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Jump Telegraph-Diffusion Option Pricing

Abstract

The paper develops a class of Financial market models with jumps based on
a Brownian motion, and inhomogeneous telegraph processes: random motions
with alternating velocities. We assume that jumps occur when the velocities
are switching. The distribution of such a process is described in detail. For this
model we obtain the structure of the set of martingale measures. The model can
be completed adding another asset based on the same sources of randomness.
Explicit formulae for prices of standard European options in completed market
are obtained.
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Abstract

The paper develops a class of financial market models with jumps based on a
Brownian motion, and inhomogeneous telegraph processes: random motions with
alternating velocities. We assume that jumps occur when the velocities are switch-
ing. The distribution of such a process is described in detail. For this model we
obtain the structure of the set of martingale measures. The model can be completed
adding another asset based on the same sources of randomness. Explicit formulae
for prices of standard European options in completed market are obtained.

1. Introduction

Option pricing models based on the geometric Brownian motion, e.g. Black-Scholes model,

S(t) = Spetttow® 0 <t < T,

have well known generic limitations and shortages. These models (Black-Scholes and its
derivatives) have infinite propagation velocities, independent log-returns increments on
separated time intervals among others.

To overcome these limitations various approaches are exploited. Among them one
could mention a model based on so called jump telegraph processes [10]-[13]. This model
presumes that the log-prices of risky asset moves with pair of constant velocities alter-
nating one to another at Poisson times. To make the model more adequate and to avoid
arbitrage opportunities the log-return movement should be supplied with jumps occurring
at times of the tendency switchings. The jump telegraph model is free of arbitrage oppor-
tunities and it is complete. Moreover it permits exact standard option pricing formulae
similar to the classic Black-Scholes model.

Telegraph processes have been studied before in different probabilistic aspects (see,
for instance, Goldstein [4], Kac [7] and Zacks [14]). These processes have been exploited
for stochastic volatility modelling (Di Masi et al [3]), as well as for obtaining a “telegraph
analog” of the Black-Scholes model (Di Crescenzo and Pellerey [2]). Recently the telegraph
processes was applied to actuarial problems [9].

Another simple approach of similar features is based on Markov modulated diffusion
processes ([5], [6]). This approach supplies alternating tendencies of the telegraph process
with a diffusion process of alternating diffusion coefficients.

This paper combines both approaches. We consider the asset price which moves ac-
cording with Markov modulated diffusion process supplied with alternating jumps occur-



ring at times of the state switchings. We assume the bond price to be random and it
moves with geometric telegraph process. The model is incomplete.

Section 2 is devoted to detailed definition and description of the underlying processes
and their distributions. In this section we obtain the Girsanov theorem for the jump
telegraph-diffusion processes.

In Section 3 we describe the set of risk-neutral measures as well as the distribution
of underlying processes. Also we consider a completion of the model by adding another
asset driven by the same sources of randomness. In the completed market we obtain
exact option pricing formulae for the standard call option. This formulae is a mix of
Black-Scholes function and densities of spending times of the driving Markov flow.

2. Jump telegraph processes and jump diffusions with
Markov switching

Let (€2,F,P) be a complete probability space. Denote g;(t), ¢ > 0, i = 0,1 Markov
processes with two states {0, 1}, subscript ¢ indicates the initial state: €;(0) = i. Assume
that 7; the time to leave state j = 0, 1, is exponentially distributed, P{7; > ¢} = e™ %', i =
0, 1. Equivalently,

P{e;(t+ At) =7 | ei(t) =5} =1 = NjAt + o(At), At —0, j€{0,1}.

Let 71,7, ... are switching times, 79 = 0. The time intervals 7; — 7,1, j =1, 2, ...
(7o = 0), separated by instants of value changes 7; = 7/, j = 1, 2, ... are independent.
Also, we denote P; the conditional probability with respect to the initial state ¢ = 0,1,
and [E; the expectation with respect to P;.

