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Abstract

Markov-modulated Lévy processes with two different regimes of restarting are studied.
These regimes correspond to the completely renewed process and to the process of
Markov modulation, accompanied by jumps. We give explicit expressions for the
Lévy—Khintchine exponent in the case of a two-state underlying Markov chain. For
the renewal case, the limit distributions (as t — o0) are obtained. In the case of
processes with jumps, we present some results for the exponential functional.
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1 Introduction: Kac-Lévy Process

New classes of stochastic processes appearing in various fields of applications could
be constructed as follows. First, we have the set of underlying processes, the main
blocks of the construction, second, the switching mechanism between these blocks
should be described, and third, the new starting points of these underlying processes
could be determined in various manners.

For instance, let n, = n;(t) € X, t > 0, n > 0 be the sequence of random
processes, {7 },>0 be the sequence of switching times and x = x, € X, n > Obe a
sequence of starting points. Here X is the phase space (some topological vector space,
in general). The composite process X is defined by

X)) =n@—T,) for telly Ths1), n=0. (1.1)
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This construction can be accompanied by a simple extension that allows for additional
jumps at the times of the state change.

In this paper, the sequence {7},},>0 is defined by a finite-state Markov process
e=¢() e E, t >0, thatis T, is the switching time of ¢ from one state to another.
Assume that {1, },>0 is a sequence of real-valued one-dimensional independent Lévy
processes independent of ¢.

Let us summarise the most important known results. Assume that n(z), ¢t > 0, is a
real-valued one-dimensional Lévy process defined on the probability space (£2, F, P),
that is the process satisfying the following properties:

— The paths are a. s. right continuous with left limits, and P(n(0) = 0) = 1;

~ @ =) En—s5). 0<s <
— n(t) — n(s) is independent of the history {n, | u < s}.

The jump part of the Lévy process 1 can be characterised by means of the Lévy measure
IT (intensity measure),

I[T(A) :=E[J([0, 1] x A)], A € B(R\ {0}),

satisfying the condition
/ (1 AxHI(dx) < o0.
R

Here the jump measure J (I, A), I € B([0,00)), A € B(R), is the random measure
which is defined by

JUA) =) Lagrearo)-

sel

In general, process 7 is completely identified by the triplet (y, o2, TI), see, for

example, [23,30]. This means that 1 (#) may be decomposed into a sum of independent
terms (Lévy-Itd decomposition):

nt)y=yt+oW)+ Y@+ M), t>0.

Here y and o are constants, W(¢), t > 0, is the standard Brownian motion, and
Y = Y (¢) is the compound Poisson process,

t N
Y<t>=f / yJ(ds,dy) =YYy,
0 JIyl=R =1

where {Y},} are independent random variables with common distribution supported on
{y :|y] = R}, and M = M (t) is the square-integrable martingale,

t
M(r>=// yJ(ds,dy>—r/ VII(dy).
0 Jlyl<R [yI[<R
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The distribution of n(z) is determined by the characteristic function E [eign(’)]
which is given by exp(—ty(6)). According to the Lévy—Khintchine formula, ¥ (6)
can be written as

V(O) = {—iye + %azez}

+ {/ 1 —eie")l'l(dx)}
{lx|=R

+{/ (1—ei9X+iex)n(dx)}, 0 €R.
{O<|x|<R}
Notice that the real part of ¥ (6) is nonnegative,
1
Re[y ()] = 50292 +[ (1 —cosOx) TI(dx) >0, V6. (1.2)
R
We will also use the Lévy—Laplace exponent

0 = v &) =E[exp (-6X1)]:  E[e™0] = exp (1£()).

A Markov-modulated Lévy process appears when we try to define a composite
process X that involves switching between the Lévy components once the underlying
Markov process ¢ is switched. It is assumed that in the interval ¢t € [T}, T,+1) where
¢ is constant, £(¢) = i, the process X(¢) is developing as a Lévy process with the
triplet (yi, aiz, IT;), i € E, see (1.1). Aspiring to simplicity, in this paper we study
the case of Markov modulation with two states, i.e. E = {0, 1}.

In recent decades, the Markov-modulated Lévy processes with various extensions
become very popular among researchers from different points of view. Terminology
also depends on the scope of application.

This type of process is called the Markov additive processes, if it is used in queuing
theory, see [1,22]. Regarding the financial market modelling, this process becomes a
Lévy regime-switching model, see [6,9,10,12,16,17,29], or a Markov-switching model,
[13, Section 9.5]. On the other hand, Markov-modulated piecewise linear processes
have been extensively studied, starting with the seminal paper by Marc Kac, [18].

To unify the terminology and to avoid misunderstandings, I propose the term Kac—
Lévy process which can be applied to the composite process X, (1.1), with Lévy
underlying blocks.

In this paper, the two different extensions are studied in detail.

First, in Sect.2 we assume that the Kac-Lévy process is completely renewed after
each switch, that is, the process is restarted from a new random point. In this case (1.1)
becomes

X(@) = xn +nu — Tp), T, <t < Ty, n >0, (1.3)

where the starting points {x,} are independent random variables, independent of the
Lévy processes {n,(¢)}, t > 0. In this case, the composite process X resembles well-
studied Markovian growth-collapse processes, which presume a constant trend with
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additive or multiplicative down jumps. See, for example, [5]. Such models occur in
insurance mathematics and related fields, see [1, XIV-5] or [26, Chapters 5 and 11],
and in production/inventory models studied by Shanthikumar and Sumita, [31], among
others.

Second, in Sect. 3 we consider the Markov modulation accompanied by jumps. We
study a Kac—Lévy process X extended with a jump component,

X(t) = X(Ty) + Yn—1 + na(t — Tp), Thy<t<Tyt1, nx1,
X() =no(), 0<t<Ti,

where the underlying Lévy processes {1, (¢), t > 0},>0 and jump magnitudes {Y},},,>0
are independent. These processes are also called Markov additive processes, see [22,
Proposition 3.1].

In both cases we present the characteristic/moment-generating functions of the
distribution of X ().

