 in the
direction of the gradient of G evaluated at 6 [1]. Therefore, this method seeks to
minimize the cost function J(6#), which by hypothesis is defined and differentiable
in the entire real domain. This minimization occurs by updating the parameters 6 in
the opposite direction to the gradient of the cost function, V] (6).

Gradient descent starts with some randomly chosen initial parameters, 8y, and
iteratively updates them as shown in equation (1.1) below:

0 =0+A0,
9] (1.1)
AD = M550

where 7 € R4 is a hyperparameter of the model, known as the learning rate.
Thus, according to equation (1.1), a sequence of parameters {90, 0!, ...} is computed,
which, with a proper setting of the algorithm hyperparameters, will converge to the
optimal parameters, ; i.e. the parameters that produce a minimum of the cost func-
tion J(6). Figure 1.1 shows the graphical interpretation of gradient descent using
level curves from the cost function.

Algorithm 1 shows the pseudocode for gradient descent. It can be seen that the
algorithm starts in a random point and iterates until convergence.


https://en.wikipedia.org/wiki/Gradient_descent##/media/File:Gradient_descent.svg

4 Chapter 1. Introduction

Input: The training set {x;,y;}/, withx; € R, y; € N, ,Vie {1,2,...,n},
the learning rate 7, the activation function & and the cost function J.

Process:
Initialize randomly the parameters 0
Repeat until convergence

Shuffle {x;,y;}" ,

forall xj,y; € {x;,y;}j_, do

0 =0—1yVo/(h(xi0"),y:)

end

Output: The parameters 6

Algorithm 1: Stochastic Gradient Descent Algorithm.

1.2.2 Optimizers

Due to the popularity and effectiveness of gradient descent as a learning algorithm
for various machine learning models, and to the availability of large datasets, gradi-
ent descent has been used as the based algorithm for the development of different
optimizers, which main task is to learn the model parameters, 6.

Stochastic gradient descent, SGD, is perhaps the most naive implementation of
Gradient descent. In a nutshell SGD update the parameters by taking a random
sample from the observations and repeat the process until convergence. Though
this strategy is fastest in the computations needed to update the parameters, it takes
more time to converge to the minimum. The update formula for SGD is presented
in equation (1.2).

0:=0—1nVe/(0;x7;y). (1.2)

SGD is fast in its computation, however, the path that it follows to reach the
minima is “messy” due to the changes in direction caused by the evaluation of the
gradients using individual samples [9]. Apart from this SGD has problems when it
reaches inflexion points or local minima in the cost function surface.

In order to solve the problems due to inflexion points as well as local minima,
the SGD algorithm was modified by including a momentum term. The inclusion of
momentum accelerates SGD in the optimal direction. As mentioned before, SGD
performs well over rough surfaces but it can present problems near local minima
and inflexion points [9]. SGD with momentum adds, at each iteration, a fraction 7y
of the update vector from the previous iteration as shown below:

vi = yvi_1 +1Ve](0),

1.3
0:=0— Vi. ( )

The term v; in equation (1.3) can be seen as a term that keeps information con-
cerning the previous states for the gradient in the cost function. This term has the
particularity that it increases for dimensions whose gradients point in the same di-
rections and decreases for dimensions whose gradients change direction, which pe-
nalizes dimensions that have an abrupt change in its gradient to obtain a better con-
vergence rate, this term also helps to escape from local minima as well as saddle
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Big learning rate Small learning rate

FIGURE 1.2: Illustration of a poor choice in gradient descent learning

rate. In the left figure the case when the learning rate is too large,

causing the algorithm to diverge, whilst in the right figure the case

when the learning rate is too small, which causes the algorithm to
take a long time to converge. Credit: researchgate

points in the cost function [9].

Apart from SGD and SGD+Momentum we can also find ADAGrad [10], which
penalizes the update in the directions where the gradient of the cost function is
larger. This optimizer now uses mini-batch of data, instead of using random in-
dividual samples from the observations, this helps to smooth the direction of the
parameter updates. ADAGrad helps to identify a more precise direction that points
towards the minimum, by dividing by the magnitude of the cumulative gradient in
each direction. However, ADAGrad has problems with its convergence rate, since
it can decrease too fast the relative learning rate producing a slow convergence. To
solve this problem one may keep a weighted average of the gradients of the func-
tions, mitigating the effect of the exploding cumulative gradient, the optimizer us-
ing this strategy is called RMSProp [11]. Additionally, when the momentum and
the correction term for the direction used in ADAGrad are combined we obtained
the optimizer ADAM [12].

1.2.3 Learning Rate

In all the different optimizers, the initial value for the learning rate, #, has to be se-
lected. The learning rate is a hyper-parameter that represents the size of the learning
step, i.e it indicates how much the parameters are moved in the opposite direction
of the gradient in each iteration, in search for the optimal parameters 6.

The learning rate is one of the most important hyperparameters, which affects
directly the convergence of the algorithm. If we have a learning rate that is too small
the algorithm will take a long time to converge to the minimum; in contrast, a large
learning rate will cause the algorithm to diverge. An illustration of this effect is de-
picted in figure 1.2 [1].

Apart form the learning rate, there are many other factors such as data pre-
processing, regularization, initialization of learning algorithms, among others, which


https://www.researchgate.net/figure/Representation-for-high-learning-rate-a-and-low-learning-rate-a_fig1_338139807
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affect the convergence of the algorithms. The initialization of the parameters has be-
come a major research object in recent years and it is the focus of study for this thesis.

1.2.4 Initialization

Historically most machine learning models are initialized by means of small ran-
dom values from a Gaussian distribution or an uniform distribution, regardless of
the learning algorithm. As second option, in some models as logistic regression, the
parameters can be initialized to zero. However, there are other more advanced tech-
niques among them Xavier Initialization and He Initialization techniques are pop-
ular nowadays due to their efficiency and efficacy in the training of neural networks.

Xavier Initialization technique was proposed by Xavier Glorot and Yoshua Ben-
gio in the paper "Understanding the Difficulty of Training Deep Feedforward Neu-
ral Networks" [13]. This technique consists of initializing the parameters with ran-
dom values in the interval [—ﬁ, ﬁ] from an uniform distribution U, where n is
the size of data (number of features). There is a variation of this technique called
Xavier Normalized Initialization which, like Xavier Initialization, consists of us-

ing random values obtain from a normal distribution, but bounded by the inter-

val [— \/ﬂ%’ \/:1/;%} where m is the number of output data from the model. This

technique, according to various experiments, has a better convergence rate for more
complex models such as neural networks.

Xavier initialization techniques were originally designed for linear activation
functions but were extended, with satisfactory results, to the non-linear “Sigmoid"
and "Tanh" functions. However, for the case of the non-linear activation function
“ReLU”, several problems were evident [14]. Therefore, the He Initialization tech-
nique emerged, which was originally proposed by Kaiming He in his paper "Delving
Deep into Rectifiers: Surpassing Human-Level Performance on ImageNet Classifica-
tion" [15]. This technique consists of initializing the parameters with random values
from a Gaussian distribution G(0; v/2/n) with a mean of 0.0 and a standard devia-
tion of v/2/n where n is the size of data (number of features). As it can be seen its
initialization strategy is inspired in Xavier initialization technique, however, since
half of the distribution in the activation function ReLU will be negative, then He
compensated this by including the factor of 2 in its normalization.

Even though Xavier and He are among the state of the art when considering ini-
tialization strategies for neural networks, they do not use information concerning
the input data distribution. This information can be useful when training the mod-
els. How to use the information contained in the data in order to properly initialize
classification models in machine learning will be the central topic for this work.

1.3 Problem Statement

Most machine learning algorithms learn by means of gradient descent or its varia-
tions. This means that the algorithm initialize the parameters randomly, and itera-
tively update the parameters in order to reach a minima in the cost function. The
shape of the cost function is embedded in a high dimensional space, and it depends
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FIGURE 1.3: Flat and rough surfaces produced by cost functions

not only on the parameters, but also on the architecture of the neural network, and
the input data. Therefore, it is extremely complicated to know the behaviour of the
cost function in different regions, which complicates the training of these models.
In addition since the cost function is often a non-convex function with many local
minima and saddle points, it is possible that by randomly initializing the weights to
cause the learning algorithm to get “stuck”, so that, in its training phase, the model
can never reach an appropriate local minimum. Therefore, a random initialization
can lead to flat areas of the cost function during training, and difficult convergence
to an optimal minimum; or the initialization can lead to very rough areas that con-
tain many local minima, which causes the algorithm to converge to minima that are
not optimal. The visualization of the cost function surfaces is problematic, however,
in [16] the authors developed a method to visualize in 3D the behaviour of these sur-
faces. Figure 1.3 presents some of the cost surfaces that can be generated by neural
networks.

In this thesis we propose a new initialization strategy which takes into consid-
eration the distribution of the input data by classes. We hypothesise that his initial-
ization localize the model in a more convenient region in the cost function, in such a
way that the training time is reduced and it converges to a more stable minima. We
explore this initialization technique for logistic, multinomial and NN classifiers.

1.4 Obijectives

The main objective of this thesis is to develop a strategy for the initialization of the
f parameters in various machine learning classification models, namely logistic and
multinomial regression, as well as feed-forward NN. Which instead of being based
on randomness takes into account statistical properties of the training data.

In order to reach the main objective for this thesis we propose the following spe-
cific objectives:

1. To develop a data base strategy for the initialization of the parameters for lo-
gistic regression.

2. To extend this strategy for multinomial regression.
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3.

4.

1.5

To extend the developed strategy to classification models using classical artifi-
cial neural networks.

To evaluate the developed strategies using a benchmark with different datasets.

Outline

The rest of this thesis is organized as follows:

Logistic regression is described in chapter 2. For this model we present the
cost function that is used in order to train the model as well as its relation with
neural networks. In this chapter we also include the proposed data driven ini-
tialization for logistic regression and its extension to multinomial regression.
This strategy will be the base for initialization of neural networks.

Chapter 3 discusses classical fully connected feed-forward neural networks,
their training algorithms -Backpropagation and gradient descent-, as well as
the main challenges these models face during training. Here we also introduce
the extension of the initialization technique presented in Chapter 2 for NN.

Chapter 4 is dedicated to describe and present results from the benchmark-
ing of the proposed algorithms.This chapter explains the datasets used and
compares the results for logistic regression models included in the scikit-learn
library of Python, with the results provided by training using our initialization
strategy. We also present the results provided by the random initialization of
neural networks and the ones obtained with our proposal.

In chapter 5 we discuss the results presented in chapter 4, and we contrast our
strategy with other works found in the literature.

Finally, chapter 6 summarizes the conclusions and discusses possible future
work directions.



Chapter 2

Data Driven Initialization for
logistic regression

This chapter describes the logistic regression model as a solution to binary classifica-
tion problems. In addition, we describe the extension of classical logistic regression
to multi-class classification problems, by means of the one vs rest strategy; and also,
we present this extension using multinomial logistic regression model. At the end of
the chapter we present the data driven strategy for initialization of logistics models.

2.1 History of the Logistic Regression

Classical logistic regression is a statistical method that aims to model a categorical
dependent variable, from a data set composed of various independent regressors, in
order to describe the relationship between those regressors and the response vari-
able [17].

Logistic regression, in the field of classification problems, can be seen as a linear
classifier, which is originally attributed to the American statistician and physicist
Joseph Berkson in 1944. Although he was not who originally proposed it, he devel-
oped it in such a way that it became a general logistic model in different areas, which
became a more general alternative to the probit model; a model based on regression
that was proposed in 1934 and was the most popular at that time. However, this
model had the limitation that the dependent variable was strictly binary, therefore,
the flexibility of the logit model marked a revolution in various areas of statistics [18].

After 1944, logistic regression had a large number of refinements, such as the
one from David Cox (1958), which become, not only one of the most used models in
the area of machine learning for solving classification problems, but also, one of the
most solid basis of many other more complex models, such as neural networks [19].

Logistic Regression has had a great impact in different fields, for instance, just to
name a few examples in the areas of sociology and its research fields such as socio-
sanitary [20], in medicine with the classification of tumors as venign or malignant
[21], in the area of economics with the stability of global economic factors analysis
[22] and even in research on various areas of mathematics.
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2.2 Logistic Regression Model

The logistic regression model is a linear classification model, whose main objective
is to determine the probability that an observation belongs to one class or another,
based on a finite set of training data. The output of the model, in the binary case,
in which the sample space Q) is constituted by the two different classes {0,1} can be
interpreted as the probability of success of the response event.

In this sense, logistic regression models the target variables as a binomial prob-
ability distribution function, which is represented as the repetition of simulated
events based on a Bernoulli distribution. Likewise, the model assumes the existence
of a linear relationship between the predictors and the log-odds (the logarithm of
the odds) of the probability of success of an observation X = x.

log P(success|X = x)

=(0,x), 2.1
© 1 — P(success|X = x) (0, %) @1)

with (6, x) the dot product between the parameters vector 6 and the observation
x. Therefore, the model uses a composition of a sigmoid function ¢z : R — [0,1]
and a linear function Lg : R? — R to constitute its probabilistic output (in the inter-
val [0, 1]) denoted as hg(x), where x is the training set embedded in a d-dimensional
space.

In particular, this model uses the logistic function, which is statistically repre-
sented as the cumulative distribution function of the logistic distribution. This dis-
tribution, due to its high kurtosis as shown in figure 2.1, has had a great impact
on various mathematical models of exponential growth such as population growth,
epidemiological propagation and even the absorption capacity of different materials
[23].