Denote by N;(t) = max{j : 7; < t},t > 0 a number of switchings of ¢; till time
t, t > 0. It is clear that N;, ¢ = 0,1 are the Poisson processes with alternating intensities
Ao, A1 > 0. The distribution 7% (t) = P{N;(t) = n},n =0,1,2,..., i = 0,1, t > 0 of the
counting process N; = N;(t) can be calculated as follows.

Proposition 2.1. Functions 7' (t) follow the equations

i
dn,

dt

= - NTL )+ NT (), i=0,1, n>1, (2.1)

n:l
and T (t) = e Nt

Proof. 1t is sufficient to notice, that conditioning on the Poisson event on time interval

(0, At) we have

7 (t+ At) = (1 — AT, (1) + NAtT =4 (1) + o(At), At — 0,

n

which leads to (2.1). O

Let ¢y, c1, co > c1; ho, h1; 00,01 be real numbers. Let w = w(t), t > 0 be a standard
Brownian motion independent of ;. We consider

p ¢ Ni(t)
Xi(t) = Xi(t; 00,01) = /Csi(T)dTa Ji(t) = Jz'(t; hy, hl) = /hsi(r)dNi(T) = Z ha,-(rj—»
0 0 7j=1



t
D;(t) = Dy(t; 00,01) = /UEi(T)dw(T)'
0

Here Xy, X; are telegraph processes with the states < cg, \g > and < ¢, \; >, Jy, J; are
pure jump processes, and Dy, Dy have a sense of diffusion process with Markov switching.
The sum X;(t) + J;(t) + D;(t), t > 0, i = 0,1 is called jump telegraph-diffusion (JTD)
process with the states < cg, hg, 09, A\g > and < ¢y, hy, 01, A1 >.

Further, we will assume all processes to be adapted to the filtration § = (F})i>0
Ty =10, Q}), generated by &;(¢), t > 0, and w(t), t > 0. We suppose that the filtration
satisfies the “usual conditions” (see e. g. [8]).

Let us notice that the stochastic exponential of JTD-process has the form

1 t
E(Xi+ Ji+ D;) = exp {Xi(t) + D;(t) — 5/0 U?i(T)dT} Ki(t), (2.2)
where

Ni(t)
(14 heiir, ) (2.3)
1

]:

Denote by p;(z,t,n) (generalized) probability densities with respect to the measure P;
of the telegraph-diffusion variable X;(t) + D;(t) (without jump component), which has n
turns up to time :

PA{Xi(t)+ D;(t) € A, Ni(t) =n} = /pi(x,t,n)dx, 1=0,1,t>0, n=0,1,2,...

) (2.4)

Remark 2.1. The densities p;(x,t,n) of JTD-process can be expressed as follows: p;(x,t,n) =
pi(x — jh,t,n), where ji = [(n+ 1/2)h; + [n/2)h1—;, n=0,1,...

The distribution of X;(t) + D;(t) can be found directly. We derive first the PDEs
which describe densities p;(x,t,n).

Theorem 2.1. Densities p;,© = 0,1 satisfy the following PDE-system

op; 0 o? 0?%p;
8235 (x,t,n) + ¢ 81; (x,t,n) — 22 8$p2 (x,t,n) = —=A\ipi(z, t,n) + \ipr1—i(z,t,n — 1), (2.5)
1=0,1, n>1.
Moreover
Di (':Ev t? 0) = e_Ait,QZ)i(:B7 t)v
where
1 _(zfcgt)2
bile,t) = S



Proof. Let At > 0. Let 7 is the r. v. uniformly distributed on [0, At] and independent
of X; + D,. Denote

Zi = (At + o;w(At)) Lin,an=0y+(aiT + c1—i(At — 7) + 0w (T) + o1 w(At — 7)) Lin,(at)=1}-

Notice that P{N;(At) > 1} = o(At), At — 0.

Hence X;(At) + D;(At) L 7,4 &, where & = o(At), At — 0, i. e. & is the r.v. which
satisfies P;{¢; # 0} = o(At) At — 0.

Thus

X;(t+ At) + Di(t+ At) £ Z, + X,(t) + Di(t) + o(Ab).