In particular, if the underlying processes are determined by o; = 0, I1; = 0 and
yi = ¢, thatis n,(t) = ¢;t, i € {0, 1}, then we have the important well-studied
example of the composite process X (¢), ¢ > 0, which is called (integrated) telegraph
process (Goldstein—Kac process), [14,18], see also [20,28],

t
X(Z‘)Z/ Ce(s)ds. (1.4)
0

Process (1.4) is also called piecewise linear Markov process or Markovian fluid, [1],
This is the persistent random motion switching between two trends at Markovian
instants.

The transition densities p; (¢, y) of the telegraph process X (7),

pi(t,y)dy =P{X() edy [e(0) =i}, i€{0,1},
follow the coupled integral equations,

t
Po(t, y) = e M8 (x — cor) + / hoe ™ pi(t — 7. y — cor)dr,
0 (1.5)

t
pit,y) =e M §(x —cif) + / re MTpo(t — 7,y — cr17)dr,
0

where Ao and A are the switching intensities.
Further, the moment-generating functions L; (7, §) := E[e $X®) | £(0) = i], i €
{0, 1}, of X (¢) can be expressed by

Lo(1, §) = e~/ +e8) (cosh(tD) + (- cé)@) ,
Li(t, &) = e 'Ha8) (cosh(lD) + (1 + cs)m#> ,
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where a = (co +¢1)/2, ¢ = (co —c1)/2, = (ko +X11)/2, u = (Ao — A1)/2 and
D =D(¢) = \/(M + c£)2 + Aoh1, see [27]. Occupation time distribution for such a
process has been analysed by [4]. For the detailed analysis and the properties of the
distribution of such a process, see [20].

In Sects. 3.3 and 3.4, the distribution of the exponential functional of the Kac—
Lévy process with jumps is studied and some explicit formulae are presented for the
Goldstein—Kac process. Some other rare examples with the similar explicit formulae
of this type can be found in [2,3,7,21].

2 Kac-Lévy Processes with Renewal Starting Points

Consider a Markov-modulated Lévy process X = X(¢) based on the two-state
Markov process ¢ = ¢(t) € {0, 1}, + > 0, and on the independent of ¢ sequence
{n,(t)}n>0, t = 0, of independent Lévy processes with the alternating marginal dis-
tributions ¢ (dy) and gj (dy). Let /9 and ¥ be the corresponding Lévy—Khintchine
exponents.

At every switching time T,,, process X starts from a renewed random point x;,:

X)) =x, + 0.t = Tp), T, <t < Ty, n >0,
see (1.3). Here x,, n > 0, are independent random variables with the alternating
distributions go = go(dx) and g; = gi(dx). Suppose that the variables {x,},>0 are

independent of {n,},>0 and ¢.
Therefore,

P(X(1) €dz | Ty <1 < Tupi) = ge, %q!, "(d2).  en=e(T). (2.1

Here * means convolution, such that for any test function ¢

/Rl () [g*ql(dz) = /2 o(x + y)g(dx)g(dy).

(x,y)

The distribution of X () is determined by the density vector function

p @, dy) = (pf @, dy), pf@, dy)”,

with the entries pix(t,dy) = P{X(@) € dy | e(0) = i}, i € {0, 1}. We have the
following representation of p* (¢, dy).

Theorem 2.1 Let AY2€ pe the diagonal matrix of the switching intensities,
M O
Adiag —
0 )
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and
1— e—ZAt 1+ )\_OC—ZM
1 M
B(t) = — ; (2.2)
2\ A
1+ _e—ZM 1— e—ZAt
AQ

where 2\ = Ay + A1.
The density function of X (t) is given by

. t .
an,dy)==eﬁAm“g*q%dy>+A@A11;[Ba-—roe*“m%g*q’«bo]dr,(23)

t > 0, where vector g x q' (dy) is determined by the entries g; x q!(dy), i € {0, 1};
see (2.1).

Proof Due to (2.1) by conditioning on the first switching similarly to (1.5), we have
the coupled integral equations

t

p(t,dy) = e g % gf(dy) + / roe M p (e — 7, dy)dr,
0

t > 0.

t
pi(t,dy) = e Mg % gl (dy) + / re M pd(t — 7, dy)dr,
0

Therefore, the time Laplace transforms,

o
mwi(s, ) =L [p,-X(t, -)] =/ e pX(z, )dt,
0
satisfy the algebraic system,

A0
Ao+ s
Al
A+

mo(s, -) = Qols, ) + (s, ),

2.4)

m(s,-) = 01(s,-) +

”O(sa ')’

where Q; (s, -) is the time Laplace transform of e %' g; q; ):

Qi(s,) = Lims [e ™M gixql ()], i€{0, 1}
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The solution of (2.4) can be written in the form

AoAl 1
7T()(S, ) = QO(Sy )+ In [QO(Ss ) + Ql(sv )] -
s
ro N N 1
+ﬁ[ 00Q1(s, ) —A1Q0(s, )] rs
AoAl 1
(s, ) = Qi(s, .)+7 [Qo(s, ) + Q1(s, )] =
S
A N N 1
—ﬁ[ 0Q1(s, ) — A1 Q0(s, )] TR

By applying the inverse Laplace transformation £ _1> ;» we obtain (2.3), cf. [25].

Theorem 2.1 allows to obtain the Fourier transform E [¢?X ("] of X (7).

Let Yo = ¥0(0) and 1 = 1 (0) be the Lévy—Khintchine exponents of the under-
lying Lévy blocks 1¢ and 5, respectively, and

' vo@©) 0
wdmg (9) —
0 ¥1(0)

Note that the Fourier transform of the convolution g * ' (dx) is given by

oo ia; .y
Fx—)@[g * qt(dx)] — f e19xg * qt(dx) — e—[(]/d g(G)g(Q),
—00
where §(0) = (30(6). 1(0))".
o0 . o0 .
20(0) = / P go(dx),  F1(0) = / S g1 (d),
—00 —00

are the Fourier transforms of the distributions of starting points.
Therefore, by (2.3) the Fourier transform ® = (®g, ®1)T of pX (t,-),

®;(1,0) =E (eig’“ﬂ | £(0) = i) . ie{0,1), >0,

is expressed by

. . t . .
®(1,0) = [e"““’“g”’d‘ag(@”Hom / B(r_f>e—f<Af““g+wd”‘g<6>>dr]§(e>.
0

(2.5)
Integrating in (2.5) by (2.2), we obtain the following formulae for the entries
Do (r, 0) and Py (t, 0) of ®(z,6). O