On the other hand, as a linear function, this model uses the scalar product Lg(x) =
(0, x) between it’s parameters and the set of regressors. The function shown in fig-
ure 2.2 is established as the activation function of the model for binary classification
problems, and it is precisely this that allows logistic regression to model the relation-
ship between a set of predictors and the probability occurrence of an event [18]:

1

h9:¢sigOL9: {x—>(,bsig(<6,x>):1_|_€<6’x> ’ GGRd} (22)

The logistic function has the shape of S due to its two horizontal asymptotes lo-
cated at y = 0 and y = 1, its point of inflection in x = 0 and monotonic growth,
which is due to the non-negativity of its first derivative. This, as will be seen later,
will be of great influence for training the model. However, the main reason why the
logistic model uses the sigmoid function is that it performs a smooth projection of a
space, i.e. the product between the regressors of the data and the parameters of the
model is mapped to a probabilistic space [25].

It is worth mentioning that although the logistic regression, in itself, is not lin-
ear, it performs a linearization through the sigmoid function, which produces hyper-
planes for the decision boundaries. This is interesting, because linear decision bound-
aries cannot always guarantee correct division of classes for certain data structures.
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FIGURE 2.1: Illustration of the logistic probabilistic distribution func-

tion for different parameters. This distribution has a high kurtosis -

statistical measure that determines the data concentration around the

center of the frequency distribution [24] - this allows it to increase the

probability of having extreme values (+3¢ from the mean), which is
very useful in population models. Credit: wikipedia
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FIGURE 2.2: Sigmoid function. Credit: github


https://en.wikipedia.org/wiki/Logistic_distribution
https://hvidberrrg.github.io/deep_learning/activation_functions/sigmoid_function_and_derivative.html
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Therefore, to create nonlinear classification models the input regressors should be
transformed, or more complex models such as neural networks should be consid-
ered.

2.3 Cost function for logistic regression models

To train logistic regression models we use gradient descent, which minimize a cost
function J(6). Therefore, the training problem is reduced to finding a cost function
that characterizes the error of predicting hg(x) € [0,1] given that the class to which
an observation x belongs to is {0} or {1} .

Let us consider a classification problem in which there are n observations, each
with p predictors, and there are 1,2, ..., K different classes. Suppose that the data is
strictly labeled, that is, that every observation belongs to one and only one of the
existing K classes.

Since we have been talking about binary classification problems, first, let us sup-
pose that K = 2 with the labels {0, 1}. Before going into detail with the cost function,
it is important to emphasize that, due to the characteristics of sigmoid function pre-
sented in figure 2.2, the prediction threshold is normally located at 0.5, that is, if
he(x) < 0.5 the observation is predicted to belong to class y = 0, otherwise the
model output is y = 1. This is mainly due to the fact that the function sigmoid, as
mentioned before, presents a monotonic growth centered at y = 0.5.

Since a large output of the model hg(x) represents a large probability of success
in the target event, we want a cost function that penalizes the model when its output
he(x) is very large, but the class to which the observation x belongs is y = 0. Simi-
larly, the cost function must penalize when 1 — hy(x) is very large, but the class of x
isy=1.

Therefore, let’s consider the binary Cross-Entropy/Log Loss function in equation
2.3 defined as:

N
J(6) = —% ;yi log p(yi) — (1 —yi)log [1 — he(x)] (2.3)

where y; € {0,1} is the class to which the i-th observation belongs to, and p(y;) is
the predicted probability of success for the same observation.

If we analyse the binary Cross-Entropy function presented in equation 2.3, we
realize that for each observation belonging to the i-th class, the model predicted loga-
rithmic probability that the observation actually belongs to the i-th class log [p(y = )]
is added to the loss. Therefore, if the model predicted probability hg(x) is very high,
but the real class of the observation is y = 0, the sum to the loss will be very negative
and in turn, the model will be penalized.

On the other hand, if we consider that the activation function has an exponential
growth, and therefore, the output of the model will also be affected by it, it makes
sense, in the cost function to penalize with the logarithmic probability, instead of
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with the probability alone, since the logarithm function has a monotonically increas-
ing behavior. Consequently, the function binary Cross-Entropy/Log Loss presented
in equation 2.3 is a very good option to represent the logistic regression cost function
[25].

Thus, the logistic regression problem can be written as:

argmin](8) =~ . Y- yi1og o (+9)] — (1 - o) Iog 1 ~ )

6cR? (2.4)

1

s.t. he(x) - W,

where m is the size of the training set and hy is the output of the model. It is
worth mentioning that in the equation 2.4, we assume that the vector x; includes the
constant term 1 to accommodate the bias 6.

The binary Cross-Entropy/Log Loss function in equation 2.3 has various advan-
tages that are reflected in learning the model, it not only represents the average error
between the prediction and the real class in a binary space, becoming a measure of
uncertainty associated with the probability distribution, but it is also a convex func-
tion, which indicates that every local minimum is itself a global minimum. This
allows a better rate of convergence, since there will be no problem of stagnation in
non-optimal minimums.

The figure 2.3 illustrates the logistic regression model, which use gradient de-
scent as the learning algorithm, the sigmoid function as the activation function, and
the binary cross entropy function as the cost function.

2.4 Extension to multi-class classification problems

Logistic regression was originally proposed as a model for binary classification prob-
lems, however, there are currently a large number of problems that are not binary.
To address multi-class classification we can use the one vs rest strategy.

The one vs rest strategy is a way to generalize binary classifiers to multi-class
problems. This method arises from the need for multinomial classifiers and from


http://rasbt.github.io/mlxtend/user_guide/classifier/SoftmaxRegression/
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FIGURE 2.4: Illustration of the one vs rest strategy.

the fact that many classification algorithms were designed natively for binary classi-
fication problems.

One vs rest consists in transforming a classification problem with K > 2 classes
into K binary classification problems, in which, for each of the classes k € {1,..., K}, a
binary classifier is made taking y = k as one class y = 1 and the resty = {1, ..., K} —
{k} asy = 0, as shown in figure 2.4. The final result of the model would be the class
that produces the maximum probability of success among all classifiers as expressed
in equation 2.5.

y; = argmax I (x;) (2.5)
ke{1,..K}

Although the one vs rest strategy is widely used today and, is even one of the
methods used to implement logistic regression in the sklearn library from Python.
This method has several pitfalls. First of all, it requires the creation of as many
models as the number of classes, each one with the same number of observations to
evaluate, which can become very problematic for problems with a large number of
classes [26].

Also, unbalanced distributions are likely to occur in each of the binary classifiers,
because the class y = 0 has all the observations that belong to the set {1, ..., K} —
{k}, this induces a bias in the model towards the majority class. However, there
are several studies that defend the one vs rest strategy for multi-class classification


https://scikit-learn.org/stable/ library modules/generated/sklearn.linear_model.LinearRegression.html
https://docs.python.org/3/
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problems [27].

2.5 Multinomial logistic regression

We have already seen that the one vs rest strategy for the use of binary classifiers in
multi-class classification problems, present various problems that considerably af-
fect the performance of the model. This is why, in 1989, the statisticians Hosmer and
Lemeshow proposed the Multinomial logistic regression model [28].

The Multinomial logistic regression model fits the predict probability distribu-
tion to a multinomial probability distribution, which actually is a generalization of
the Binomial probabilistic distribution, in order to natively support multi-class clas-
sification problems [28].

In multinomial logistic regression, it’s necessary to change the model output to
a vector of probabilities in order to consider each class. The learning algorithm is
changed to stochastic gradient descent, which is just a gradient descent applied to
individual observations from a big sample, and the activation function is changed to
the softmax function, which is defined as:

e%i

K zi 7

softmax,, =
j=1¢"

(2.6)

The softmax function turns all the inputs into positive values in order to distribute
probabilities for each output node. We also need to change the loss function to
the cross-entropy loss, which is a generalization of the binary cross-entropy. The
cross entropy function maximizes the probability of the scoring vectors p(y?) Vb €
{1,...,K}, in order to consider the error of predicting /; = b when there exist more
than two labels [29]. Equation 2.7 presents the cost function associated to multino-
mial logistic regression.

1
N :

1

vy 1og p(yM) 2.7)

1=
1=

CEy =

Il
—_
o~
Il

1

—

where K is the total number of classes, y-k)

1
(k)

i

is the kth component of the ith observa-

tion vector probabilities and p(y
tion belonging to the kth class.

) is the predicted probability for the ith observa-

In this sense, the Multinomial logistic regression model presented in figure 2.5
not only establish a new concept for muti-class classifiers, it is also de basis for more
complex models such as neural networks.

2.6 Data driven initialization for logistic regression parame-
ters 0

Let’s remember that the logistic regression goal is to find a set of parameters 0 that
minimizes the cross-entropy cost function as indicated in equation 2.8, which actu-
ally constitutes the learning process of the model:


https://stattrek.com/probability-distributions/multinomial.aspx
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argmin Y yilog (ha(x:)) + (1 y;) log (1 — hy(x1))
0 i=1 (2.8)

1
st ho(x;) = 11 e (00Tx)’

where x; € R Vi : {1,...,m}, whit p the dimension of the input data and m the
number of observations. As we mentioned before, for a binary classification prob-
lem, the output of the logistic regression model can be interpreted as the probability
that the input data x; belongs to the class y = 1, P(x|y = 1).

The goal of the logistic regression can be seen as maximize hy (x;) where x; € C;
and minimize hg (x;) if x; € Co withC; — y = 1and C; — y = 0. This con-
cept is presented in figure 2.6 where some observations are fitted to a sigmoid func-
tion. From equation 2.8 it can be seen that by maximizing the dot product BTx,((l) the
p (x,(cl) ly = 1) is also maximized, where xlgl) € Gy Vk:{1,...,my}, with C; the set of
all observations that belong to the class y = 1, and m; the number of elements in C;.

Therefore, one initialization value for the parameters in the logistic regression
problem can be derived by finding the set of parameters 0 that maximizes the mean

value of the dot products (-)Tx,(cl) Vk:{1,...,m}.

Let’s consider the normalized dataset:

)’Ei = Z;l (Xi — ]/lx), (29)

where X; is the normalized observation i, and ux and Xx are the mean value and
the co-variance matrix for the complete dataset. If we want to find the parameter


http://rasbt.github.io/mlxtend/user_guide/classifier/SoftmaxRegression/
http://rasbt.github.io/mlxtend/user_guide/classifier/SoftmaxRegression/
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vector 0 that maximised the mean of the dot product with respect to x,(cl), this leads
to the following problem:

argmax BTA
ge m ZZ (2.10)
st. 0le=1,

where the constrain 670 = 1 is used to mitigate the effect of the amplitude of
the parameters on the dot product. By using the Lagrange multipliers, the problem
reduces to:

argmax — Z eT A0TO—1), (2.11)
0
where A is the Lagrange multiplier. Applying the conditions for optimality we

obtain:

AL(B,A) 1 B
T_mllz —200=0,

AL(6,A)
oA

(2.12)
=0"9—1=0.


https://www.researchgate.net/figure/Logistic-regression-curve-showing-probability-of-having-or-developing-an-ischemic-CRVO_fig1_323372885
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The solution to this problem is given by:

1
0 = S5 1z,
%A i (2.13)
T
A= 5 Hsm Mz

where 1i;() is the mean value of the data points that belong to the class y =
1. Since we are not interested in the scaling factor but only in the direction of the
parameters that maximizes this dot product, we can conclude that the parameters 6
that maximizes the mean value of their dot product with the data that belong to the
class y = 1 are given by:

1 &
0 =10 =y ( Y. (Xl(l) - ﬂx)) : (2.14)

m =

This result is evident, since y;a) is a representative point of the data that belong
to the class y = 1, thus, by using 6 = ) as initial parameters, P (xlgl) ly = 1) is
maximized, which actually is the goal of logistic regression.

Since the scalar product 8x is a measurement of similarity between the vectors
0 and x, it make sense to use as initialization parameters a vector 0 that is a proto-
type vector for the distribution of the input data X. If the initial parameters are not

similar to most observations of the class y = 1, then the P (x,((l) ly = 1) for initial pa-
rameters is not adequate which will affect the performance of the learning algorithm.

If we consider a classification problem where { xgl) , xél) PR x,(ﬂll)} is the data that
belongs to class y = 1 and exists an atypical observation x,(f), with large values far
away from the distribution of the data, then the sample mean y, ) is largely affected.
To mitigate this problem, we consider the normalized dataset, however, the distance
between {xgl), xél), cee, x,(ﬂll)} - {x,gl)} and x) remains large even after normalizing
the data. Therefore, in order to make the initialization of the parameters more robust
to problems which have data with outliers, the median of the normalized data of the
class y = 1 can be considered as initial parameters of the logistic regression instead
of the mean:

6 = Me; = median(2(V) (2.15)

Hence, the median Me; of the class y = 1 could be a more robust approach to
initialize the parameters of the logistic regression.

In summary, we propose to use the mean value of the data points that belong to
class y = 1 as the initial values for 6. In the case that the data contains large outliers,
we propose to use the median value instead. By using the mean, we guarantee that
gradient descent will start in a proper initial region of the cost function, where the

(1)

dot product between the data x; ’ and 6 is maximized.
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2.7 Datadriven initialization for the bias 6, in logistic regres-
sion

In the previous section we discuss a strategy to find the parameters 0 that best repre-
sents the separating hyperplane. However, this hyperplane should be offset by the
bias term, 6p. Here we discuss three possible methodologies to find this parameter.
The bias is a crucial parameter that determines the proper position for the classifica-
tion boundaries of the model [30].

Let’s consider the projection of the data points along the direction of 8, given by
p1 = 0'x(V and p, = 0'x(®, where x(1) are the observations that belong to class
y = 1, and x(!) are the observations that belong to class y = 0. Here we can consider
two main cases, non overlapping classes, and overlapping classes.

2.7.1 Computation of the bias in non-overlapping classes

If the observations for the different classes are not overlapping, then we have that
p1 > p2 for all the observations. In this case, we can define a value of the bias that
maximizes the margin between the classes. This bias is given by:

B0 = % (min (p1) + max (p2))

This value of 6 sits just in the middle of the extreme values of the projections of
the data over the parameters vector 0.