Here X; + D; is the telegraph-diffusion process independent of X; + D;.
Conditioning on a jump in (0, At) we have

pi(x, AL ) = (L=XNAD)pi (-, t,n)5%i (-, A (2)+ N Atpy (-, t, n—1) %2 (-, At) (z)+o(At),

i = 0,1, At — 0. Here v; is the distribution density of ¢;At + o;w(At), Yy is the
distribution density of ¢;7 4+ ¢1_;(At — 7) + 0w (1) + 01_;w(At — 7); the notation * is used
for the convolution in spacial variables.

It is easy to see, that o;(z, At), i(x, At) — 6(x) as At — 0. Hence

pi('7t7n> * ¢z(7At)(5U)7 pi('>t7n> * wl(a At)(l’) - pi<x7t>n)

as At — 0.
Then,
1 1|7
1 o
=N / [pl(x — At — yo, VAL t,n) — pi(x, t,n)| (y)dy,

where ¢ = ¥ (-) is N(0, 1)-density. The latter value equals to

[e.9]

1 op; 19°p; 2
A / U(y) |:%($, t,n)(—c; At —yo;VAL) + §w(x, t,n)(—c;At —yo, VAL + o(At)| dy
. 1 T 8pz- 1 82]%’ 2 2
=57 [ 0| Elatm-aan + S B @ tnytatat + oa0)] ay
Ipi 012 Opi
- _Ci%(x7 l TL) + ?W(l‘7 t, n)
System (2.5) is obtained. O



It is easy to solve system (2.5). First consider (2.5) without “diffusion part”, i. e. for
oo = 01 = 0, and of velocities ¢g = 1,¢; = —1. In this case p(()o)(x,t) = e M (z — cot),
P (2, t) = e M5 (z — ert).

Setting 0(x,t) = exp {— A (cgt — 1) — =20 (3 — clt)} 1ic,tcaccoty, for n > 1 we find

co—C1 co—C1

YO (cot — )" Yo — crt)”

po({l),t,??’b) = (CO _ Cl)Qn (’I’L _ 1)|n' Q(ZL’,t),
AGAY (cot — )" (x — e )"t
) = 071 . 2.
p1($,t, n) (CO _Cl>2n n‘(n_ 1)' 0( 7t)7 ( 6)
and forn >0
ApHEAn (cot — )" (x — c1t)"
po(z,t,2n+1) = (co — ¢1)2nH1 ' (n!)? 0(x,1),
AR (cot — )" (x — c1t)"
p(z,t,2n+1) = (e —c o (1 0(z,t). (2.7)

Conditioning on the number of switches we get the probability density of the telegraph
process which is described by parameters < cg, A\g > and < ¢y, Ay >:

pi(x,t) = Zpi(x,t,n), (2.8)

For the general case of JTD-process the respective densities has the same form (2.8),
but with the convolution p;(-,t,n) * wz(")(~, t) instead of p;(z,t,n). Here p;(-,t,n) is the
densities respected to jump telegraph process X;(t) + J;(t) (see Remark 2.1) and @Z)Z(n)(-, t)
is the density of N'(0,c") where o’ = [(n + 1)/2]o; + [n/2]o1_;.

Formulae (2.8)-(2.7) give the following rules of changes in the intensities A;: if Ay is
changed to Aj and A; is changed to A}, the probability densities p; will be changed to:

pi'(x,t) = Zp;-(a:,t,n) (2.9)

N =X A=A n :
where p(z,t,n) = p;(x,t,n) exp {—1—1(cot —r) - =2 (v - clt)} Iig\,}m with

K = (A/A0)" (A An)"
n=0,1,... (2.10)
Ao = 0/ A0 A" AT = (0 A0)" (/)
Remark 2.2. Formulae (2.8)-(2.7) in particular case B = hg + hy = 0 becomes
—At—Xz

€
i t — 7>\it'(5 - ,Lt
pi(z,t) =e (SUC)+CO_C1

[&h(¢MM@M—x+MXx—m—qﬂﬂ@—q”&@—hﬁ)
(=pt-i

) 2 I (VA (eot = ) = ead)(eo — 1)) 0l 1) |

cot —

where Iy(z) = > 07, (Z(f,;jn and I,(z) = 1)(z) are usual modified Bessel functions. Com-
pare with [1].