Theorem 2.2 The Fourier transform ®(t, 0) of X (t) is given by
~1Go+90(®) 5 Mo = =
DQo(1,0) = e 0TV (0) + TS {DPoo(7, 0)g0(0) + Po1(2,0)81(0)}  (2.6)
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and

_ - Aol - -
Di(,0) = e " HMTVIOG () 4 5 (2000 0) + 1 0RO}, 27)

where
og(t. 8 — L= P G0+ YoON) _ eXp(=241) = exp (= (ko + Yo (@)1)
e ko + Y0(9) Yo(0) — M ’
B0y (1. 6) = 1 —exp (—(A1 + ¥1(0))1) )\_oexp(—Z)\t) —exp (—(A1 + ¥1(0))1)
o= 1+ ¥100) Py ¥1(6) — Ao ’
®10(1.6) = 1 —exp (—(ro + Y0(0))t) ﬂexp(—ZM) —exp (—(ho + Yo(0))1)
R 0+ Yo (0) o Yo(0) — Ay ’
and
©11(1.0) = LT FP G VIO exp(=2h) —exp (=(hi + Y1)

A+ ¥10) Y1) — Ao

Formulae (2.6)—(2.7) allow us to prove the limit theorem.
To start with, define a simple mixture of distributions. Let

FX1(dx), ..., FX"(dx)

be the distributions of random variables X1, ..., X,, and { be an independent random
variable taking values 1, ..., n with probabilities pi, ..., pn, > j—; Pk = 1. The
mixture of distributions, Mp (X1, ..., Xj,), is defined by
D
Mp(X1, ..., Xn) =X, p=1,..., Pn)-

The distribution of X is given by linear combination, Y ;_, px F Xk (dx).
For example, an asymmetric double exponential distribution (an asymmetric
Laplace distribution) with the density

f(x) = proe " 1x=0) + (1 — p)rje 1 10},

see, for example, [8], is the mixture of Xy and — X, where X and X are independent
and exponentially distributed, X; ~ Exp(4;), i € {0, 1}.

Theorem 2.3 Let X = X(¢t), t > 0, be defined by (1.3) and 1o, T are independent

exponentially distributed random variables with parameters Ly and A1, respectively.
X (t) converges in distribution (when t — 00) to the p-mixture,

X(1) -2 My (x0 + no(z0). X1+ 01(11). 2.8)

@ Springer



Journal of Theoretical Probability (2020) 33:239-267 247

M Ao
where p = (po, p1), po = , Pl = i X0, X1 are the independent
P po-p1- P Ao+ A o Ao + Al P

renewal starting points with distributions go, g1.

The Fourier transform of the limiting distribution My, (xo + no(t0), x1 + n1(71))
is given by

Oou(6) = Aoh < 20(0) 21(0) ) (2.9)
T 0+ o+ vo®) A +vi6)) '

Proof Note that Re[vo(0)] > 0, Re[y1(6)] > 0, see (1.2). Passing to limit in (2.6)—
(2.7) as t — oo, one can easily obtain lim;_.o Po(7,0) = lim;_ o 1(£,60) =
D (0), where @, is given by (2.9). Since,

B [elfn] = / " pe M E [ ar
0

o0
=/ re” @t gr — i €{0,1},
0

Ai + :ﬂi ®’
the Fourier transform @, corresponds to the mixture
Mp (xo + no(ro), x1 + n1(71)).
(]
Example 1 Telegraph process. Let no(t) = cot, 1n1(t) = cit be deterministic. The

limiting distribution of the Goldstein—Kac process X (f) with renewal starting points
is determined by (2.9) with ¥, (9) = —ic;0, i € {0, 1}.

Note that the inverse Fourier transform of

, a > 0, is given by
o —ich

2.10
o —ich ( )

= [ : } = {ﬁe”/cl{cxw}v ¢ #0,

b Ls(x), c=0.

In the case of a particle always restarting from the origin, that is go = g1 = 6(dx),
the limit (2.8) is the mixture of two exponential distributions. In particular, if cg, ¢] >
0, then by (2.10) the limit is characterised by

Ao 1 1
) = 0 v : [ae_kox/co + ae_MX/Cl:| 1i>0)

If cg, c1 < 0, then the limiting density function is

AOAL 1 _ 1 _ .
£ = 5 [ e e
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In the case of the opposite signs, cp > 0 > ¢y, the limit is the Laplace distribution
with the density function

cf [25]. If co = 0 or ¢ = 0, then the corresponding term becomes Dirac’s & (x).

Example 2 Alternating Brownian motions with alternating drifts. Let no(t) =
cot + oW 1), ni(@) = cit + AW @), where WO and WO are two inde-
pendent standard Brownian motions, cg, c1, 09, 01 are constants. In this case ¥y (6) =
—icof + 030%/2, Y1(0) = —ici0 + o262 /2 and (2.9) becomes

hori 20(0) 2100)
Ao+ A1 | 030%/2 —icof +ro  0202/2 —iciO + Ay |

Note that

1 1 1
- =A — — — .
0202/2 —icH + A ar—i0  ap —i6
where A > 0 and the numbers a1, oy are of the opposite signs:

—c — /2 +2)002 0 —c 4+t +2lac?
<0<

A= (P+26D)7V? = 5 5 = .
o o
(2.11)
Hence, by (2.10) the inverse Laplace transform is
F! ! =A [e_ale o +e 1.0 ]
0=x | 5202/2 —icO + A =0} be=0L)
which gives the Laplace distribution.
Therefore, the limiting distribution is given by the density function
X o)
ff) = SN N0 / e (V) go(dy) + / e () gy (dy)
Ao+ A —o0 X
1 * My o m
+a® [ / ™ Vg1(dy) + / e “‘—”gl(dyﬂ }
—0o0 X

where A© | afo), aéo) and AW, ail), aél) are defined by (2.11) with the sets of
parameters cg, 09, A9 and ¢y, o1, A1, respectively.