2.7.2 Computation of the bias in overlapping classes

In case that the classes are overlapping, then we have that some values of p, >
min (p1), and p; < max(pz). In this case we should select 6y such that miss-
classifications are minimized. We proposed two strategist for this. The first strategy
is based on a weighted mean of the overlapped projections; the second strategy at-
tempt to obtained quadratic models for some statistics on each one of the projected
values, such that the intercept of these models will provide the value for the bias.

Bias estimation in overlapped classes: weighted mean

(1) )

overlap”’ overlap”
jections p; < max (p2) and pp > min (p1), respectively. In this case, we could take

the man value for the overlapped components to estimate the bias; however, this
approach is susceptible to be biased in presence of unbalanced dataset. In order to
mitigate this problem we can estimate the bias term as a weighed mean for both
distributions, such that:

1
m(()i)erlap Z (pl)i + m(()v)erlap Z (PZ){

i€(p1);<max(p2) i€(p2);>min(p1)

) '

overlap overlap

Let’s considered m and m the number of observations where the pro-

6o =

m

where the elements (p1); y (p2); are the projections that fulfill the condition de-
scribed in the sums.
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Bias estimation in overlapped classes: quadratic approach

Another way to find the bias is to model, using a quadratic approximation, the cu-
mulative probability distribution for the elements of the projections, for each class,
that are overlapped. For instance, let’s consider p; : {p1|p1 < max(p2)} and
P2 : {p2|p2 > min (p1)}, for p; we know that the min (p;) is equivalent to the 0-th
percentile of the distribution, while max (p2) is equivalent to the 100-th percentile.
Whilst, for p, we know that the max (p2) is equivalent to the 100-th percentile of
the distribution, while min (1) is equivalent to the 0-th percentile. Therefore, if we
model using a quadratic approximation the cumulative distribution for p; and p»
they will cross. The value when they cross is selected as the bias. This approach is
also robust against unbalanced data, since it takes into account the distribution of
the overlapped samples. In order to fit these values to a quadratic we need another
point of the distribution, this point can be used using the median. With these three
points we can fit the quadratic, we obtain the following set of equations:

Vpl = 611C2 —+ ac + as; (2.16)
Vp, = b1c* + bac + by, (2.17)
(2.18)

where Vp, is the value of the variable p; for a given percentile c, likewise V.
Given the normalized values for the percentiles 0,0.5 and 1. The following set of
equations is established:

min (p1) 0 0 1] [m max (p2) 0 0 1] [;
[med(pl)] = 1025 05 1| |a2|, and |med(p,)| = 025 05 1| |by].
max (p2) 1 1 1] |a3 min (p1) 11

Solving these equations we get:

a { 2 —4 2} |:min (p1) ] [bll |: 2 —4 2] {max (pz)]
[@] =|-3 4 1| \|med(p1)|, and [bo| = |-3 4 1| [med(p2)].
a3 1 0 0] [max(p2) b3 1 0 0] [min(p1)

If we want to find the intercept we can calculate the value of ¢, for which both
quadratic functions meet, and evaluate this value on any of the models for the cu-
mulative distributions. This value for c is given by:

N _ —(aa—by) & /(a2 —by) —4 (a1 — by) (a3 — b3)
intercept 2 (ﬂl — bl) .

We choose the value of cCintercept Such that 0 < cintercept < 1. We obtain the bias
replacing Cintercept in any of the equations in (2.16).

Now we have the complete algorithm for the initialization of logistic and multi-
nomial logistic regression models. In the next chapter we will extend this model to
Feed-Forward Neural Networks.
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Chapter 3

Data Driven Initialization for
neural networks

In this chapter we introduce an extension of the initialization algorithm for the clas-
sical feed-forward neural networks. The chapter starts with a general introduction
to the neural network model, its training algorithm, as well as their challenges. It
finalizes with a description of our proposed methodology for initialization.

3.1 The Biological Neuron

Neurons are the fundamental units of the brain and nervous system. This cells are
responsible of receiving sensory input, process the information and then transform
the input electrical signals to produce an adequate response [31].

The brain is made up of a large number of neurons that work together to form
what is known as a neural network. The neural network, through the constant pro-
cess of receiving information from the environment, processing it and transmitting
electrical signals, is what allows living beings to generate reactions such as moving
muscles, perceiving aromas, feeling pain, as well as generate thoughts.

In figure 3.1 we can see the biological components of a neuron. The neurons are
divided in 3 main components, the dendrites, the soma and the axon. The dendrites
are the ones in charge of receiving the electrical stimulus transmitted by other neu-
rons. The soma is not only the body of the neuron, which contains the nucleus, but

Terminal buttons
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from other cells) Dendrites
(from another
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Axon /\

(passes messages away
from the cell body to
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the axon) (covers the axon of some
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FIGURE 3.1: The components of a biological neuron. Credit: wikimedia
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is also in charge of processing the electrical impulse received by the dendrites and
communicating it to the axon. The axon is responsible for transporting the received
impulse to the synaptic endings. These terminations, through the synapse, are re-
sponsible for transmitting the electrical impulse generated by the neuron to the other
neurons of the neural network, by means of neurotransmitters. Thus, there exists a
communication link between the synaptic terminations and the dendrites of other
neurons [32].

3.2 A computational model for the Brain

The brain is one of the most complex and studied learning systems in various ar-
eas around the world. It’s behavior is sophisticatedly structured, which makes its
understanding extremely complicated. However, there is a great amount of studies
that investigate the modeling of the brain.

The “One Learning Algorithm Hypothesis” of Andrew Ng (Google Brain), ac-
cording to which the brains of higher-level animals and humans process and per-
ceive sensory data such as vision, sound, and haptics with the same architecture
abstract algorithmic [33].

This hypothesis was taken up by the electrical and computer engineering spe-
cialist Christos N. Mavridis and the HyNet director Dr.John S. Baras in their article
"Towards the One Learning Algorithm Hypothesis: A System-theoretic Approach"
[33]. Mavridis and Baras investigated the structure of a data-agnostic learning archi-
tecture that resembles the “one learning algorithm”, using different principles from
mathematics in order to establish a theoretical approach to this theory. Many re-
searchers have tried to develop computational models for the brain behaviour. Here
we will discuss some of the most important ones.

3.3 The McCulloch-Pitts Neuron

The McCulloch-Pitt Neuron is the first computational model of a neuron, which was
proposed by the neuroscientist MuCulloch an the logician Walter Pitts in 1943. This
tirst model is based on the fact that the nervous system contains many electrical cy-
cles, in which there are points that regenerate the excitation of neurons and others
that discharge the neurons excitation. This happens asynchronously for each neu-
ron of the entire network but a dependency is created between the excitation of the
neuron and its excitation in past times. [34].

The McCulloch-Pitts neuron model (MCP) makes the following physical assump-
tions in order to establish its computational representation:

¢ The activity of the neuron is an "all-or-nothing" process, i.e. both the input
signal and the output signal are binary {0,1}.

* The neuron is excited at a certain level at any time, and this level is indepen-
dent of previous activity and the position of the neuron. This means that the
model will have an associated fixed threshold u that will determine the degree
of excitability of the neuron.
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* The only significant delay within the nervous system is synaptic delay.
* The structure of the network does not change over time

* Inhibitory inputs have an absolute veto over the output, that is, if an inhibitory
signal reaches the neuron, the output of the neuron will always be 0 regardless
of the rest of the incoming signals.

Therefore, MCP assumes that the output of the neuron is sum of its inputs with
a weights w, which are equal for each input predictor:

glxr,x2,...,x0) = g(x) = ) wx;,
i=1

where w € R;. Likewise, since the second assumption tells that when the num-
ber of excitatory signals equals or exceeds this threshold, the neuron will be excited
and will generate a signal with a value of 1 that will be transmitted to the next or
following neurons in the network, the output of this neuron passes through a thresh-
olding function, such that:

B 1 i gx) >
y=fulg(x)) = {0 if g(x) <m

where y is a predefined threshold and 0 < y < nw, with n the number of inputs
signals. This condition is established because since the input signals are binary and
w is fixed, then if y > nw, the neuron will never be excited and will generate a signal
with a value of 0 permanently. A pseudocode for the McCulloch-Pitt algorithm is
provided in Alg 2.

Input: The training set {x;,y;}" ,; withx; € R, y; € {0,1} ,Vi € {1,2,...,n},
the parameter w € R and the threshold u > 0.
Process:
forall x;,y; € {x;,y;}!_, do
Y= fulw ij )
end
Output: The predictions {1;}" ; for all the observations.

Algorithm 2: McCulloch-Pitt algorithm.

Figure 3.2 shows a graphical representation of the McCulloch-Pitt model, in which
it can be seen that this model consist of two main parts. The first part computes the
value g(x) using the hyperparameter w. The second part, compress g(x) with the
threashold y, in order to obtain the output of the neuron y € {0,1}.

This model has many limitations due to the initial assumptions. Therefore, the
number of real problems that can be addressed using the McCulloch-Pitts model
is reduced. In addition, since this model assumes that all the weights of the input
predictors are equal, it does not allow to have inclined decision surfaces, i.e. it is
not possible to consider that certain predictors are more important than others for a
given output prediction [35].
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3.4 The Perceptron

The perceptron is an improvement of the McCulloch-Pitts model and is one of the
most popular artificial neural representations. This model is attributed to the psy-
chologist, theoretical computer scientist and neuroscientist Frank Rosenblatt in 1957,
and was developed at the Cornell Aeronautical Laboratory. The perceptron was
initially thought to be an image recognition machine, and although initially it was
theoretically developed, consequently by the use of electronic components it was
implemented in hardware. This implementation was known as the "Mark 1 percep-
tron" [36].

This model in contrast to the MPC assumes that the weights w € R and the
threshold u € R, can be different for each input signal. This not only allows certain
predictors to have more importance than others in the output § of the neuron, but
also widens the parameter space of the model, since the weights can be positive or
negative. Likewise, the existence of inhibitory inputs is eliminated, which allows the
model to operate regardless of the incoming signals.

One of the main characteristics of the perceptron, and the reason why the percep-
tron was a very significant advance for machine learning, is that it has a learning rule
which based on the training data computes an error determined as the difference be-
tween the neuron’s output, 7, and the expected output, y, and uses it to update the
model parameters w. The perceptron is an artificial neuron that uses supervised
learning. Similarly, instead of the output of the neuron j belonging to the set {0,1},
it is assumed that 7 € {—1,1}. This relaxes the model, allowing a larger range for
the update of the parameters w.

Figure 3.3 shows a graphical representation of the perceptron, where the output
of the model is given by § = ¢(z) with z = w'x and ¢ defined as the following

threshold function:
1 if z>
9(z) = e
-1 if z<pu

where y is a predefined threshold which usually is defined as 0.5. The perceptron as
well as the MPC uses the step transformation as activation function.
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FIGURE 3.3: Perceptron model diagram representation.

Perceptron learning begins by initializing the w parameters to 0 or to small ran-
dom numbers. It then updates its w parameters iteratively based on the error de-
fined by the difference between the predicted and the expected output value, ¢ =
y — ¥. Intuitively what the perceptron rule aims to do, is to make the parameters w
as close to the values of the elements with label y = +1, and far away from the val-
ues of elements with class y = —1. This can be represented by the following update
rule:

w:=w+ Aw,
Aw =X (y = 3),
where 17 € R} is the learning rate, X is a matrix of dimensions N x p, with N being
the number of observations, and p the number of regressors including the vector of
ones associated to the bias. Another difference between the perceptron and the MPC
is that the perceptron includes an extra parameter wy, also known as the bias, which
helps to relax the solution, by moving the decision surface along the feature space.
A pseudocode for the perceptron learning algorithm is provided in Alg 3.

Input: The training set {x;,y;}" ; withx; € R, y; € {-1,1},
Vie{1,2,...,n},n, the learning rate, which is usually set to 1.
Process:
# All vector x; includes an extra 1 in a fixed position.
Initialize w, with zeros or small random numbers.
Repeat until convergence
forall xj,y; € {xi,yi}}_, do

i = ¢(wx))

error = y; — Y

# Update w if the prediction was wrong.

if error # 0 then

# Update w
W = W +1] - error - x;j
end

end
Output: The model parameters w including wy as the bias term.

Algorithm 3: Perceptron learning algorithm.

Although the perceptron has several advantages over the McCulloch-Pitt model
and marked an important milestone for machine learning, the truth is that this model
has many limitations. One of it's most significant limitations is the fact that it can
only handle classification tasks for linearly separable classes. The decision boundary
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FIGURE 3.4: Adaline model diagram representation.

for the perceptron is given by:

wa:w0+x1w1—|—...+xnwn =0
This means that the decision boundary is given by a hyperplane, oriented by the
vector w. Likewise, another limitation is that the model can only produce a binary
output, and in some cases it is desired to have the value of the probability for an
observation to belong to a given class [35].

3.5 The Adaline (ADAptive LInear NEuron)

The adaline an Adaptive Linear Neuron seeks to generate a linear regression be-
tween the input data and the output. This model was introduced in 1959 by the
electrical engineers Bernard Widrow and Ted Hoff at Standford university. Similarly
to the perceptron, the adaline was initially implemented and tested in hardware.

Figure 3.4 shows a graphical representation of the adaline model. As can be seen,
although the diagram of this model looks very similar to that of the perceptron and
both models use a threshold function, the reality is that the adaline has a much more
robust learning algorithm than the other models.

The perceptron learns and updates its parameters w by comparing the real classes
y € {—1,1} with the model predicted classes J € {—1,1} via the errore = y — 7. In
contrast to the perceptron, Adaline make use of directional derivatives from a cost
function based on the error, in order to learn faster.

The adaline calculates the error before entering the threshold function, that is, it
calculates the difference between the expected class value y € {—1,1} and the lin-
ear function output value ¢(z) € RR. This allows prediction errors to be continuous
rather than discrete, which makes possible the use of gradient descent. In addition,
it allows the model to learn even when no error has been made.