We apply previous results to obtain the distributions of times which the process ¢;
spends in the certain state.

Let T; = fOT 1, )=0ydt, ¢ = 0,1 be the total time between 0 and 7' spending by the
process g; in the state 0 starting form the state i.

If we consider a standard telegraph processes with velocities ¢g = 1,¢; = —1, Xo(t) =
fg(— YN dr and X, (t) = f )M dr, then

( ) 0—<T To)—QTO—T and Xl( )—2T1—T (211)
Let f;(t,T,n),0 <t < T denote the density of T;: for all Y C [T, T

/ fi(tTon)dt = BT, € T, Ni(T) = n} (2.12)
T
Applying (2.11) we can notice that

fO(ta Tv TL) = 2ﬁ0(2t - T7 Ta TL), fl(tv T7 n) = Zﬁl(zt - Ta T7 TL), (213)

where py and p; are the densities of the standard telegraph process (with ¢y = 1 and
—1) defined in (2.8)-(2.7).
Using formulae for densities p;, which are obtained in (2.8)-(2.7), from (2.13) we have

fot,T,0) =e Tt —T), fi(t,T,0)=eM5(¢t).

Forn>1 )
T—t)" " _
fot, T, 2n) = AWﬁe =T ocrery, (2.14)
T — ¢ ntnfl
fi(t, T, 2n) = ASA?WGAMM(TUHOQST}, (2.15)
and for n >0
T —t)™"
fot, T,2n+1) = /\BH_I/\?%G_)\M_M(T_H1{O<t<T}a (2.16)
T —t)™t"
f1 (t, T, 2n + ) >\n>\n+lge—)\ot—)\1 (T_t)l{OStST}. (217)

(n!)?
Summarizing we have the following expressions for the densities f;(¢, T") of the spending
time of the the process X;(t),0 <t < T in state 0:

folt, T) = e T§(t — T) + e ot=2(T=) [AOJO(Q MNMET — 1))

V0= 2 2y MoNH(T — 1) (2.18)
fit, T) = eMT§(t) 4 e Aot [Alfo(z Ao t(T — 1))
—t
v oM L2V DoMET — 1) (2.19)

Next we describe in this framework martingales and martingale measures. The next
theorem could be considered as a version of the Doob-Meyer decomposition for telegraph-
diffusion processes with alternating intensities.

6



Theorem 2.2. JTD-process X;+J;+D;,© = 0,1 is a martingale if and only if co = —A\ohg
and C1 = —)\1h1.

Proof. T he processes 0., = 0.,(5),0 < s < t are §-measurable. Hence the processes
D; = D;( fo 0e,(mdw(r),t > 0,9 = 0,1 are §;-martingales. Now, the result follows
from Theorem 2.1 [11]. O

Corollary 2.1. The process exp{X;(t) + D;(t)}ri(t) is a martingale if and only if ¢; +

Proof. Tt is sufficient to notice that exp{X;(t) + D;(t)}r:i(t) = E(X; + J; + D;), where
_ t

Now we study the properties of JTD-processes under a change of measure. Let X,
t = 0,1 be the telegraph processes with states < ¢j, Ao > and < ¢j, Ay >, and J =

— Zl c:i(Tj_)/)\Ei(Tj_), i = 0,1 be the jump processes with jump values by = —ci /\., >
]:

t
—1, which let the sum X} +J; to be a martingale. Let D} = [ o7 (mdw(7) be the diffusion
0

with alternating diffusion coefficients o;,¢ = 0, 1. Consider a probability measure P} with
a local density with respect to P}:

20 = gl = X+ 4+ D) = exp (X004 D10 = [ (020005 ) w0, (220

where k}(t) is defined in (2.3) with A} instead of h;. Notice that Z;(t) is stochastic
exponential of JTD-process with the states < ¢!, hf, o, \; >, 1 =0, 1.