If go = g1 = Sp(dx), then the limiting density function is given by the mixture of
two Laplace distributions
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0.6 T T

0.5+ e

04| ]

0.3+ i

02+t i

0 1 1
-10 -5 0 5

Fig. 1 Density function f*(x), (2.12), of Example 2 with A9 =2, A1 =1; ¢c9 =1, ¢; = —1; 09 =
1, 01 =2

AoA (0) ()
) = ﬁ[(f‘(me—az ¥y A=) x)l{x>0}

(0) (1
n <A<0>e—a. x4 Ao x) 1{x<0}], (2.12)

see Fig. 1.

Example 3 Alternating compound Poisson processes with exponentially dis-
tributed jumps. Let 59 = cot + ZZIS{) Y\ and ) = it + ZZIL(I) Y\, where
{Y,ﬁlo)}, {Y,ﬁ,])} are two independent sets of iid random variables, independent of two
independent counting Poisson processes Mo(t), M;(t) with intensities vy and vy,
respectively. Let Y,ﬁlo) ~ Exp(ap) and Y,fll) ~ Exp(ay), ao,a; > 0.

The Lévy—Khintchine exponents are

I/fi<9>=—ie<c,-+ ”".), i 10,1},
a 0

P —

and (2.9) becomes

AoAl ag — 60 —~

| . S50(0)

Ao + A1 Lagho — 18 (agco + vo + ro) — cof
a; —i6

210 ]
+a1)»1 —if(ajc1 +vi +21) — Clezgl( )
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In this case, we manage like in Example 2. Note that

' , if ¢ ,
a— 160 _Jar =it ar—if
— — 2 1 A
ah —if(ac+v+21) —co 4+ if e=o.
v+A a3 —if

Here o and «; are the roots of the equation ¢ («) := ca? — (ac+v+MNa+ak =
0, ¢ # 0. Since ¢p(0) = ar > 0 and ¢p(a) = —va < 0, we have two positive
roots a1, oy > 0, if ¢ > 0; in the case ¢ < 0 the roots are of the opposite signs,
a2 < 0 < o1 < a. Precisely,

o _ac—i—v—i—k—\/ﬁ o _ac—{—v—i—k—i—ﬁ
1= 2¢ : 2= 2c ’ (2.13)

az=ar/(v+2Xr)>0

and
a — o] o) —d

VD’ 2T UD (2.14)
Az =(a—a3)/(v+2) =av/(v+21)? >0,

A=

where D = (ac + v +)»)2 —4dacik, D > 0. Note that if ¢ > 0, then Ay, Ay > 0; if
c<0,then A; >0 > A,.
Due to (2.10), the inverse Fourier transform

a— 10
F ca,c, ’)\‘ zf_l "
(x;a,c,v, N) f—x |:ak_19(ac+v+l)_cezi|

can be expressed explicitly,

[Ale_o”x + Aze_azx] 105, if ¢>0,
F(x;a,c,v,)) =1 A1e7 1m0y — Aze " 1 <0}, if ¢<0,
30 1 Aze % 1yaq), if ¢=0,

where oy and Ay, k = 1, 2, 3, are defined by (2.13) and (2.14).
So the limiting density function is given by the convolutions

AoA

[T = ot

[F (-5 ao, co, Vo, o) * go(x) + F(-; ay, c1, vi, A1) * g1 (x)].

The case of go = g1 = dp(dx) can be described as in the previous examples.

@ Springer



Journal of Theoretical Probability (2020) 33:239-267 251

3 Kac-Lévy Processes with Jumps

Unlike the case of Sect. 2 suppose that the Markov-modulated process X = X (¢) (with
alternating intensities Ao, A1) is jumping after each switching:

XO)=XT,—)+Y,1+n-T,), T,=<t< Tyy1, n> 1,
X () =no), 0<t<T, (3.1

where the underlying Lévy processes {1, (), t > 0},>0 and jump magnitudes {Y,, },>0
are independent with alternating distributions. Such Markov-modulated Lévy process
X can be considered as an example of [to—Lévy process, see, for example, [11].

3.1 Lévy-Laplace Exponent of X(t)
Let £op and ¢; be alternating Lévy—Laplace exponents of the underlying processes

na (1), and ho(dy) and A1 (dy) be alternating distributions of jump magnitudes Y;,, with
the Laplace transforms

ho(g) = f e Vho(dy),  hi(¢) = / e 5V hy(dy).

—00 —00

We denote

A= (ho+A1)/2, pi=(ho—A1)/2, (3.2)
L&) == (Lo +£1)/2, m(§) := (Lo — £1)/2. (3.3)
Let ~
Ao+ Lo(E)  —Aoho(§)

LE) = ) . (3.4)
—Athi(§) A1 +£1(8)

Similar to (1.5), the Laplace transform L(z, §) = (Lo (¢, £), Li(t, &) of X (1),
Li(t,&) = E [e—“(” | (0) = i], i {0, 1),

can be obtained explicitly.

Theorem 3.1 Fort >0

1
L()([, g) - Eei()ﬁ»e(%‘))t [etD(é) + e*lD(E)

2oho®) = =mE) ( pe)  ipe
D) (7@ =) | G-
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1
LiE. 1) = ze—aw@»z [ezma L e 1D®

2l (E) + p + m(E) (em@ _ e%(&)) } (3.6)
DE) | |

where D(£) = [(m(&) + 1% + doriho@©)h1(©)]"* > 0.
Here A, i and €(§), m(§) are defined by (3.2) and (3.3).

Proof A commonplace is that
L(t, §) =exp(—1LE)N L, 1=(1, 17,
where £(&) is defined by (3.4), cf. [1, Chap. XI, Proposition 2.2]. Therefore,
L(t,€) =exp(—tL(E) 1 =e *e; +e e, >0, (3.7)
where o] and o are the eigenvalues of the matrix £(£) and eq, ej are corresponding
eigenvectors with e; + e = 1.