Adaline, like many other machine learning models, bases its learning process on
the minimization of a cost function. In this case, the squared error of prediction error
is used as the model cost function:

m

Jw) = -3 (1~ g2

i=1
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where z = w'x, and ¢(z) = z.

The adaline learning problem can be viewed as an optimization problem which,
as mentioned in previous chapters, can be solved using gradient descent. Thus, the
gradient descent formula to update the weights is given by:

w:=w—Aw,
Aw =nV](w),

Differentiating the cost function in terms of the model parameters w;, we obtain:

ad_ v (49— p(z)) 21

dwj i—1

Since ¢(z) = ¢(wTx) = w'x, then:

which can be seen in vector form as:
Aw = X" Xw —y)

where 7 is the learning rate and X is a matrix of dimensions N x p, with N being the
number of observations, and p the number of regressors including the vector of ones
for the bias. A pseudocode for the adaline learning algorithm is provided in Alg 4.

Input: The training set {x;,y;}/ ; withx; € R, y; € {-1,1},
Vi€ {1,2,...,n} and the learning rate 7 > 0.
Process:
# All vector x; includes the 1 in a fixed position as in previous
algorithm.
Initialize w, with zeros or small random numbers.
Construct the matrix X and vector y from the input data {x;,y;}" ;.
Repeat until convergence
Aw = nXT(Xw — )
# Update w
w=w—Aw
Output: The model parameters w which includes the bias.

Algorithm 4: Adaline learning algorithm.

3.6 The Logistic Neuron

There is some similarity between the architecture of a logistic regression for binary
classification problems 2.3 and the architecture of an Adaline model 4. Actually the
only difference between these two models is the activation function ¢ and the cost
function.
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FIGURE 3.5: Neural Network diagram representation. Credit: ibm

— 1 o
xX) = ooty as acti
T

T

While logistic regression uses the sigmoid function ¢, (w

vation function,the Adeline model uses the identity function ¢, (w?x) = wTx. How-

ever, this can be generalized to any other activation function.

The cost function in logistic regression is the binary cross entropy, while Adaline
uses the mean square error. Both functions can be used in a binary classification
problem although binary cross entropy is naturally used. This is due to the fact that
classification problems should not be solved using a regression model.

When using a logistic function, and a cost function such as cross-entropy, the
model is called a logistic neuron. Logistic neurons are the fundamental blocks to
build the classical architecture of the artificial neural networks.

3.7 Classic Neural Networks: Feed-forward architecture

In the previous sections we introduced the concept of artificial neuron and explained
in detail three of the most influential models in the history of machine learning. Like-
wise, we are encouraged to view logistic regression for binary classification prob-
lems as a special case of the generalized Adaline model, the logistic neuron. In this
section we are going to build the concept of an artificial neural network from the
basic units the artificial neurons, and due to the purpose of the thesis we will focus
specifically from the logistic neurons which are neural representations of the Logistic
regression.

Suppose that, as with biological neurons, we want to group artificial neurons so
that they work together. To achieve this, we define a layered architecture, where
each layer is a set of neurons that are connected to all the elements of the previous
layer, but are not connected to elements from the same layer. This architecture is
called a fully connected network or a feed-forward neural network. Figure 3.5 shows
the structure of a classical neural network, in which each of the nodes represents a
logistic neuron. In this figure, we can see that the layers of neurons are colored


https://www.ibm.com/cloud/learn/neural-networks
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with three different colors where each color represents a type of layer. There exist 3
different types of layers:

¢ Input Layer: the layer that connects the input elements to the network. This
layer does not have an activation function, it only represents the connection
interface with the input data.

* Output Layer: the layer that provides the output of the network and in the
classification problems it usually has the same amount of neurons as the num-
ber of classes.

¢ Hidden layer: the layers between the input layer and the output layer. These
layers seeks to expand and/or reduce the dimensionality of the data space.

Classical Neural networks are also called feed-forward neural networks because
the input data is processed in a forward direction in order to produce the output.

3.71 Forward propagation process

In the forward propagation process, the input data is fed in the forward direction
(left to right) through the network. Each hidden layer receive the input signal, pro-
cesses it by passing through the activation function and forward it to the successive
layers. The processing performed by each of the hidden layers can be seen as an
embedding which depends of the parameters of the layer to a d-dimensional space,
where d is the number of neurons in the layer.

The forward propagation process in a more mathematical approach can be seen
as following: Consider a neural network with I € IN, hidden layers where the jth
layer has n; € IN neurons, for all j in{1,...,I}. Suppose that the matrix X of size
N x pis the input data of the neural network, where N is the number of observations
and p the number of predictors per observation. Let’s define W) the parameter
matrix of the j-th hidden layer. Note that since the output of the (j-1)th layer is the
input of the j-th layer, then

W[ = nj1 xnj if j€{2,3,...,1},

where | - | represents the matrix size. The jth layer activation function can be defined
by fU) and the input to the jth layer is defined by al}). Therefore the input to the
activation functions in the j-layer are given by:

S0 VWit je {23, 1)
XWU i j=1

where all) € RN*%-1 and WU) ¢ R™-1%%

Therefore, the forward propagation process consists on the propagation of each
layer information to the right direction in order to calculate a output which has the
following form:

g(x) = f(l) (f(l—l) (f(f—z) ((f(l)(xw(l))) __‘w(1—2)> w(l—l)) w(U) (3.1)
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The output of a neural network is a composite function. The output for one of
these functions depends not only on the input values but also on the weights of the
neural network. It is important to mention that the parameters W) for each of the
hidden layers are initialized with small random numbers. A pseudocode for the
forward propagation algorithm is provided in Alg 5.

Input: The training data Xnxp, I € IN; the number of hidden layers in the
network, and {f(}/_, the activation functions of each hidden layer.

Process:

# The matrix X includes the column of 1 representing the bias.

Initialize W) with zeros or small random numbers, for all je{1,2,...,1}.

forallj € {1,2,...,1} do

if j = 1 then
7)) — f(f) (xw(i))
end
else
70 — f(j) (Z(ifl)w(i))
end
end
Output: z0

Algorithm 5: Forward propagation algorithm.

3.7.2 Backward propagation process

To train neural networks, i.e. to find the parameters Wi that better fit the data, we
use gradient descent. However, gradient descent need the computations of %. The
derivatives of the cost function in terms of the parameters Wi are computed using

the back-propagation algorithm.

Backpropagation propagates the error from the output to the internal layers of
the network. The Backpropagation algorithm is probably the most fundamental
piece for the training of classical neural networks. This algorithm was first intro-
duced in 1960 but was only popularized and used to train NN in 1989 by psy-
chologist David Rumelhart and computer scientists Geoffrey Hinton and Ronald
J. Williams [37].

Backpropagation seeks to take advantage of the fact that the output of the neural
network is a composite function of the form 3.1, to calculates the gradient in each of
the layers using the chain rule for derivatives. In addition, this algorithm computes
the derivatives by propagating the error from right to left, or in a back-propagation
direction.

To calculate the gradient in the j-th layer, the algorithm instead of recomputing
the derivatives of all subsequent layers, uses the previously calculated information

from layers {j + 1,,1} in order to optimize the process.

In general, we have the following cost function:
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FIGURE 3.6: Backpropagation algorithm representation.

J(y,g(X)) =] (y,f“) (f“*” (f (1-2) ((f(1>(xw<1>)) .._w<172>> w(H)) wm)) .

To calculate the derivatives in each of the layers and propagate them backwards
recursively, let’s take the figure 3.6 as a reference. Since the cost function depends on
the output g(X), it can be evaluated as if we were calculating the cost at the output.

From figure 3.6 we can see that the output of each block is the matrix product
between the output of a previous block and the parameters of the block. In case the
block is a function, the output is the evaluation of that function. Now, let’s calculate
the derivative of the cost as a function of the input data X:

9J 9] 9all) 9z(l) gall-D 9z(L-1)  9a(2) 9z(2)
0X  9a(l) 9z(D) 9all-1) 9z(L-1) '9all-2) """ 92(2)" 9X
From here we can see that the partial derivatives of the outputs of the activa-

tion functions with respect to the inputs are the same derivatives of the activation
functions, so we have that:

(3.2)

In addition z(1) = al~DW(L-1) then

oz(L)
= w1
dal-1) w /
Replacing recursively and —-—~ on the equation 3.2 we get that

9z () dal-1)

!/

S’J _ aa(JL) (f<L>>’W<L—1> (f@—n)’w(L—z)m <f<z>) Wl s
X a

7= (W) (52 () (70 (W) (0 %,

Let’s define the error in the I-th layer as:

(3.3)

50 = (F0) (W) L (w2) () (WD) (£0) 703

Observe that §() has the same size as the number of neurons in the 1-th layer.
Thus, this term express the error propagation from the output layer until the I-th
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layer. Now, the derivative of the cost function as a function of the parameters wi-1)
is given by:

oz
un,l)] = VZU)]W

Since V)] = 5 and zO = al~"DWI-D) then:

ot = ({4 = Ty =0 o)

The factor al! =) indicates that the influence of the weights W~ on the output is
being affected by the magnitude of the activation functions in layer / — 1. Therefore,
the error propagation for layers closer to the input layer can be obtained recursively
by means of the equation:

SU-1) _ (f(l—n)’ (W(l—l))T s

In this way the gradient of the cost function with respect to changes in the weights
can be calculated with matrix multiplications at each layer. Finally coupling this
with gradient descent, the update weights at layer (j) are given by:

. AT
where V)] = & (+1) (a(])> and 7 is the learning rate.

If j is the output layer, then §U+1) = V.,»J. Since al) is the output of the net-
work, if we define the cost function as J = 1|y —a/)||?, then the weights of the
immediately preceding layer are:

Vi) = 8V (a(j_l)>T = (a(f) — y) (a(f_1)>T

Thus, we can express the calculation of the error as:

sU-1 ( f(f—1)>’ <w<f—1))T (am _ y)

and then we can update the parameters

W(j_l) = W(]_l) _ UVW(]*I)J

this process is repeated until all the parameters has been updated.

In summary, in NN the forward propagation process is performed to transform
the incoming signal until reaching the last layer. For training we calculate the error
at the output and, through the backward propagation process, propagates the error
to each layer in order to update its parameters. This process is repeated until the
parameters W() for each layer converge to the optimal ones, those which minimize
the cost function J.
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3.8 Convergence problems of Classical Neural Networks

Neural networks are one of the most powerful models of machine learning, which
currently have applications in different areas. However, these models are computa-
tionally expensive, and if not trained correctly the models will not converge.

Neural networks have a large number of hyperparameters that need to be de-
fined for the network architecture. This makes it necessary to perform a search to
determine the hyperparameters that optimize the network performance. This could
take a long time depending on how complex is the architecture of the model. Some
of these hyperparameters are the number of hidden layers, the number of neurons
per layer, the activation functions for each layer, the learning rate, etc.

In addition, neural networks are sensitive to over-fit, when a neural network is
trained, it needs to be able to generalize, that is, extract the most relevant informa-
tion from the training data without memorizing it. This is very important because
when new data is process through the network, we expect similar results than dur-
ing training. For this purpose, several factors must be taken into account, such as
the complexity of the architecture, the surface formed by the cost function and the
initialization of the parameters.

This leads to another important point to highlight, the parameters initialization
of the classical neuronal networks is one of the most fundamental factors in the train-
ing phase. This due the fact that the training of a neural network can generally
be expressed as a non-convex optimization problem, which, due to the large-scale
training data and the complexity of the network, is composed of millions of param-
eters and does not have an analytical solution [38]. Generally, when using gradient
descent, the parameters of the NN are initialized randomly, which could set the
training process in problematic regions of the cost function. It will be better if prior
information of the training data can be use to properly initialize the model.

3.9 Initialization proposal

There exist several ways to initialize NN, however, the most popular ones nowa-
days, initialize the NN randomly from a predefined distribution. The Xavier method
uses the Uniform distribution while the He method uses the Gaussian distribution.
Those methods vary the values of the statistics (y, o) for the distribution depend-
ing on the training data size, in order to mitigate the vanishing gradient problem
[38]. More recent research has focused on initializing NN based on the training data
characteristics. Jeff Donahue proposed in 2016 to normalize the initial random pa-
rameters according to the magnitude of the training data [39]. However, due to the
randomness, these methods are still stochastic.

Here we proposed a deterministic initialization algorithm that depends on the
training data structure. We defined this method as an extension of the work pre-
sented in Chap 2. This initialization algorithm is also dependent on the architecture
of the NN, and it can provide insights about the optimal architecture for a given
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problem. We will first explain the initialization proposal for hidden layers of a neu-
ral network without an specific architecture. Then, we will present the generaliza-
tion for any other architecture.

3.9.1 Hidden Layer initialization

Let’s remember that neural networks are made up of several layers of neurons.
Where, each of the layers performs an embedding of the data it receives into a d-
dimensional space, where d is the number of neurons of the layer. This models,
unlike logistic regression, are characterized by being a nonlinear classifier, i.e. they
have the ability to classify data whose decision boundaries are nonlinear.

The main idea for the initialization for neural networks lies in expressing each
of the nonlinear boundaries, which separate the data of the different classes, as the
union of hyper-planes which divide the data set of a class into subsets that are lin-
early separable from the other classes.
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FIGURE 3.7: Illustration of a binary classification problem with only
one non-linear decision boundary.

Figure 3.7 shows an example of a binary classification problem (red and blue
classes) in which we have a data set X in two-dimensional space and only one cir-
cular decision boundary (non-linear). To estimate the initial parameters 0 of the first
hidden layer of a neural network, we are going to linearize the circular boundary,
i.e. divide it in linearly separable regions in a way that when we join those regions,
the decision surface is adequately mapped.