Theorem 2.3 (Girsanov theorem). Under the probability measure P}
¢
1) process w(t) := w(t) — f(T;(T)dT is a standard Brownian motion;
0
2) counting Poisson process N;(t) has intensities \j := X\i(1 + hY) =\, — ¢}
Proof. Let U;(t) := exp{zw(t)} = exp{z(w fo Hd7)}. For 1) it is sufficient to
show that for any ¢; <t
EAZ(OUi(1) | Fi,} = e P Z(0)U(1).

Seeking for simplicity we prove it for £; = 0.
Notice that

t
o1
Zi()U;(t) = exp | X7 (t) + Dj( 5/ dT—i-zw(t) z/ 0z (mdr | ki (1)
0 0
1 / / 1
=& | X; — 5/(0;(7))2(17 - z/a;(T)dT+Df + 2w + 5/(0;:(7) + 2)%dr + J;
0 0 0



=& (X} + D; + J + 2w) exp(2°t/2).

Thus E;(Z;(t)U;(t)) = exp(2?t/2).
To prove the second part of the theorem we denote 7, = P;{N;(t) = n} = Ei(Zi(t)1in,()=n}) =
KL [T e pi(x, t, n)dx, where pf = p;‘(x t n) are (generalized) probability densities of

telegraph-diffusion process X/ (¢)+D} (¢ fo )?dr /2. Notice that functions pi(z,t,n)
satisfy the system (2.5) with ¢f —(0})?/2 and o7} 1nstead of ¢; and o; respectively. Therefore

dﬁi’n . - 1
T (1) = (] A1) + ML R (),

Next notice that A\; — ¢ = \; + \jhy := A7 and, thus

dri
*,1 — )\t N 1—2 t
dt () z*n()+ z*n 1()
The theorem follows from Proposition 2.1. n

3. Jump telegraph-diffusion model

Let g; = €;(t) = 0,1, ¢ > 0 be a Markov switching process defined in Section 2 which
indicates two of possible market states.

First we consider the market with one risky asset. Assume the price of the risky asset
which moves initially at the state ¢, follows the equation

dS(t) = S(t—)d(Xi(t) + Ji(t) + D;(t)), i=0,1, (3.1)

where (X;, J;, D;) is the JDT-process based on &;.
As observed in Section 2,

S(t) = So&(X; + J; + D;) = Spexp (Xi(t) + D;(t) — %/Ot Ugi(T)dT) Ki(t). (3.2)

Let r;,7; > 0 is the interest rate of the market which is in the state ¢, « = 0,1. Let us

consider the geometric telegraph process of the form

t

B(t) = exp /T’ai(T)dT (3.3)
0

as a numeraire.

This model is incomplete: there are many equivalent risk-neutral measures. Due to
simplicity of proposed model (3.2)-(3.3) one can describe the set M of such measures.
These measures depend on two positive numbers: 6y, 6; > 0.

Consider ¢ = X\g — 6o, ¢ = A\ — b1, by = =1+ 6y/ X0, hi = —1 4 01/ and arbitrary
oy, 0f. Consider the process Z;(t) = &(X; + JF + D}),t > 0 (as in (2.20)) using this set
of parameters.

We define measure P} by means of the density Z;(t),t > 0. Notice that under this
measure the driving process has intensities A} = 6;, i = 0,1 (see Theorem 2.3).



Proposition 3.1. Let probability measure P} be defined by means of the density Z;(t),t >
0. The process B(t)~'1S(t) is a Pi-martingale if and only if o} and o} are as follows,
O'E)k = (7”0 — Cy — hoeo)/(jg and O'ik = (7’1 —C1 — h101)/01, 90,01 > 0.