Representation (3.7) can be derived as a consequence of the coupled integral equa-
tions arising by conditioning on the first pattern’s switch,

t
Py () =e7"gg() + / roe ™7 [ pife = 7. % g5 xho] (dr,
0 (3.8)

t
i) =eMgi() + / a1 [ p =, xq] £ ] (dr,
0
where the convolution * is defined by

/R 9@ [p(t —.)*q" *xh](dz) = /Rs @x +y+2)pt —1,dx)g" (dy)h(dz)

Z

for any test function ¢. From (3.8) one can obtain the following coupled integral
equations for the Laplace transform of X (¢),

t
Lo(. &) = exp {—(ho + £o(€))t} + Aoho(§) / e M7 0O (1 — 7, £)dr,
0
t
Li (1, €) = exp{—(A1 + £1(E)1} + Mhl(é)/ e MTe 1O (1 — 1, £)dr,
0
(3.9)
which is equivalent to the initial value problem:

d
d—?(t, &) =—-LE)L®E, &), t >0, (3.10)

L©0,§) =1,

where L£(§) is defined by (3.4). Formula (3.7) is the solution of (3.10).
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The eigenvalues o1, a2 and the corresponding eigenvectors ey, ez of the matrix
L (&) can be found explicitly. We have

ar=Ar+LE)—DE), ow=r+LE)+DE) (3.11)
and
~ ~ T
ef = 1 <1 _wAmE) — koho(E)’ 1 w~+m(§) +)»1h1($)>  G12)
2 D() D)
~ ~ T
ey — 1 <1 LM +m(§) — ?»oho(é)’ - w~+m(§) -H»lhl(é))  G13)
2 D(§) D()
Formulae (3.5)—(3.6) follow from (3.7) and (3.11)—(3.13). O

Remark 3.1 Notice that in the case of Kac process which corresponds to the Lévy—
Laplace exponents o9 = co§, ¢1 = c1& formulae (3.5)—(3.6) of Theorem 3.1 are
equivalent to [27, (3.3), Theorem 3.1], where the characteristic functions of X () are
presented explicitly.

Assume that the Markov modulation ¢ = ¢(¢) is determined by the underlying
Lévy processes. For example, let £(¢) be switching at times of “big” jumps. Let £g
switches to £ just after a “big” negative jump of the current Lévy pattern n, that is if
Ang(t) < —Ryp; vice versa, £1 switches to £¢ just after a “big” positive jump, that is
if An1(t) > Ry.

Corollary 3.1 The Laplace transform L = (Lo, L1)T of this process can be obtained
in the following form:

1
Lo(t,§) = Ee_("@)ﬂ@))f D) 4 o=1DE)

roao(§) — b(§) —m(&) (etD(S) - e*zD(é))- (3.14)
D(§) | .
Li(t,8) = %e‘(“(S)M(S))t ! D@ 4 o—1DE)
rar (&) +b(E) +m(§) (etD(E) _ e—tD(g))_ 3.15)
D(§) |

Here ((£) and m(§) are defined by (3.3) and D(E)> = (m(€) + b(£))* +
rorrao(§)ai (&), where

Ao = Tp{x : x < —Ro}, M =TII1{x: x > Ry},
ao(€) = / eI, @@ = / 51 I (dv):
X=<—Kg X

>R

1 1
a§) =S (a@) +a ). bE):= (@) -a@).

@ Springer



254 Journal of Theoretical Probability (2020) 33:239-267

Proof To prove it, note that in this case, instead of (3.9), we have equations

t _
Lo(t, £) = exp{— (ko + Co(§)) 1} + Aoao (&) f e M7 @ L (1 — 7, £)dr,
0

t —
Li(t, ) = exp{— (A1 + £1(8)) t} + ml(é)/ e MTeETy(r — 1, £)dr.
0

Here Lo = IMp{x : x < —Rp}, Ay =IIi{x: x > Ry} and Zo(é), Zl(é) are defined
by
7 1 242 OO —&x
£o(§) = co§ — 5005 + (1 —e " — Exlx<pry)) Mo(dx),
—Ro
Ry

_ 1
01(8) = c1& — 50352 +/ (1 — €5 — Ex1y=—py)) M1 (dx).

—00

Further,

A+ LoE) =apE) +Lo(E), A+ 0E) =a1E) + ().

Representations (3.14)—(3.15) follow from (3.5)-(3.6). O

3.2 Kac-Lévy Subordinated Kac-Lévy Process with Jumps

Let So = So(¢) and S1 = S1(¢) be two subordinators (increasing Lévy processes)
with the Lévy-Laplace exponents Zg (¢) and Zf (&), respectively. Let ¢S =¢e5(t)bea
two-state Markov process with switching intensities Ag and kf. We define a Markov-

modulated subordinator as a Markov-modulated Lévy process Z based on Sy, S7 and
es.
Let X = X(¢) be a Kac-Lévy process with jumps based on the two-state Markov
process ¢X with switching intensities Aé{ and )»f( and on the independent Lévy pro-
cesses 1o and 1y with the Lévy—Laplace exponents 6())( , Kf . Assume that X and Z are
independent.

Consider the Kac—Lévy subordinated process X o Z(¢). The Laplace transform of
X o Z(1),

Lij(t, &) = E{e %20 1 X0y =i, £50) = j}, i,/ €01},

can be expressed explicitly.

Theorem 3.2 Ler L;(t, &) = (Lo;(, &), L1j(1,€)), j €10, 1}. Then

Lo(t, &) = e+ @@ [cosh(rDS«xl €)))

AS —mS (a1 (8))

: s
DS (a1 (6)) sinh(sD (al(é)))] e

@ Springer



Journal of Theoretical Probability (2020) 33:239-267 255

I e A CAIN |:cosh(tDS(052 (é)))

AS —mS (a2 (8))
DS(az(8))

Li(t,§) = e W+ @@ [Cosh(tDS(ou(%‘)))

sinh(z DS (az(é)))i| €2, (3.16)

25 4 mS (a1(8))
DS (a1(8))

e (S @) |:cosh(tDS(062(§)))

sinh (1D (o) (5)))] e

AS + mS (a2(8))

. N
D ®) sinh(tD (az(é)))j| es. (3.17)

Here DS() = [(mS() + 152 + 252517 0,8, @i, i € {0, 1} are identified by

(3.11)=(3.13).