In order to do that, we select the elements from a given class (could be the red
or the blue class) that are placed close to the decision boundary and that map it in
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FIGURE 3.8: Illustration of the circular boundary (non-linear) lin-
earization using 4 elements of the blue class.

the adequate shape. We select as many observations from the class as neurons in
the first hidden layer of the network. Figure 3.8 shows an example of the circular
boundary linearization. There are several strategies to map the decision frontier op-
timally, such as using distance criteria, entropy maximization [40], self-organizing
maps [41], etc. However, this is a problem that goes beyond the main focus of this
thesis.

Once we have the set of characteristic vectors of a class, in this example the blue
class, that uniformly map the decision surface. From these vectors we partition the
mapped data using proximity criteria in regions so that each vector is assigned a
neighborhood that has data from the adjacent classes in the dataset. Figure 3.9 shows
an example of the characteristic vectors neighborhood. As in the case of mapping,
there are several techniques to assign such neighborhoods such as Voroni diagrams
[42], Clustering [43], Locally sensitive hashing [44], etc.

In each neighborhood we compute the bias as we explain in Chap 2 using the
associated characteristic vector as the initial parameters 6. The characteristic vec-
tors, together with the calculated biases initialize the first hidden layer of the neural
network. Figure 3.10 shows a visualization of the complete process to initialize the
first hidden layer of a network.

Now, for the initialization of subsequent layers, we use the proposed initial pa-
rameters of the previous layers in order to make a forward propagation of the data
until the layer we want to initialize, and we repeat the process with the output of the
layer immediately behind. Figure 3.11 illustrates the initialization of an entire neural
network. This proposal causes that the initialization of a hidden layer is based on
the prior knowledge of the embedded data structure collected by the previous layers
and the target output.
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FIGURE 3.9: Illustration of the neighborhoods assigned to the 4 char-
acteristic vectors of the blue class that uniformly map the decision
boundary.

Boundary Linearization Characteristic Vectors

Hidden Layer Initialization

Process
1st hidden layer 1st hidden layer
-\ 4
( { \
() X
) \ y
- 4 N 4

FIGURE 3.10: Illustration of the first hidden layer initialization. The
X in the neurons of the first hidden layer at the end of the process
represents that the neurons are already initialized.
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FIGURE 3.11: Illustration of the process to initialize a neural network.
The X in the neurons of the hidden layers at the end of the processes
represents that the neurons are already initialized.

In summary, the general idea for finding the initialization for the neurons in the
jth layer is to use the output of the layer j — 1. The output a1 is obtained by
forward propagation of the input. Therefore, each observation in a/~") has a class
associated. We define a number of points from al/—1) equal to the number of neu-
rons in the jth layer. These points are selected such that they are close to the decision
boundary and map it adequately. From these points we partition the mapped data
aU=1 using a proximity criteria. From each partition we compute the bias as indi-
cated in Chap 2, here we use the points as initial parameters. The initialization of
the jth layer is given by the mapped points and the calculated biases.

In the previous case, only the elements of the blue class were used for the ini-
tialization of the layers. However, it is possible to consider characteristic vectors for
both classes, i.e. have certain neurons that represent the blue class and others that
represent the red class. In this case, the same initialization process is performed for
both the blue class and the red class in order to initialize the hidden layer. This al-
lows the initialization to consider information of all the classes and of the boundaries
of separation.

Figure 3.12 shows a visualization of a hidden layer initialization process when
all classes are taken into account. The number of neurons that are dedicated to each
of the classes is a hyperparameter of the proposed initialization method. When there
are multiple classes, the same concept is applied for each class, following a similar
pattern to the one proposed by the one vs rest strategy.

This method aims to linearize the decision boundary of nonlinear problems. We
can see that the representative data that allow us to develop said linearization are
prototype data of each one of the classes. These prototype data are not the most rep-
resentative data of the entire class distribution, but in this case, they are locally rep-
resentative data, i.e. data that map the separation boundary with the other classes.
It is interesting to highlight that when there are non-linear separation regions, as is
the case of neural networks, the representative vectors of the distribution are not of
interest, but instead, vectors that allow mapping the non-linearity of the problem
are sought. This has some similarity with the philosophy behind support vector ma-
chines.
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FIGURE 3.12: Illustration of the initialization of a hidden layer when

the two classes are considered. The X in the neurons of the hidden

layer at the end of the process represents that the neurons are already

initialized. The color filled circle represents the class to which the
weights that initialize the neuron belong to.

3.9.2 Open Questions

In this algorithm an initialization of the parameters of the neural network based on
the distribution of the training data is proposed. One of the major problems in the
proposed initialization is how to select the prototype vectors and the correspond-
ing neighborhoods. We propose to select the prototype vectors through the entropy
maximization criteria and the neighborhoods of each obtained vector through a dis-
tance criteria. This can be computationally expensive, so another option is that, de-
pending on the problem, the prototype vectors are selected manually. It is important
to mention that this strategy differs from k-means, because this method takes into
account the entire data distribution, but we are only interested in the data that maps
the separation region.

Another problem is how to select the number of layers and neurons per layer.
Although this issue is not part of this thesis, we observe a relationship between the
number of neurons in a layer and the number of hyper-planes necessary to linearize
the decision boundary of the input data to the layer. Therefore, the number of neu-
rons in a layer should be associated with how complex is the non-linear separation
regions of the layer input data. The idea is that as the forward propagation process is
performed, the complexity of boundary should decrease. Consequently, the number
of layers should be defined based on the number of transformations necessary for
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the decision boundary of the embedded data to be linearly separable.

On other hand, the proposed initialization method uses prototype vectors for
each class to establish the initialization parameters of the network. However, the
strategy will present problems when more neurons than observations are required.
In these cases we can use strategies from data augmentation prior to the initializa-
tion, in order to increase the amount of data preserving their initial distributions.

We explained the initialization proposal for logistic regression in the chapter 2. In
this chapter, we explained the extension of the initialization to classical feed-forward
neural networks. The next chapter will be devoted to evaluate these strategies with
toy examples and with real data sets in order to generate a benchmark of the pro-
posed methods.
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Chapter 4

Results

The algorithms developed in this thesis were implemented using Python 3.7.6.
Specifically, the following libraries were used:

e numpy 1.19.5 [45]

® matplotlib 3.1.3[46]
e pandas 1.1.4[47]

e seaborn 0.11.1[48]

e scikit-learn 0.22.1[49]

In this chapter we will present the results of applying the initialization strategy
in different datasets for logistic and multinomial regression models presented earlier
(Chapter 2), and also for neural networks models (Chapter 3). A comparison with
other initialization strategies will be also presented.

4.1 Datasets Description

A benchmark for the initialization proposal was made using various real datasets
for classification tasks from the UCI and Kaggle repositories. A description for each
of these is presented below, also we illustrate the pre-processing we applied for each
dataset.

¢ Wine [50]: This dataset is the results of a chemical analysis of wines grown in a
region located in Italy but derived from three different cultivars. The analysis
determined the quantities of 13 continuous constituents found in each of the
three types of wines. The main purpose of this dataset is to classify the wine
quality according to a 1-5 scale.

We decide to reduce the classes to only 3 classes since there was a considerable
imbalance between the 5 classes originally proposed by the dataset. The 3
classes where assigned in the following way:

— The low class corresponds to the very low and low quality.

— The medium class takes the same medium quality proposed by the dataset.

— The high class correspond to the high and very high quality.

Likewise, the data were centered and standardized.


https://archive.ics.uci.edu/ml/index.php
https://www.kaggle.com
https://archive.ics.uci.edu/ml/datasets/wine
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e Iris [50]: The iris dataset, contains three balanced classes of 50 instances each,

where each class refers to a type of iris plant. The features of this dataset are
the sepal length (cm), the sepal width (cm), the petal length (cm) and the petal
width (cm). The main objective of this dataset is to classify an iris plant be-
tween Setosa, Versicolour or Virginica. In this case, the data was just normal-
ized and standardized.

Madelon [51]: The Madelon dataset is an artificial dataset which contains
data points grouped in 32 clusters placed on the vertices of a five dimensional
hyper-cube and randomly labeled by 1 or -1. The five dimensions constitute 5
informative features and 15 linear combinations of those features were added
to form a set of 20 (redundant) informative features where the order of the fea-
tures and patterns were randomized. The main objective of this dataset is to
classify the constructed labels; however, the structure of the artificial generated
data made this dataset one of the most challenging.

Ozone: This dataset was generated based on real measurements of ozone that
were collected from 1998 to 2004 in Houston, Galveston and Brazoria areas.
It contains two ground ozone level data sets; the eight hour peak set, and the
one hour peak set (onehr.data), which represent the frequency of the measure-
ments. The main features for this dataset are the local ozone peak prediction,
the ipwind ozone background level, the precursor emissions related factor, the
maximum temperature in degrees F, the base temperature where net ozone
production begins (50 F), the total solar radiation for the day, the wind speed
near sunrise (using 09-12 UTC forecast mode) and the wind speed mid-day
(using 15-21 UTC forecast mode). The main purpose is to classify if the ozone
levels are higher or lower than normal ones. This dataset has null values, so we
perform a mean interpolation to fill those values according to the ozone mea-
surements of the 30 previous observations. We also normalize and standardize
the data.

Breast Cancer [50]: This dataset was published by the Oncology Institute and
it has repeatedly appeared within the machine learning literature. The breast
cancer dataset has two classes that indicate whether a patient suffers from the
disease or not. One class includes 201 instances while the other one has 85
instances. Each observation is described by 9 attributes, from which 7 of those
are categorical variables. The data quantitative predictors were normalized
and standardized while the categorical variables were encode using one-hot
encoding.

Image Segmentation [50]: This dataset was manually generated based on out-
door images, where each image was hand-segmented to create a classification
for every pixel, in order to recollect 19 important features of the image; the col-
umn of the center pixel of the region, the row of the center pixel of the region,
the contrast of horizontally adjacent pixels in the region and the average over
the region of the green value. The main purpose of this dataset is to classify the
image in one of the following classes: grass, foliage, cement, window, path,
sky or brickface. In this case, the data was just normalized and standardized.

Mnist: The MNIST is one of the most famous and important datasets in super-
vised learning. It contains 60, 000 small square 28 x 28 pixel gray-scale images
of handwritten single digits between 0 and 9. The main objective is to classify


https://archive.ics.uci.edu/ml/datasets/iris
https://archive.ics.uci.edu/ml/datasets/madelon
https://www.kaggle.com/datasets/prashant111/ozone-level-detection
https://archive.ics.uci.edu/ml/datasets/breast+cancer+wisconsin+(diagnostic)
https://archive.ics.uci.edu/ml/datasets/image+segmentation
https://www.kaggle.com/competitions/digit-recognizer
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a given image of a handwritten digit into one of 10 classes representing inte-
ger values from 0 to 9. In this case the dataset were standardized in order to
re-scale the intensities into 0-1.

e KDD Cup 1999 Data: This dataset is about network traffic and was used for
The Third International Knowledge Discovery and Data Mining Tools Com-
petition, which was held in conjunction with KDD-99 The Fifth International
Conference on Knowledge Discovery and Data Miningand. The data set is ap-
proximately 4 gigabytes of compressed raw TCP (binary) dump data from 7
weeks of network traffic, which can be processed in approximately 5 million
connection records, each with approximately 100 bytes. There exist 5 classes
that corresponds to the simulated attacks; denial of service (DoS), user to root
(U2R), remote to local (R2L) and probing attack. This dataset contains 150
features but only the 22 most relevant were used. Likewise, the data were
normalized and standardized.

4.2 Logistic Regression Results

To test the proposed initialization strategy for logistic regression, in addition to us-
ing the datasets mentioned in 4.1 as a benchmark of the strategy, we created toy
examples in order to illustrate and compare the behavior of logistic regression with
random initialization and with the proposed initialization. For the results shown
below, we use mini-batch gradient descent with a learning rate of 0.001.

For the toy datasets, the following pipeline was used:

1. Train a randomly initialized logistic regression model for 500 epochs using 10-
fold cross validation.

2. Calculate the 95% confidence intervals for the loss and accuracy for both the
training and the validation set.

3. Set as model parameters, those that, on average, minimized the loss of the
validation set.

4. Evaluate on the test set.

5. Calculate the proposed initialization parameters w from the training and vali-
dation sets.

6. Repeat steps 2-5 with a logistic regression model initialized with the proposed
parameters.

4.2.1 Binary Toy Datasets

The first toy dataset which represents a binary classification problem consists of two
balanced Gaussian distributions (one for each class), linearly separable and overlap-
ping distributions, this data is shown in figure 4.1. Figure 4.2 shows the performance
of the random and the proposed initialization for the validation set, after applying
10-fold cross validation.


http://kdd.ics.uci.edu/databases/kddcup99/kddcup99.html
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FIGURE 4.1: Generated binary dataset using two balanced Gaussian
distributions.
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FIGURE 4.2: Random and proposed initialization performance (loss

on the left and accuracy on the right) for the validation set with 95%

confidence intervals, presented as the shadow regions. The dataset
used for this test is the one presented in figure 4.1




4.2. Logistic Regression Results 45

FIGURE 4.3: Illustration of the classification regions with a class-

balanced dataset for the proposed initialization (without training),

the convergence after 25 epochs (0.67s) training with random initial-

ization and the convergence after 25 epochs (0.65s) training with pro-

posed initialization respectively (the initialization time is already in-
cluded).

The model with random initialization converged to the 8 parameters that pro-
duced the smallest validation loss value at epoch 246 with a training time of approx-
imately 4.17 seconds, while the model with the proposed initialization took only 68
epochs with a training time of approximately 1.13 seconds. Since the initialization
took approximately 4.38e—3 seconds, then the total training time for the model that
was initialized with our proposal was approximately 1.1348 seconds.

