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Abstra
t

The purpose of this expository arti
le is to present a self-
ontained overview of some results

on the 
hara
terization of the optimal value fun
tion of a sto
hasti
 target problem as (dis
on-

tinuous) vis
osity solution of a 
ertain dynami
 programming PDE and its appli
ation to the

problem of hedging 
ontingent 
laims in the presen
e of portfolio 
onstraints and large investors.
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1 Introdu
tion

Sto
hasti
 target problems are a new 
lass of sto
hasti
 optimal 
ontrol problems in whi
h the main

goal is to minimize the initial data from whi
h a 
ontrolled 
ontinuous-time sto
hasti
 pro
ess 
an be

driven into a given target at a pre-spe
i�ed future time, by 
hoosing an appropriate 
ontrol pro
ess.

Although this problem does not �t into the 
lass of standard 
ontrol problems as presented in the

usual literature related to sto
hasti
 
ontrol theory, H. M Soner and N. Touzi proved in [SO/TO 02℄

that the value fun
tion of the sto
hasti
 target problem still satis�es a (non-
lassi
al) dynami
 pro-

gramming prin
iple (DPP). In [SO/TO2 02℄, they used this to 
hara
terize the optimal value fun
tion

of a sto
hasti
 target problem as a dis
ontinuous vis
osity solution of an asso
iated Hamilton-Ja
obi-

Bellman (HJB) se
ond order partial di�erential equation with suitable boundary 
onditions. It

should be pointed out that in this 
ase, unlike HJB equations asso
iated with standard sto
hasti


optimal 
ontrol problems, the use of vis
osity solutions seems also ne
essary in order to derive the

sub-solution property from the dynami
 programming prin
iple, even if the value fun
tion turned

out to be di�erentiable.

Sto
hasti
 target problems were originally motivated by the super-repli
ation problem in �nan
e,

in whi
h the obje
tive is to �nd the minimal initial investment that is needed, in the presen
e of

portfolio 
onstraints, to super-repli
ate (i.e. hedge without risk) a European 
ontingent 
laim by

∗
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o
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means of an admissible portfolio strategy. Here the 
ontrol is the portfolio, the 
ontrolled sto
hasti


pro
ess is related to the spot sto
k pri
es and the value of the portfolio, and the target is the set

of all sto
k pri
es and portfolio values at maturity su
h that the portfolio dominates a nonlinear

fun
tion of the sto
k pri
es given by the 
ontingent 
laim.

The idea of super-repli
ation (or super-hedging) was �rst suggested by El Karoui and Quenez

[EK/QU 95℄, and solved by means of 
onvex duality (dual formulation of the 
onstraints). In general,

when this approa
h is available, the dual problem turns out to be a standard sto
hasti
 
ontrol

problem whi
h 
an be solved via the 
lassi
al Hamilton-Ja
obi-Bellman equations.

However, to this date, there is no general 
onvex duality approa
h whi
h applies to the `large' in-

vestor framework. Roughly speaking, this means that an investor 
ould be in�uential enough so that

his/her investment strategy, or wealth, on
e exposed, might a�e
t the market pri
es. Mathemati
ally

speaking, this means that the 
oe�
ients of the sto
hasti
 di�erential equations that 
hara
terize

the pri
es of the underlying se
urities 
ould depend on the portfolio of any investor. Although the

`small' investor model has long been viewed as standard assumption, it has been also noted re
ently

that some investors 
an a�e
t the pri
es by holding and trading large amounts of se
urities or 
om-

modities available in the market. A probably indisputable eviden
e, for example, is the `Hedge Fund'


risis of 1998 in the global �nan
ial market, in whi
h the so-
alled large investors obviously played

some important roles.