Proof By (3.7)
E (e—onZ(z) | Z(t)) — e ®ZWe (£) 4 e~ OZWey (),

where a1, a0y, eq, e aredefined by (3.11)—(3.13). Formulae (3.16)—(3.17) follow from
(3.5)—(3.6).
For the Lévy subordination of Lévy processes, see [30, Theorem 30.1]. O

3.3 Exponential Functional

Let X be an alternating Markov-modulated Lévy process with jumps based on a
Markov process ¢ = e(t) € {0, 1}, with alternating switching intensities Ao, Ap,
the sequence of jumps {Y,},>1 with alternating distributions and the independent
alternating Lévy processes {1, }n,>0, (3.1).

We study the exponential functional

0o 0 Tht1
Ioo(y) =/ e VX0 qr = Z/ e VX0q;
0
n=0"""

T o Tht1
:/ e*yno(t)dt_i_ZC*VX(Tnf)*VYn—l/ e~V In=T) g7
0 T,

n=1

00
= 76,1/ + Z(Zn)y 'Tn,ya y >0, (3.18)

n=1
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where

Tn+l ATy
Ty =/ eXp(—ynn(t—Tn))dt=fO exp (—yn, (1)) dt,

n

AT, =Ty — Ty, and Z, = exp (=X (T, —) — Y1), n > 0.
By definition (3.1)

Zn = exp(=X(Th—) — Yp—1) = exp (=X(Tn))

= exp (— > [x@ - X(Tk—l)]) = exp (— [1—1(ATp) + Yk_l]) ,nz 1.
k=1

k=1

Note that 7, ,, are mutually independent and independent of Z,,.
Similar to (3.18), the exponential functional

oo
Lo = Ino(1) = / e X0qr. (3.19)
0
can be represented by
o
lo=To+ ) Zn Ty,
n=1

where 7,, = fOAT" e mdr, n>0.
First, we study the convergence of the exponential functional /.. To begin, we
need the following two important statements.

Lemma 3.1 Let I (y) be defined by (3.18) with alternating Lévy—Laplace exponents
Lo(§), L1(E). IfE [Ios ()] < 00 for some y, y € (0, 11, such that

Lo(y) + X0 > 0, Li(y)+Xr >0, (3.20)

then I < 00 a.s.

Proof Let e, = ¢(T,), n > 0. If y satisfies (3.20), then the expectations

AT, 00 K
B[] < [ [ ]
0 o 0

1
ey e, (¥)

E[7y,y]

exist, positive and alternating. Let E [/ (y)] < c0. By (3.18)

E[l)] =E[T0,]+ > E[(Z)"] ElTo,] < cc.

n>1
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Therefore, the series of E [(Z,)"] also converges,

Z E [(Zn)y] < 00

n>1

Further, for y < 1 we have

Y E[(Zn-Tan) A] <) E[(Zn-T) A 1]

n>1 n>1

(3.21)

<Y E[(Z - T.0)"] =) E[(Z)']-E[(T..))].

n>1 n>1

Moreover,

00 t 14
0<E[(T,1)"] =E [(/ xsne*wdt/ e’kn(s)ds) }
0 0
[} 14
E [(/ e Nen (s)kgnsds> :| )
0

By Holder’s inequality, for y < 1

ol

00 Y 1 14
(e [Temma) o ()
0 )\sn + Ee,, (1)

By (3.21) the series

Y E[(ZnTan) A1] <Y E[(Z0)] - E[(Z,1)7]

n>1 n>1

converges, since £ [(Tn‘l)}’] < 00 are positive and alternating.
Therefore, by [19, Proposition 3.14]

Ioo=76,1+22n'7n,1 <00, a.s.

n>1

Lemma3.2 E[I(y)] < oo if and only if

Ao+ A1+ Lo(y) +4i(y) >0,
o)1 (y) + holi(y) + Ailo(y) + Aori [1 — ho(y)h (] =>o.

(3.22)
(3.23)
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Proof By (3.7) E [exp (—y X (1))] — 0 as 1 — o0, and

o0
E |:/ e_yX(’)dt] < 00,
0

if and only if both eigenvalues a1, o7 of the matrix £(y) are positive, i. e. in the case
TrL(y) > 0 and DetL(y) > 0. This is equivalent to (3.22)—(3.23).
Conversely, if conditions (3.22)—(3.23) are met, then by (3.7) the expectation

m . .
E[Ioo(y)|8(0)=i]=/ ]E[e*yx(” |8(0)=i]dt=al_lel(l)+a2_1e2(‘),
0

is finite, i € {0, 1}.
Note that if y satisfies condition (3.20), then condition (3.22) holds. We have the
following result. O

Theorem 3.3 Let (3.23) be true for some y, y € (0, 1], satisfying (3.20).
Therefore, the exponential functional oo = I5(1) is a.s. finite.

We consider the following tractable examples. Let the distributions of jumps {Y),}
satisfy

E I:e—%‘(Y(H-Yl):I ~1-bef, €50, B>0. (3.24)

Example 4 Let X is based on independent Poisson processes n,(t) = N,(t) with
alternating parameters (o, (11 > 0, that is their Lévy—Laplace exponents are given
by €i(y) = pi (1 —e™) ~ w;y, y — 0. Condition (3.20) holds for y > 0.

Let jump magnitudes follow (3.24) and 8 > 1. In this case for sufficiently small
y > 0 condition, (3.23) becomes

pop1y? 4 Goptr + Aito)y + roriby? > 0 (3.25)

Note that inequality (3.25) has a solution y, y € (0, 1], since Aou1 + Ao > O.
Thus I, < 00 a. s.
If (3.24) holds with 8 = 1, then for (3.25) it is sufficient to assume that

no M1
b>— (2242,
B <A0+M)

If B < 1and b > 0, then the solution y, 0 < y < 1 of (3.25) also exists.
Finally, notice thatif Yo+ Y; = O a. s., thatis b = 0, then (3.25) holds, so I < 00
a.s.

Example 5 Consider the integrated telegraph process X with the states (A;, ¢;i),
i € {0, 1}, accompanying with jumps {Y},,} which satisfy (3.24). The Lévy—Laplace
exponents are £o(y) = coy, £1(y) = c1y and for sufficiently small y condition
(3.23) becomes

coc1y? + (cor + c120)y + Aoriby? > 0.