Logistic regression with | Proposed method | Logistic regression with
random initialization without training | proposed initialization
(246 epochs - 4.17 seconds) | (0.00438 seconds) | (68 epochs - 1.13 seconds)
Class | Accuracy Precision Accuracy | Precision | Accuracy | Precision
Purple 1 0.98 0.99 0.98 0.99 0.99
Yellow | 0.98 1 0.98 0.99 0.99 0.99
Total 0.99 0.99 0.99 0.99 0.99 0.99

TABLE 4.1: Results for the test set for the proposed initialization pa-
rameters for a test set without training (center); after convergence of
the logistic with both, the random (left) and the proposed (right) ini-
tialization. Logistic regression models were trained using a learning
rate of 0.001 and a maximum of 500 epochs. The model chosen was
the one that produced the lowest loss value in the validation set. The
dataset used for this test is the one presented in figure 4.1

Table 4.1 shows the performance for the models using the proposed initializa-
tion (without training), the model with random initialization after training, and the
model with the proposed initialization (with training) for the test set. It is worth
mentioning that these models were selected based on the performance on a valida-
tion set obtained after 10-fold cross validation. The classification regions for each of
the models were also calculated using all the available data, these are found in the
figure 4.3.

A second test was carried out with the same toy dataset, but this time with an
imbalance of 90% in favor of the yellow class, in order to evaluate the robustness of
the initialization strategy against imbalance. The performance of the models with
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Logistic regression with | Proposed method |Logistic regression with
random initialization without training | proposed initialization
Class | Accuracy | Precision |Accuracy |Precision|Accuracy| Precision
Purple 0.9 1 0.97 0.70 0.94 1
Yellow 1 0.99 0.95 0.99 1 0.99
Total 0.99 1 0.95 0.96 0.99 0.99

TABLE 4.2: Results for the test set with class-unbalanced dataset of

the proposed initialization parameters without training in the center

and after convergence of the logistic with both, the random (in the

left) and the proposed (in the right) initialization. Logistic regression

models were trained using a learning rate of 0.001 and for 500 epochs.

The model that produced the least loss in the validation set was cho-
sen.
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FIGURE 4.4: Random and proposed initialization performance (loss
and accuracy respectively) for the validation set with 95% confidence
intervals with a class-unbalanced dataset.

random and proposed initialization with the validation set are shown in figure 4.4
and the results for the test set are found in table 4.2, the classification regions are
shown in the figure 4.5. For this experiment, the model with random initialization
converged in 318 training epochs (2.92s), while the model with the proposed initial-
ization took only 2 training epochs (0.023s). The total training time for the model
that was initialized with our proposal was approximately 0.0247 seconds.

4.2.2 Multi-Class Toy Datasets

The second toy dataset represents a multi-class classification problem that consists
of three balanced Gaussian distributions (one for each class), linearly separable and
overlapped. These distributions were located with equidistant centers, they can be
seen in figure 4.6. Figure 4.7 shows the average performance of the random and the
proposed initialization for the validation set, after applying 10-fold cross validation.

The model with random initialization converged in 137 training epochs (4.33s),
while the model with the proposed initialization took only 77 epochs (2.48s). Since
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FIGURE 4.5: Illustration of the classification regions with a class-

unbalanced dataset for the proposed initialization (without training),

the convergence after 25 epochs (0.37s) training with random initial-

ization, and the convergence after 25 epochs (0.29s) training with pro-

posed initialization respectively (the initialization time is already in-
cluded).

the initialization required 0.0029 seconds, the total time of the model that was ini-
tialized from the proposed strategy was 2.4829 seconds. Table 4.3 shows the perfor-
mance of the three models for the test set. The classification regions are shown in
figure 4.8.

Logistic regression with| Proposed method |Logistic regression with
random initialization without training | proposed initialization

Class |Accuracy| Precision |Accuracy |Precision|Accuracy| Precision
Purple| 0.96 0.96 0.95 0.94 0.96 0.96
Green | 0.95 0.96 0.95 0.95 0.95 0.97
Yellow | 0.93 0.91 0.90 0.89 0.93 0.91

Total 0.95 0.95 0.93 0.93 0.95 0.95

TABLE 4.3: Results for the test set with multi-class balanced dataset

for the proposed initialization without training (center) and after con-

vergence of training with both, the random (left) and the proposed

(right) initialization. Logistic regression models were trained using a

learning rate of 0.001 and 500 epochs. The model that produced the
lowest loss value in the validation set was chosen.

Two other tests where performed with this multi-class toy dataset. The first one
consider an imbalance of 90% in favor of the yellow and green classes, and the sec-
ond one takes 95% less data points for the purple class and 98% less data points for
the green class. This, in order to evaluate the robustness of the initialization strat-
egy against imbalance affecting more than two classes. The results of the test that
considers only one unbalanced class for the validation set are shown in the figure 4.9.

For this first test, the performance for the test set is found in table 4.4 and the
classification regions are shown in the figure 4.10. This time, the model with ran-
dom initialization converged in 177 training epochs (3.22s), while the model with
the proposed initialization took only 80 epochs (1.61s). The total training time for
the model that was initialized with our proposal was approximately 1.62s seconds,
including initialization.



FIGURE 4.7: Random and proposed initialization performance (loss
and accuracy respectively) for the validation set with 95% confidence
intervals with a multi-class balanced dataset.
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FIGURE 4.6: Generated data for the multi-class classification dataset
using three balanced Gaussian distributions.
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FIGURE 4.8: Illustration of the classification regions with a multi-class

balanced dataset for the proposed initialization (without training), on

the left axis, the convergence after 30 epochs (1.52s) training with ran-

dom initialization in the middle axis, and the convergence after 30

epochs (1.47s) training starting with the proposed initialization on the
right axis. The initialization time is already included.
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Logistic regression with | Proposed method |Logistic regression with
random initialization without training | proposed initialization
Class |Accuracy| Precision |Accuracy |Precision|Accuracy| Precision
Purple| 0.87 1 0.90 0.71 0.87 1
Green 0.96 0.96 1 0.87 0.96 0.96
Yellow | 0.96 0.95 0.81 0.99 0.96 0.95
Total 0.96 0.96 0.90 0.92 0.96 0.96

TABLE 4.4: Results with multi-class dataset with an unbalance class.
Test set performance for the proposed initialization parameters with-
out training and after convergence for the random and the proposed
initialization. Logistic regression models were trained using a learn-
ing rate of 0.001 and 500 epochs. The model that produced the least
loss in the validation set was chosen.

=2

2

x1

®1

FIGURE 4.10: Illustration of the classification regions with an unbal-
ance class for the proposed initialization without training, the con-
vergence after 40 epochs (1.38s) training with random initialization
and the convergence after 40 epochs (1.31s) training with proposed
initialization respectively. The initialization time is already included.

For the second experimental setup we have that the results of the validation set

with 95% confidence intervals are found in figure 4.11.

Logistic regression with | Proposed method |Logistic regression with
random initialization | without training | proposed initialization
Class |Accuracy| Precision |Accuracy |Precision|Accuracy| Precision
Purple| 0.87 1 1 0.6 0.8 1
Green | 0.33 1 0.83 0.5 0.66 1
Yellow 1 0.98 0.85 0.99 1 0.98
Total 0.98 0.98 0.86 0.96 0.98 0.98

TABLE 4.5: Results with multi-class dataset and an unbalance of 95%
in the purple class and 98% in the green class. Test set performance
for the proposed initialization parameters without training (center),
and after convergence for the random (left) and the proposed (right)
initialization. Logistic regression models were trained using a learn-
ing rate of 0.001 and 500 epochs. The model that produced the least
loss in the validation set was chosen.

In addition, the results for the test set after selecting the best models (random
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FIGURE 4.11: Random and proposed initialization performance, loss

on the left and accuracy on the right, for the validation set with 95%

confidence intervals with an unbalance of 95% in the purple class and
98% in the green class.

and proposed initialization) according to the validation set results are found in the
table 4.5. The training of these models took 266 epochs (2.39s) and 137 epochs (1.22s)
for the random and proposed initialization respectively. The initialization time is
already considered. The classification regions for this unbalanced test are found in
figure 4.12.

4.2.3 Benchmark with Real Datasets

This part aims to show the results of the logistic regression initialized both with the
random strategy and with the one proposed in this thesis, for the datasets described
in the section 4.1. These evaluations are from 10 repetitions of the test set to generate
95% confidence intervals. This results are found in table 4.6. To generate the data
for each repetition we randomly sample the available data using bootstrap with re-
placement; and generated each time different training, validation and test sets.

4.3 Feed-forward Neural Networks Results

We created toy examples to test the initialization strategy for feed-forward neural
networks proposed in this thesis, similar to the case of the logistic regression model
we illustrate and compare the behavior of the neural networks with the state of
the art initializations for these models, Xavier and He initialization. For the results
shown below, the RMSprop optimizer was used, with a learning rate of 0.0001.

For the toy datasets, the following pipeline was used:

1. Train a neural network model initialized using He and Xavier strategies during
500 epochs and using cross validation. Select the model that minimizes the loss
on the validation set with a patience of 50.
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FIGURE 4.12: Illustration of the classification regions with a multi-

class dataset for an unbalance of 95% in the purple class and 98% in

the green class. The proposed initialization without training (left),

the convergence after 100 epochs (1.78s) training with random initial-

ization (center) and the convergence after 100 epochs (1.73s) training

with proposed initialization (right). The initialization time is already
included.

2. Evaluate on the test set.

3. Calculate the proposed initialization parameters 8y using the training and val-
idation sets.

4. Repeat steps 2 and 3 of the process with a neural network model initialized
using the proposed algorithm.

To train the models until the epoch that minimizes the validation loss with a
given patience, we use a stopping criterion already implemented in Keras. As in
the case of logistic regression, we create a binary and a multi-class datasets. These
datasets are non-linearly separable. We test the balanced and unbalanced cases in
order to demonstrate the robustness of the proposed initialization strategy.

4.3.1 Binary Toy Dataset

The first toy dataset which represents a non-linear binary classification problem con-
sists of a circular and a disc overlapped distributions. These distributions form a
donut, and they are shown in figure 4.13. In this case, we are going to divide the
test into two parts. The first test uses a model with a single hidden layer neural
networks that have 10 neurons, 5 for each class. The second test will consider two
hidden layers in its architecture, each one defined in the same way as the first test, 5
neurons for each class.

One Hidden Layer Architecture

The performance on the validation set of the model with one hidden layer architec-
ture for the different initializations is shown in figure 4.14. The model with Xavier
initialization stop its training at epoch 393 with a training time of approximately
23.32 seconds using a patience of 50. While the models that use He and the pro-
posed initialization took only 291 epochs (17.72s) and 155 epochs (10.12s) respec-
tively. Since the proposed initialization takes approximately 0.014 seconds, the total
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FIGURE 4.13: Generated samples for the binary classification dataset
using a circular and a disc distribution.

training time for this model was 10.13s. The results of all the tested models for
the test set is presented on table 4.7. The classification regions, using the complete
dataset for training, are shown in figure 4.15.

We also created an unbalance dataset using the same distribution shape, but con-
sidering an imbalance of 95% in the blue class. The performance of these models for
the validation set are shown in figure 4.16 and the results for the test set are found
in table 4.8. This time, the model using Xavier initialization stopped its training at
epoch 369 with an approximately training time of 21.7 seconds, the one using He ini-
tialization took 279 epochs (17.6s) and the model using the proposed initialization
took 231 trained epochs (15.2s). The classification regions using the complete dataset
for training are found in figure 4.17.

Two Hidden Layer Architecture

We tested an architecture containing two hidden layers, each one conformed by 10
neurons distributed in 5 per each class. The validation set performance for the three
initializations, Xavier, He and proposed is presented in figure 4.18. The test set re-
sults are shown in table 4.9. In this experiment, the model using Xavier initialization
converges after 291 training epochs (19.01s), while the ones that were initialized us-
ing the He and the proposed strategies took 151 epochs (10.19s) and 145 epochs
(10.02s). The classification regions for these models (with two hidden layer architec-
tures) are found in figure 4.19.

We also performed tests for the unbalanced case, 95% unbalance in the blue class.
The results for the validation set are found in figure 4.20, and the performance for
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FIGURE 4.14: Xavier, He and proposed initialization performance,
loss on the left and accuracy on the right, for the validation set using
a class balanced dataset. These models were trained using a learning

rate of 0.01.
Neural network with Neural network with
Normal Xavier initialization | Normal He initialization
Class | Accuracy Precision Accuracy| Precision
Blue 1 0.95 1 0.95
Red 0.95 1 0.96 1
Total | 0.97 0.98 0.98 0.98
Proposed initialization Neural network with
without training proposed initialization
Blue 0.94 0.98 1 0.98
Red 0.98 0.94 0.95 0.96
Total | 0.96 0.96 0.98 0.97

TABLE 4.7: Results with a class balanced test set performance for the

proposed initialization without training, after convergence of a neu-

ral network model with Xavier, He and the proposed initialization.