Proof. Indeed,

Zi(®)B(£)"S(t) = So exp{Yi() i (t),

where

t

¢
/(Ufi(T) + O';_(T)2)d7' — /rgi(T)dT
0

0

Yilt) = Xu(t) + X7 (1) + Di(t) + Di () -

N | —

and &;(t) is defined as in (2.3) with h; = 6;(1 + h;)/\; — 1 instead of h;.
Using Corollary 2.1 we see that Z;(t)B(t)~'S(t) is the P;-martingale, if

Co — 7o + 0'00'5 = _HOhO
c1— 711+ 0'10'1< = —61h1
]

To complete the model we can add new assets. Consider the market of two assets
which are driven by common Brownian motion w and counting Poisson processes N;:

dS™ (1) = ST (t=)d(X ™ () + J () + DI (t)), m=1,2. (3.4)
As usual 7 = 0, 1 denotes the initial market state.
Denote
Ao = oORD — R0 Ay = GWRD _ PR
Theorem 3.1. Both processes B(t)"'S™(t),t > 0,m = 1,2 are P*-martingales if and
only if the measure P} is defined by (2.20) with the following parameters: for k = 0,1

(rp — )Y — (ry, — ¢2)n)
Ay,

* JE—
o), =
and

(ry — o — (1, — &)ol)

Ay ’
If the prices of both risky assets are supplied with nonzero jumps, hg, hy # 0, then

Cp = A\ + hy, = —ci/ k.

ook —af
E— oa 2
T

and

ONCIFONG

(1) 2)
A

)



where
(m) (m)

(m) _ Tk — Cp (m) _ 9% _ _
o = ) . By —h(m),m—l,Q,k—O,l.
k k

Proof. First notice

Z:t)B(t)" 8 (1) = SO & exp(X] + J; + DY) exp(=Y ()E(X; + Ji + D;)

t t
1 1
=exp | X*(t) + D*(t) — 5/‘7;1-(7)2(17' K*(t)xexp | X(t -Y(t) — §/a§i(T)dT K(t)
0 0

It is a martingale if and only if (Theorem 2.2)

{ ) +c =1+ JZ-(l)a.

Y (hl +h*+h1)h*)
2) +c =y +J(2)af = -\ (h

(
Now using the identities ¢;* = —\;h},7 = 0,1 it is easy to finish the proof. Il

Now we are ready to obtain price of standard call option for completed market.
Let Z be a r.v. with normal distribution N(0,0?). We denote

In(z/K) + 02/2) B KF(ln(a:/K) —0?%/2

o o

o(z,K,0) = E[ze? 7" /? — K|* = 2F( ), (3.5)

where F'(x) is the distribution function of standard normal law:

I
F(x):\/ﬁ/e_y 2dy.

Let the market contains two risky assets (3.4). Consider the standard call option on
the first asset with the claim (SU(T) — K )+. Therefore the call-price is
=B B(1)7(S(T) - K)*, (3.6)

7
where E7 is the expectation with respect to the martingale measure P! which is constructed
in Theorem 3.1.
Under measure P* the process w*(t) = fo »d7 is the Brownian motion.
Hence

T

B(T)™'S;(T) = 51V (0) exp {X}”(TH /0 Ta& Jdw(r) — ; /0 ai(T)dT—Y(T)}FLEI)(T)

T 1

T T
= 57(0) exp{XF)(m / 0, () dw™(7) + / 02 T = 5 / o;ﬁ)dT—Y(T)}mEl)(T).
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Then notice that ¢; —r; + 0,0, = —)\z‘hgl). Thus

B 0(1) = s e { X0) 4 [

T 1 T (1)
Uai<r>dw*(T)—§ /O O'i(f)dT} (T,

where Xi(l) is the telegraph process which is driven by Poisson process with parameters
A7 and it has the velocities ¢; = —)\;“hgl) . Therefore

T
¢ = Z / filt, T,n)p(x;(t, T, n), Kerot=m(T=1) oot +oX(T —t))dt, i = 0,1, (3.7)
n=0 0

where z;(t,T,n) = S;(0);(n)e®+a (=1 and

H2(2n) = (1 + hg)n(l + h1>n, 1= O, 1,

K0(277/ + 1) = (1 -+ ho)n+1(1 + hl)n, 51(27?, + 1) = (1 + hl)n+1(1 + ho)n7
n=012 ...
In particular, if hg = hy = 0 we can summarize in (3.7) applying (2.14)-(2.17):

T
¢ = / fi(t, T)p(Spe® AT Kemrot=nlI=0 oft 4 o (T —t))dt, i = 0,1,  (3.8)
0

where f;(t,T") are defined in (2.18) and (2.19) (cf. [5]).
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