@ Springer



Journal of Theoretical Probability (2020) 33:239-267 259

The exponential functional I is a. s. finite in the following three cases:
1. if B > 1 and coA1 + c1Ap > O;
. 0 C1
2.ifp=1landb>—-(—+—);
== - (30 )
3.if<landb > 0.
If Yo + Y1 = 0 a. s. (that is » = 0), then condition (3.23) holds if

corl +c1ro > 0. (3.26)

The next example is a bit more sophisticated.

Let ap,a; > 0, wag,a; € (0,1), ap > «j. Let {n,} be independent sta-
ble subordinators with the alternating Lévy—Laplace exponents £o(§) = ap&®° and
6@ =a§™, §=0.

Let X™ be the Markov-modulated Lévy process based on such Lévy processes
{n.}, 3.1), and X, and X be the Markov-modulated Lévy processes based on +7,
with alternating signs, such that the Lévy-Laplace exponents of the underlying Lévy
blocks are —€o (&) and £1(€) and £o(£¢) and —£1(§), respectively.

Since (3.20) holds for ¢ (for sufficiently small y, y > 0), we have the following
result.

Theorem 3.4 Let 1} and 1,

0.000 11,00 be the exponential functionals (3.19) of X,

X, and X, respectively.

1. I} < oo a.s. in the following cases:

@ B> o
b)) B =ayand a; + b = 0, if ag > a1, or Apay + riag + ror1b = 0, if
o) = Ay,

(c) B<ayandb > 0.

2. I o, < 00 a.s. in the following cases:

(@ B >oan;
®b) B=ajanda; + 11b > 0;
(c) B<ayandb > 0.

3. I

(@) B=oayand ,1b —a; > 0;
) B <ajandb > 0.

< 00 a.s. in the following cases:

Proof Consider first /1. By Theorem 3.3, we need to check
apary®t + roa1y® + Aiaoy® + Aot [1 —E (efy(y"“/‘))] >0, (3.27)

with some y, y € (0, 1]. This is equivalent to

Aodi Atag Aor1b
y oo yo yootai—p

+o(1) > 0, (3.28)
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as y — 0. Itis easy to see that in the cases (1a), (1b) and (1c) inequality (3.28) holds
for sufficiently small y, y > 0.
Second, I(; 0o < 00 a.s., if for sufficiently small y
Aag  Aoap oAb

>
yal VWO ya0+al_ﬂ

—apay — 0,

which is true in the cases (2a), (2b) and (2¢).
In the case of 1 1.oo (3.27) becomes

Aodi Aag oAb
—apa; — a0 + o + e =P > 0, (3.29)

which holds in the cases of (3a) and (3b). Note that if § > o inequality (3.29) does
not asymptotically hold (as y — 0).

We will denote by 1<§2’ and Iéé) the functionals (3.19), when the alternating Lévy
process X starts from the state 0 and 1, respectively. Let 7' be the first switching time.
By (3.1) we have the following identities in law:

19 27Oy 4 exp(—Yy — no(T) T,

D ~
I =TT + exp(=Y) — ni(THIY, (3.30)
where
T T
TOT) = f eOg, 7Ty = f e-mgy.

0 0
and 7;(2)) and f(oé) are independent copies of 1§2> and Lg(l,). By identities (3.30) for any
t, t >0,

P(IQ > 1) = PULY > exp(Yo + no(T) (1 = TOD) )},

P > 1} =P > exp(ty +m (D) (1 = TV(D))).
Since T is exponentially distributed, the density functions fo(¢) and f1(¢), t > 0,
So)dt =P{leo €dt | £(0) =0},  f1(1)dt = P{l € dt | £(0) = 1},

of the distributions of 152) and Iéé) follow the coupled integral equations:

fo(t) = /Oo )uoef)‘OTE [eYoJrno(r)f1 <6Y0+770(T)(t _ T(())(‘c)))] dr,
0 (3.31)

fi(t) = /Oo )\le*MTE [eY1+771(f)f0 (eYHrm(f)(t _ T(l)(‘c))>] dr.
0
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In some particular cases, the distributions of 1<§‘.3> and I(%) can be written explicitly

by solving system (3.31). For instance, system (3.31) can be solved in the important
particular case of the integrated telegraph process X with the states (A;, c;), i €
{0, 1}, co > c1, accompanying with the deterministic jumps yg, yi. O

3.4 Exponential Functional for the Jump-Telegraph Process

Consider an example of the Kac-Lévy process with jumps and with the Lévy—Laplace
exponents £o(£) = co&, €1(£) = c1&. Note thatif cg, ¢; <0, then Io(g) = 00, I&l,) =
00, a.s.Onthe contrary, if both ¢g, cj are positive and yo+ y; > 0, then the variables
Iég) and Io(é) are a.s. bounded.

In what follows, we assume c¢g > ¢y, c¢g > 0 and

yo+y1 =0, yo < 0. (3.32)
Note that by (3.32) the following inequalities hold V7, ¢ > 0, a.s.

Yo + c1t <X(0)(t) < cot, (3.33)
cit <XV @) < y1 + cot, (3.34)

and system (3.31) becomes

o
oty = [ g gy (it - 7O ) v,
0
o t>0. (335
fi() = f Ale_)‘”"'yl"'clrfo (eyH'le(t _ T(l)(‘r))) dr.
0

Here

e—coT

T(O)(T) _ 1-— : ’ 1 — efC]'L’
co

C1

TW(7) =

(ifc; =0, then TV (1) = 7).
First, we present the formulae for the density functions fy and f] in the case of
nonnegative trends, co > c¢1 > 0.

Theorem 3.5 (Nonnegative cg and ¢ ) Assume that ¢y > ¢ > 0.
Therefore, Iég) < 00, Iéé) <00, a.s.

— If0 < ¢ < co, then the density functions fy and f| have a compact support, and
they are given by

fot) = Aot — )" (be™° — P11, _per0).
f1) = Ayt —ae™)* (b — F e oy (3.36)
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where a = 1/co, o = Ag/co, b =1/c1, B = A1/c1 and

_ (be™0 —aq) P _(b—ae )y F

Ao = Baw,f+1) "T T B+ 1,8

B(., -) is beta function (Fig. 2).
— If0 = c1 < co, then the density functions fy and f1 are given by

Aqe)0)e
fo(t) = % (t —a)* " exp(—r1e”(t — a)1j=q),
)\’(it-f'l ,
fi) = m(r —ae ")¥exp (—)q(l‘ — ae_“)) Lo genys (3.37)

where a = 1/co, o = Ag/co and ' (+) is gamma function.