These models were trained using a learning rate of 0.001 and a pa-
tience of 50.
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FIGURE 4.15: Illustration of the classification regions with a class bal-

anced dataset for the proposed initialization (without training) at the

top left; the convergence after 15 epochs (2.22s) training with Xavier

initialization at top right; the convergence after 15 epochs (1.19s)

training with He initialization at bottom left, and the convergence

after 15 epochs (1.8s) training with proposed initialization at the bot-
tom right. The initialization time is already included.
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Neural network with Neural network with
Normal Xavier initialization | Normal He initialization
Class | Accuracy Precision Accuracy| Precision
Blue 0 0 0 0
Red 1 0.95 1 0.95
Total | 0.95 0.91 0.95 091
Proposed initialization Neural network with
without training proposed initialization
Blue 0.96 0.63 0.25 1
Red 0.97 0.99 1 0.96
Total | 0.97 0.97 0.97 0.97

TABLE 4.8: Results with a class unbalanced dataset. Test performance

for the proposed initialization without training and after convergence

of a neural network model using Xavier, He and the proposed initial-

ization. These models were trained using a learning rate of 0.001 and
a patience of 50.
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FIGURE 4.16: Xavier, He and proposed initialization performance,

loss on the left and accuracy on the right, for the validation set with

a 95% unbalance in the blue class. This models where trained using a
learning rate of 0.01.
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FIGURE 4.17: Illustration of the classification regions with 95% unbal-
ance in the blue class region for the proposed initialization (without
training) at the top left, the convergence after 15 epochs (2.22s) train-
ing with Xavier initialization at top right, the convergence after 15
epochs (1.19s) training with He initialization at bottom left, and the
convergence after 15 epochs (1.8s) training using the proposed initial-
ization at the bottom right. The initialization time is already included.
Note that no balance strategy was used to train the networks.
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Neural network with Neural network with
Normal Xavier initialization | Normal He initialization
Class | Accuracy Precision Accuracy| Precision
Blue 1 0.95 1 0.95
Red 0.95 1 0.96 1
Total | 0.97 0.98 0.98 0.98
Proposed initialization Neural network with
without training proposed initialization
Blue 0.97 0.96 1 0.98
Red 0.95 0.97 0.95 0.96
Total | 0.96 0.96 0.98 0.97

TABLE 4.9: Results with a balanced dataset. Test performances for the
proposed initialization parameters without training and after conver-
gence of a neural network model using Xavier, He and the proposed
initialization. These models have two hidden layers in its architecture
and were trained using a learning rate of 0.001 and a patience of 50.
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FIGURE 4.18: Xavier, He and proposed initialization performance,

loss on the left and accuracy on the right. These models have two

hidden layer architecture and were trained using a learning rate of
0.01.
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FIGURE 4.19: Illustration of the classification regions for the two hid-
den layer architecture using a balanced dataset regions for the pro-
posed initialization (without training) at the top left; the convergence
after 60 epochs (5.88s) training using Xavier’s initialization at top
right; the convergence after 15 epochs (5.77s) training using He’s ini-
tialization at bottom left and the convergence after 15 epochs (5.69s)
training using the proposed initialization at the bottom right. The ini-
tialization time is already included.
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Neural network with Neural network with
Normal Xavier initialization | Normal He initialization
Class | Accuracy Precision Accuracy| Precision
Blue 0 0 0 0
Red 1 0.95 1 0.95
Total | 0.95 0.90 0.95 091
Proposed initialization Neural network with
without training proposed initialization
Blue 0.87 0.77 0 0
Red 0.99 0.99 1 0.95
Total | 0.98 0.98 0.95 091

TABLE 4.10: Results with an unbalance of 95% in the blue class for
the two layer architecture. Test performance for the proposed initial-
ization without training and after convergence of a neural network
model using Xavier, He and the proposed initialization. These mod-
els have two hidden layers in its architecture and were trained for 500
epochs using a learning rate of 0.001 and with a patience of 50.
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FIGURE 4.20: Xavier, He and proposed initialization performance for

the validation set, loss on the left and accuracy on the right, when

there is an unbalance of 95% in the blue class. These models have two

hidden layer architecture and where trained using a learning rate of
0.001.
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Neural network with Neural network with
Normal Xavier initialization| Normal He initialization
(178 epochs - 13.51 seconds) | (304 epochs - 23.17 seconds)
Class | Accuracy Precision Accuracy Precision
Blue 0.98 0.96 1 0.87
Red 0.85 0.97 0.85 0.90
Green| 0.99 0.90 0.9 1
Total 0.94 0.95 0.92 0.92
Proposed initialization Neural network with
without training proposed initialization
(0.041 seconds) (315 epochs - 23.59 seconds)
Blue 0.94 0.95 1 0.93
Red 0.90 0.89 0.92 0.95
Green| 0.94 0.95 0.95 1
Total 0.93 0.93 0.96 0.96

TABLE 4.11: Results for the test set in a multi-class balance dataset

using the proposed initialization without training, and after conver-

gence of a neural network model using the Xavier, He and the pro-

posed initialization. These models have two hidden layers in its ar-

chitecture and were trained for 500 epochs using a learning rate of
0.01 and a patience of 50.

the test set is observed in the table 4.10.

This time, the model using Xavier’s initialization trained during the maximum
number of epochs (500) which represents approximately 26.7 seconds. The model
initialized using He’s strategy trained for 409 (22.0s) and the model initialized with
the proposed strategy took 156 epochs (9.23s). The classification regions generated
by these models are shown in the figure 4.21.

4.3.2 Multi-class Toy Datasets

The second toy dataset represents a multi-class non-linear classification problem. It
consists of a circular distribution and 2 overlapped discs. This dataset can be seen
in figure 4.22. In this case, we are going to test the dataset with a model using two
hidden layers, and initialized by Xavier, He and the proposed strategies.

Figure 4.23 shows the performance in the validation set for a neural network
composed by two hidden layers, 15 neurons each layer divided in 5 neurons per
class, using as initialization Xavier, He and the proposed strategies. Results for the
test set are displayed in table 4.11.

The model using Xavier’s initialization converged in 178 training epochs (13.51s),
while the model using the He and the proposed initialization took 304 epochs (23.17s)
and 315 epochs (23.59s) respectively. Since the initialization required 0.041 seconds,
the total time for the proposed strategy was 23.63 seconds. The classification regions
are shown in figure 4.24.

Two other simulations were performed using the same architecture and the same
multi-class toy dataset. The first simulation considers an unbalance of 90% in the
blue class and the second one considers 98% in the blue class and 95% in the red
class. This, in order to evaluate the robustness of the initialization strategy when
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FIGURE 4.21: Illustration of the classification regions for the two layer
architecture when there is a 95% unbalance in the blue class for the
proposed initialization (without training) at the top left; the conver-
gence after 50 epochs (3.97s) training with Xavier initialization at top
right; the convergence after 50 epochs (3.82s) training with He ini-
tialization at bottom left, and the convergence after 50 epochs (3.77s)
training with proposed initialization at the bottom right, the initial-
ization time is already included. Note that no strategy for training
unbalanced datasets was used.
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FIGURE 4.22: Generated dataset for multi class classification using a
circular distribution and 2 discs distributions.

more classes are unbalanced.

For this first simulation, the performance for the validation set are found in fig-
ure 4.25. Results for the test set are shown in table 4.12. The classification regions
are found in figure 4.26.

For the second simulation we considered unbalance in two (blue and red) of the
three classes. Results for the validation set are found in figure 4.27. Results for
the test set are shown in table 4.13 and figure 4.28 shows the classification regions
obtained after training.

4.3.3 Benchmark with Real Datasets

Here, we show the results of the neural network initialized using Xavier, He and
proposed strategy, for the datasets described in the section 4.1. This evaluation com-
putes confidence intervals from the test set after applying bootstrap, 10 iterations, to
generate 95% confidence intervals. Results are displayed in table 4.14.



4.3. Feed-forward Neural Networks Results

65

1.2

10

i
1

validation loss
o
S

0.4

0.2

— Xavier
— he
— init

validation accuracy

<
n

5 10

15 20 25 30 35 40

epochs

09

e
1

<
o

by
o

0.4
— he
— init

0.3

0 5 10 15 20 25 30 35 40
epochs

FIGURE 4.23: Xavier, He and proposed initialization performance for
the validation set, loss on the left and accuracy on the right. These
models have two hidden layers and were trained using a learning
rate of 0.01.

Neural network with Neural network with
Normal Xavier initialization| Normal He initialization
(487 epochs - 29.83 seconds) | (434 epochs - 26.75 seconds)
Class | Accuracy Precision Accuracy Precision
Blue 0 0 0 0
Red 1 0.90 0.92 0.95
Green| 0.94 1 1 0.92
Total 0.94 0.93 0.93 091
Proposed initialization Neural network with
without training proposed initialization
(0.038 seconds) (429 epochs - 27.27 seconds)
Blue 0.66 0.64 0 0
Red 0.86 0.82 1 0.88
Green 1 0.95 0.92 1
Total 0.94 0.90 0.94 0.92

TABLE 4.12: Results for the test set using an unbalance of 90% in the
blue class. Performance for the proposed initialization parameters
without training and after convergence of a neural network model
using the Xavier, He and the proposed initialization. This models
have two hidden layers in its architecture and where trained for 500
epochs using a learning rate of 0.01 and a patience of 50.
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FIGURE 4.24: Illustration of the classification regions with a multi-
class balanced dataset for the proposed initialization, without train-
ing, at the top left; the convergence after 60 epochs (6.85s) training us-
ing Xavier initialization at top right; the convergence after 60 epochs
(6.61s) training using He initialization at bottom left and the conver-
gence after 60 epochs (6.63s) training using the proposed initialization
at the bottom right. The initialization time is already included. These
models have two hidden layer architecture each one of 15 neurons, 5
neurons per class, and were trained using a learning rate of 0.01.



4.3. Feed-forward Neural Networks Results 67

0.8
0.8
0.7
>
®
a 5 06
L6 O
(9]
5 @
= c
s °
% 0.5 Ef 0.4
g S
©
>
0.4
0.2
03 — xavier
— he
— init
02 0.0
T 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
epochs epochs

FIGURE 4.25: Xavier, He and proposed initialization performance,

loss on the left and accuracy on the right. The dataset has a unbal-

ance of the 90% in the blue class. The models have two hidden layer
architecture and were trained using a learning rate of 0.01.

Neural network with Neural network with
Normal Xavier initialization| Normal He initialization
(487 epochs - 29.83 seconds) | (434 epochs - 26.75 seconds)
Class | Accuracy Precision Accuracy Precision
Blue 0 0 0 0
Red 0 0 0 0
Green| 0.94 1 1 0.92
Total 0.93 0.92 0.93 0.90
Proposed initialization Neural network with
without training proposed initialization
(0.038 seconds) (429 epochs - 27.27 seconds)
Blue 0.66 0.64 0 0
Red 0.90 0.88 0 0
Green 1 0.95 0.94 1
Total 0.95 0.91 0.93 0.92

TABLE 4.13: Results for the test set using an unbalance of 98% in
the blue class and 95% in the red class performance for the proposed
initialization without training and after convergence of a neural net-
work model using Xavier, He and the proposed initialization. These
models have two hidden layers in its architecture and were trained
for 500 epochs using a learning rate of 0.01 and a patience of 50.
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FIGURE 4.26: Illustration of the classification regions with a multi-
class dataset with an unbalance of 90% in the blue class for the pro-
posed initialization (without training) at the top left; the convergence
after 200 epochs (16.79s) training using Xavier initialization at top
right; the convergence after 200 epochs (16.92s) training using He’s
initialization at bottom left and the convergence after 200 epochs
(16.92s) training using the proposed initialization at the bottom right.
The initialization time is already included. These models have two

hidden layer architecture each one of 15 neurons, 5 neurons per class,
and were trained using a learning rate of 0.01.
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FIGURE 4.27: Xavier, He and proposed initialization performance for

validation set, loss on the left and accuracy on the right. The dataset

has an unbalance of 98% in the blue class and 95% in the red class.

The models have two hidden layer architecture and were trained us-

ing a learning rate of 0.01. Note that no strategy to compensate for
unbalance classes was used in the training.
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FIGURE 4.28: Illustration of the classification regions with a multi-
class dataset with an unbalance of 98% in the blue class and 95% in
the red class. Regions for the proposed initialization without train-
ing at the top left; the convergence after 200 epochs (16.79s) training
using Xavier’s initialization at top right; the convergence after 200
epochs (16.92s) training using He’s initialization at bottom left, and
the convergence after 200 epochs (16.92s) training using the proposed
initialization at the bottom right. The initialization time is already in-
cluded. These models have two hidden layer architecture each one
of 15 neurons, 5 neurons per class, and were trained using a learn-
ing rate of 0.01. Note that no strategy to compensate for unbalance
classes was used in the training.
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Chapter 5

Discussion

In this chapter we discuss the results presented in chapter 4, and we contrast our
strategy with other initialization algorithms found in the literature.

5.1 Logistic and Multinomial Regression Results

The first analysis will be based on the results form the first dataset shown in figure
4.1. In this case, the confidence intervals for the validation set of the model initial-
ized with the proposed strategy are narrow, which illustrates, for this example, the
robustness of the initialization. As can be seen in figure 4.2, for the validation set,
this model starts, without training any epoch, with a loss and an accuracy very close
to the optimal one, almost equal to that obtained after the learning algorithm con-
verges.

Table 4.1 shows that a similar behavior is evident for the test set. In this case,
the difference between the convergence for the randomly initialized model and the
one using the proposed strategy is approximately 200 epochs (3 seconds difference
in training).

The classification regions in figure 4.3 show that the decision boundary obtained
from the untrained initialization strategy is very close to the optimal. With only 25
training epochs, the model initialized by our proposed algorithm achieves a border
that manages to separate the classes considerably well. This does not happen with
the randomly initialized model,in which the border, in this simulation, sacrifices the
purple class considerably.

Regarding the second test, which considers a 90% imbalance for the purple class,
if we analyze the results presented in table 4.2, we realize that as the models are
trained, they tend to penalize the minority class. This happens because, in this case,
the binary cross entropy is being used as a cost function, which is sensitive to imbal-
ance, and no balancing strategy is being considered.

What is interesting is that the proposed initialization is not affected by such im-
balance, obtaining, without training, an accuracy for the purple class even higher
than that from the logistic regression after convergence. This happens because the
strategy bases the initialization on the average of the class distribution, thereby it is
a robust statistical estimator given the number of observations.

If we take a look at the classification regions shown in figure 4.5, we can see that
the untrained initialization provides a fairly good separation boundary.
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Analyzing on the multi-class dataset shown in figure 4.1, we notice that for the
balanced case, the loss for the validation set is not initialized as close to the mini-
mum as in the binary case. However, table 4.3 shows that the model initialized with
the proposed strategy converges almost 60 epochs (2 seconds) faster than the one
initialized randomly.

In the case in which there is a 90% imbalance in the purple class, it can be seen
in figure 4.9 that the proposed strategy puts both the loss and the accuracy, for the
validation set, very close to the optimal values. This produces convergence in about
120 epochs (2.5 seconds) faster, compared to the random initialization.

In the case of an imbalance of 95% in the purple class and 98% in the green class,
we can see in the table 4.5 that, for the test set, the accuracy for the green class is
greatly affected when training, producing an accuracy of 0.33 in the case of the ran-
dom initialization and 0.66 in the case of the proposed initialization for the green
class. The proposed initialization without training achieves an accuracy of 0.83 for
the same class. This is interesting because in certain cases it may be better to use the
parameters proposed by our strategy as the optimal ones and avoid training. How-
ever, it is important to mention that in this simulation we did not use any strategy
that considers unbalance dataset.

If we analyze the classification regions shown in figure 4.12, it is observed that
when trained, the decision boundary tends to penalize minority classes (purple and
green). On the other hand, the proposed method without training establishes the
borders in such a way that the separation between the classes is preserved regard-
less of the imbalance.

In the results shown in the table 4.6, which refer to the benchmark of real datasets,
the initialization strategy proposed for the multinomial regression models works
fairly good. We realize that the results provided by the proposed method without
training, in most datasets, are very close to those obtained by logistic regression
models after training. The confidence intervals are considerably narrow, which indi-
cates that the initialization strategy is stable regarding the training data. In addition,
for almost all the datasets, the convergence time for the learning algorithm presents
a considerable reduction when it is initialized with the proposed strategy, compared
to the random initialization.

Many of the datasets tested in the benchmark had an imbalance in their classes.
When the randomly initialized logistic regression is trained and no unbalance strat-
egy during training is considered, minority classes are severely penalized by the cost
function. However, since the proposed method is robust against class imbalance,
and the epochs necessary for the convergence of the initialized model with the pro-
posed strategy are considerably reduced, the penalty suffered by minority classes is
also reduced. This allows the logistic regression initialized with our method to be
more robust to imbalance than random initialization.

Although the results presented in table 4.6 show that the reduction in the num-
ber of epochs required for the convergence of the model, and the total training time
including initialization, is inversely proportional to the size of the dataset, as is the
case of the Mnist and KDD Cup 1999 Data datasets, in which the training time is re-
duced by approximately 100 and 300 seconds when using our initialization. One of
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the disadvantages of the proposed initialization is that its time depends on the num-
ber of observations. To determine the initial parameters certain statistical estimators
are calculated, they depend on the size of the population. This can become problem-
atic in presence of very large datasets, like the ones usually used in deeplearning.

5.2 Feed-forward Neural Network Results

In the case of the feed-forward neural networks, tests were performed using Xavier,
He and the proposed initialization algorithm, we used models that had one and two
hidden layers in their architecture, each of these was composed by 5*K neurons,
where K is the number of the dataset classes, i.e. 5 neurons were assigned to each
class. The number K can vary for more complex problems, here we just wanted to
provide a proof of concept. Analyzing the results of the models that only had one
hidden layer, and used the dataset shown in figure 4.13, we realized from figure 4.14
that in the validation set, the proposed method starts with a lower loss value, ap-
proximately 10%, and with a higher accuracy, approximately 50%, compared to the
other initializations. This produces in the network a convergence in approximately
140 epochs (8 seconds) earlier than the network that uses He’s initialization, and 250
epochs (14 seconds) earlier than the one that uses Xavier’s initialization. The clas-
sification regions displayed in figure 4.15 indicate that only the proposed strategy
without training manages to separate the different classes.

Studying the case in which an imbalance of 90% in the blue class is considered,
it is observed in figure 4.16 that for the validation set, both the loss and accuracy
of our initialization starts very close to, and even slightly worse than the He initial-
ization. However, in just 4 training epochs, the loss of the network initialized with
the proposed strategy converges, while the other initializations require more time.
This tells us that although He’s method starts closer to a local minimum of the cost
function, our strategy is located in a better region of the cost function, not too rough
and not too flat, which accelerates the convergence of gradient descent.

If we take a look at the performance of the test set shown in table 4.9, and the
classification regions shown in figure 4.17, we realize that the training of the net-
works is strongly penalizing the minority class, producing an accuracy of 0.0 for the
blue class when using models with Xavier and He initialization. In contrast, the pro-
posed initialization without training achieves a total accuracy of 0.97 and maintains
a blue class accuracy of 0.96.This indicates that the initialization strategy for neural
networks is also robust against imbalance, which makes a lot of sense since it is a
direct extension of the proposal for logistic regression. Also, although the accuracy
for the blue class in the network that is initialized with the proposed strategy after
training is better than the other models (0.25 accuracy), this class is still penalized
by training. This is because we are not using any training strategy in presence of
unbalanced datasets.

Regarding the proposed initialization and the neural networks that consist of two
hidden layers, it can be seen in figure 4.18 that both the loss and the accuracy, for the
validation set, of the method proposed in the balanced case, presents a strange be-
havior. The learning algorithm with the proposed initialization starts close to a local
minimum of the cost function, but when training begins it quickly jumps to another
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region of the cost function, and from it starts to converge. This may be due to the fact
that the parameters proposed by the initialization algorithm are located very close
to the decision boundary, which guarantees a correct separation of the atypical data
of the classes, i.e. the parameters for initialization of the model are observations that
have a high probability of belonging to more than one class, since they are close to
the border. But at the same time, these initial parameters can ignore the structure
of the representative data of the class; thereby, causing a penalization in the cost
function. Despite this, the test set results and classification regions shown in table
4.10 and figure 4.19 respectively, indicate that the proposed method without train-
ing manages to separate the classes very well, and has a higher performance than
the other initializations.

When considering the imbalanced case of 90% in the blue class and the model
with two hidden layers, the accuracy for the blue class when the network is trained
is 0.0, independently of what initialization strategy is used. This happens because
the network is becoming more complex and this makes the cost function penalize the
minority class even more. However, the proposed method without training behaves
considerably well for both classes. This can be seen in the classification regions of
figure 4.21. Once again, here we are not considering any strategy for the training in
presence of unbalanced datasets.

Studying on the multi-class dataset shown in figure 4.22, which was only tested
with the two hidden layers model, we notice from the classification regions shown
in figure 4.24, that for the balanced case, the untrained initialization strategy man-
ages to separate the classes fairly good. In the same way, although table 4.11 shows
that the network initialized with Xavier takes only 178 epochs (13.51 seconds) to con-
verge, we see a higher accuracy for the test set in networks initialized with He and
with the proposed method, which exceed 300 epochs (23 seconds) of training. This
indicates that, in this case, Xavier’s initialization got stuck in a non-optimal local
minimum, while the other two methods initialized the network in a more suitable
region of the cost function.

Analyzing the case that considers a 90% imbalance in the blue class, as in the
binary case, the network training strongly penalizes the minority class in the test
set, obtaining an accuracy of 0.0 for this class (table 4.12). In contrast, the proposed
method without training achieves an accuracy of 0.66 for the blue class, which in
turn reduces network convergence time by almost 90 epochs (2 seconds). The classi-
fication regions shown in figure 4.26 reflect the difference in performance.

When tests are performed considering an imbalance of 98% in the blue class and
95% in the red one, as shown in figure 4.27 for the validation set, we observe the
same behavior that was presented in the imbalanced binary case with networks con-
structed with two hidden layers. The initial parameters give more importance to
the observations close to the boundaries than to the bulk of their distribution per
class, producing for the proposed initialization parameters to be penalized by the
cost function in the earliest epochs of training. Despite this, we observed in the
classification regions shown in figure 4.28 and in the test set results found in table
4.13, that the performance of the trained networks, regardless of the initialization, is
not satisfactory. All the data is being classified in the majority class, thus having an
accuracy of 0.0 for the other classes. This indicates that although the proposed ini-
tialization without training achieves considerably good results for the three classes,
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the cost function used during training is penalizing the minority classes.

Results shown in table 4.14, which refer to the real datasets, indicate that our ini-
tialization strategy for neural network models, as in the case of logistic regression,
works fairly good. We realized that the results provided by the proposed method
without training, in most of the datasets, are very close to those obtained by the net-
works after convergence of the training.

It is important to notice that in this case all networks were trained for the same
number of epochs (100 epochs), which is why the times for training are very close.
However, it is observed that the models that were initialized with the proposed strat-
egy, in some datasets, achieve higher accuracy than that obtained with other initial-
izations. An example of this is the Iris dataset, in which the networks initialized with
Xavier’s and He’s strategy achieve an accuracy of 0.62 and 0.56, respectively; while
the one initialized with the proposed method achieved 0.84.

On the other hand, if we look at the performance of the model by class in some
datasets, we realize that the networks initialized with Xavier’s and He’s strategy
have a higher total accuracy, because they are strongly penalizing minority classes;
while the model initialized with the proposed method with and without training
present a better behavior in all classes, regardless of their imbalance. Specifically,
one of the examples in which this occurs is the Wine dataset. Here, the class with
label 0 receives an accuracy of 0.0 from the networks initialized using Xavier’s and
He’s, while with the proposed method achieves an accuracy of 0.52.

The initialization method proposed for the case of neural networks has several
disadvantages compared to other initializations. First of all, as in the case of logistic
regression, the initialization time of the proposed strategy depends on the size of the
dataset, which can cause problems when dealing with large volumes of data. Sec-
ond, the proposal consists of finding characteristic points of the classes that map the
decision boundary. However, although there are various strategies to find these dat-
apoints, such as selecting point that maximize the entropy [40], use self-organizing
maps [41]; adequately finding these points specifically in high dimensional can be-
come complicated and costly in terms of computational resources. Finally, once the
characteristic points have been obtained, i.e. the initial parameters for the network,
it is necessary to assign a data region to each of these in order to calculate the bias.
Depending on the distribution of the data, finding such regions can become compu-
tationally expensive, however, there are currently several strategies to perform this
task properly and optimally such as Voroni diagrams [42], Clustering techniques
[43], Locally sensitive hashing [44], etc.
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Chapter 6

Conclusions and Future Work

In this thesis we proposed new initialization strategies for multinomial logistic re-
gression and the neural network models for classification problems. The logistic
regression initialization is based on statistical estimators of the data distribution and
distance metrics, particularly the mean and the euclidean distance between different
scalar products.

First of all, in Chapter 1, we present an introduction to machine learning. Here
we described the importance that these models have had in recent years, the learning
algorithms they use - gradient descent and its variations -. Likewise, we discussed
the initialization problem and how this affects their learning. Also, we presented
some initialization strategies that are currently considered the state of the art, He
initialization and Xavier initialization.

Chapter 2 presented a detailed description of the logistic regression model, the
cost function used for its training, as well as its relationship with neural networks.
This chapter describes the initialization strategy proposed for logistic regression,
which, in essence, is the basis for the initialization of the other models. We also de-
scribe how to extend this initialization algorithm for multinomial logistic regression.

Chapter 3 began with an introduction to neural models and fully connected feed-
forward neural networks, its learning algorithm - Backpropagation and gradient de-
scent -. We also discussed the main challenges that these models face during their
training, specifically, time and computational resources. The chapter ended with the
extension of the initialization strategy explained in chapter 2 to neural networks.

In Chapter 4 we presented and discussed the results of the initialization strat-
egy for logistic regression, multinomial regression, and neural networks models.
We used some artificial datasets in order to illustrate the behavior of the models
when using the proposed initialization. In addition, 8 real datasets from the UCI
repository and Kaggle were used to generate a benchmark study to compare its per-
formance with the classical training of these models. In the case of logistic and
multinomial regression, the randomly initialized model is compared with the pro-
posed strategy and in the case of neural networks, the initialized model is com-
pared with He and Xavier strategies. Codes and tables are available at https:
//bitbucket.org/davidsantiago1011/thesis-ml/.

From the main findings already presented in this work, we want to highlight the
following ideas:


https://archive.ics.uci.edu/ml/index.php
https://archive.ics.uci.edu/ml/index.php
https://www.kaggle.com
https://bitbucket.org/davidsantiago1011/thesis-ml/
https://bitbucket.org/davidsantiago1011/thesis-ml/
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. Through this study we have seen that it is possible to initialize the logistic

regression and the neural networks models based on the statistical informa-
tion of the training data distribution. These strategies considerably reduce the
computational resources required for the training of these models and increase
their performance.

. We have seen that these strategies work specially well for class-unbalanced

data such as Wine and Breast Cancer datasets.

. In the results presented throughout this thesis, only the sigmoid activation func-

tion was used. However, the initialization strategy works similarly for other
activation functions.

. Neural networks are considered black box models, because it is difficult to

interpret and justify their architecture. However, this thesis presents a way to
define the neural network architecture based on the complexity - non-linearity
- of the class separation boundary, and produces another way to interpret these
models.

In the future, we aim to extend this research and publish a paper summarizing

the most important findings. There are some important points that we have not
explored yet in this work, but that are a potential opportunity to not only improve
the results presented in this thesis, but also to open new research fields. Some of
these points are:

1. Throughout this thesis, only the classification problem was analyzed. How-

ever, the proposed initialization strategy can be extended to regression prob-
lems with some adaptations.

. In the case of neural networks, algorithms to efficiently map the decision fron-

tier of the data are needed. The use of more efficient and robust strategies
could lead to a considerable improvement in the initialization results.

. Deep learning networks are used in most real-life problems. Therefore, the

extension of this initialization strategy to convolutional networks, recurrent
networks, GANs and transformers should be considered.

. It is required to adapt the strategy and perform more tests for the cases in

which the model architecture contains more neurons than the number of ob-
servations. These cases could be addressed using strategies from data aug-
mentation prior to the initialization, in order to increase the amount of data
preserving their initial distributions.
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