Proof Let0 < c; < cp. By (3.33)—(3.34), we have
a< Iég) < be™0, ae” M < Iécl,) < b, a.s.

wherea = 1/co, b =1/cy.
By applying the change of variables

u = eroteot (t - T(O)(r)> =V [a + e (r — a)] , e <u<b

ue 0 —aqa
<— rt=alog——,
t—a

3.5
Fig.2 Density functions fy and fi, (3.36), withAg =2, A1 =1; ¢g = 1,¢1 =0.5; yg = —0.5,y1 =0.5
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in the first equation of (3.35) witha < ¢ < be™" and

u=eltar (t — T(l)(t)) =e¢! [b —e17 (b — t)], a<u<te

b —ue N

< t1=blog P

in the second one with ae™! < t < b, we found that system (3.35) is equivalent to

b
fot) = a(t —a)*~! (ue™ —a)™ fi(u)du, a <t <be, (3.38)

teY0

fiit) = Bb —1)f! fleyl (b —ue 7P fouwydu, ae™ <t <b. (3.39)
a
Setting
fo) = Aot —a)* (b — te ™)1,y ey
into (3.39), we obtain
fi(t) = At —ae) (b — )P e 4.

A
where by (3.38) A| = u. The expressions for Ag and A follow from [15, 3.196.3].

o
Let ¢c; = 0 and ¢y > 0. Hence, conditions (3.22)—(3.23) (with y = 1) hold and
E{Ié(o))} < 00, E{Iéé)} < Q.

and Ié(o)) < 00, Io(ol) < 00, a.s.
System (3.35) becomes

o
fot) = / hoe HoTHIOraT g @0tot — TO(r))dr,  a<t,
0

oo
Ji(@) =/ MeMT foe¥ (t — T)dT,  aeTM <1,
0

—y—0
. . ue ¥V —a .
and, after the corresponding change of variables, T = a log . in the first
—a
equation and t = ¢t — ue ™! in the second one, we get

fo() = a(t —a)*! /OO (ue™° —a)™ fi(u)du, a<t<oo,

te’0

tedl
f1(0) =,\1e—*1’/ exp(Aiue ™) fow)du,  ae™' <1.
a
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Taking into account the second equation
fot) = Aot — a)* " exp (—A11e”°) Ls=q)
we easily get
fi) = A(te” —a)*e M ey,

with A1 = A1 Ap/a. The expressions for Ag and A follow by the definition of gamma
function:
I'(«) exp (—Ajae’®)

(Areo)« '

o0
1= AO/ (t —a)* e M1 = A,
o

The theorem is proved.
The case of ¢ > 0 > ¢; with directions of jumps to be opposite to the sign of
current trend is most important for financial applications, see [20]. O

Theorem 3.6 (Trends ¢ and c¢| are of opposite signs) Let c; < 0 < ¢o and o =
ro/co >0, B =A1/c1 <O.

—Ifa+ B =0, then

P{IY = oo} = P(1) = 00} = 1. (3.40)
— Ifa+ B <0, that is,
A A
2y <o, (3.41)
(o)) C1l

then
P{IY < 0o} =PI < 00} = 1.

The density functions of the distribution in this case are given by

(a — be™Y0)~=h

— —_ )% L — pe0)B
o) = B—a—B.a) (t—a)* (1 = be™ ) 1~ qy,
_ (e —p)=F iy p-1
fit) = B o _Par 1)(f —ae” )t = b)) 1o yery- (3.42)
See Fig. 3.

Proof System (3.35) for the density functions fy and f) after the corresponding change
of variables becomes

fot) = a(t —a)*! oo(ue—yo —a) fiwydu, a<t,
teY0

y (3.43)
te’l
i)y =—=pa—b)’~! / we™ —b)7P fo(wydu, ae™ <1.

Here o,a > 0, B8,b <O.
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Fig.3 Density functions fy and f1, (3.42), withAg = A1 = 1; ¢9g =2,c; = —0.1; yo = —0.5,y1 = 0.5

Similarly to the proof of Theorem 3.5, one can obtain the solution of (3.43) in the
form

fot) = At —a)* ' (te™ — b)P 1=y,

fitt) = %ﬁA(te*yo — @)t = 5P e (3.44)

with an indefinite coefficient A.

Let o + B > 0. Note that in this case the integrals | aoo fo(r)dt and |, aO:_yl fi(Hdt
of functions fy and f defined by (3.42), diverge, if A # 0. Hence, A = 0 and we
have (3.40).

Leta+ B < 0. This condition coincides with (3.26), see Example 5. Thus, /oo < 00
a. s. and formulae (3.42) follow from (3.44) and faoo fo(r)dt =1, see [15,3.196.2]. 0

Remark 3.2 The Laplace transforms of these distributions which are obtained in The-
orem 3.5 and Theorem 3.6,

ﬁ(s)zf e S fi(ydr, s >0,
0

can be expressed in terms of the hypergeometric functions:

— if¢g > ¢1 > 0, then
fo(s) = 1 Fi(a, & + B+ 15 —(be ™ — a)s) exp(—as)
and

fils) = 1Fi@+1La+B+1; —(b —ae™")s) exp(—ae's);
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— if¢g > 0 = ¢y, then

)\'le}()

o
M—+) exp(=as)

fo(s) = (

and

- A a+1
o= () st

— ifcg > 0 > ¢y, then

fo(s) = F(F—(a;f)ﬁ)lp(a’ a+ B+ 1; (a—be )s)exp(—as)
and
fl(s) = FEA+D U(a+1,a+ B+ 1; (ae™" — b)s) exp(—ase™ 1),

[(—a —p)

where B = A1/c; < Oandby (3.41) @ + B = Ao/co + A1/c1 <O.

Here | F is the Kummer, and ¥ the Tricomi confluent hypergeometric functions. For
these formulae, see [24, 2.1.3], (3.36)—(3.37) and (3.42).
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