The purpose of this expository paper is to give a self-
ontained overview of the results on sto
hasti


target problems mentioned above. The 
ontents of this do
ument are largely based on the arti
les

by H. M. Soner and N. Touzi [SO/TO 02, SO/TO2 02℄ and organized as follows: In Se
tion 2 the

sto
hasti
 target problem is formulated. Se
tion 3 presents the formulation and proof of the dynami


programming prin
iple with help of a measurable sele
tion result. Se
tion 4 re
alls the notion of

vis
osity solution of se
ond order partial di�erential equations and introdu
es the HJB equation

satis�ed by the optimal value fun
tion in the dis
ontinuous vis
osity sense. The 
hara
terization

of the value fun
tion is 
ompleted by means of a terminal 
ondition given by �rst order variational

inequality, again in the dis
ontinuous vis
osity sense. Finally, in Se
tion 5 all these results are

applied to the problem of super-repli
ation of a 
ontingent 
laim under portfolio 
onstraints in a

large investor �nan
ial market.

2 Sto
hasti
 target problems

A general sto
hasti
 target problem is a non-
lassi
al optimal sto
hasti
 
ontrol problem in whi
h

the 
ontroller tries to steer a 
ontrolled sto
hasti
 pro
ess into a given target at a terminal time, by

appropriately 
hoosing a 
ontrol pro
ess.

We will be parti
ularly interested in di�usion sto
hasti
 pro
esses of the form Zν
t,x,y = (Xν

t,x, Y
ν
t,x,y)

with values in IRd × IR, and in �nding the minimal initial data y su
h that Y ν
t,x,y(T ) ≥ g(Xν

t,x(T ))
for some admissible 
ontrol ν, where g is a measurable fun
tion.

2.1 Notation

Let (Ω,F ,P) be 
omplete probability spa
e and let T > 0 be a �nite time horizon. Let {W (t)}t∈[0,T ]

an d−dimensional Brownian motion de�ned on (Ω,F ,P) and F = {F(t)}t∈[0,T ] its P−
ompleted

natural �ltration. For t ∈ [0, T ], Σt,T will denote the set of all stoping times with values in the

interval [t, T ].

Let IH0
d be the set of all 
àd-làg pro
esses X : [0, T ]×Ω → IRd

progressively measurable with respe
t

2



to the �ltration F, and IHp
d the subset of IH0

d whose elements satisfy

||X||p
IHp

d

:= E

[∫ T

0
|X(t)|p dt

]
<∞.

For a topologi
al spa
e A, BA will denote the set of all Borel subsets of A.

2.2 Admissible 
ontrols

Denote by U the set of all progressively measurable pro
esses ν = {ν(t), t ∈ [0, T ]} with values in a


ontrol set U ⊆ IRd.

De�nition 1. Given ν1, ν2 ∈ U and θ ∈ Σ0,T , we de�ne θ−
on
atenation of (ν1, ν2) by

ν1
θ
⊕ ν2 := ν11[0,θ) + ν21[θ,T ].

De�nition 2. The set of admissible 
ontrols is any Borel subset A of U whi
h satis�es the following


onditions

A1. Stability under 
on
atenation: for all ν1, ν2 ∈ A and θ ∈ Σ0,T , ν1
θ
⊕ ν2 ∈ A,

A2. Stability under measurable sele
tion: For any θ ∈ Σ0,T and any measurable map φ : (Ω,F(θ)) →
(A,BA) there exists ν ∈ A su
h that

φ = ν on [θ, T ]× Ω, Leb×P− a.e.

The �rst 
ondition is 
ru
ial in dynami
 programming. It essentially states that the set of admissible


ontrols has an additive stru
ture. The se
ond assumption is a te
hni
al 
ondition and in many

instan
es it follows from the topologi
al stru
ture imposed on A, in parti
ular, it holds if A is a

separable metri
 spa
e:

Lemma 3. Suppose that A is a separable metri
 spa
e. Then the 
ondition A2 holds.

Proof. We �rst prove that the result is true for simple fun
tions, then the result follows by density.

First suppose that φ is a simple fun
tion, i.e.,

φ =

∞∑

k=1

νk1Bk
,

for some νk ∈ A and pairwise disjoint sets Bk ∈ F(θ) whose union is the whole set Ω. De�ne

ν(t, ω) := (φ(ω))(t, ω)1{t≥θ}(ω) + ν̃(t, ω)1{t<θ}(ω), (1)

for some ν̃ ∈ A. We need to show that ν so de�ned is progressively measurable, i.e. that for any

t ∈ [0, T ] and any Borel set A ∈ BU we have ν−1(A) ∈ B[0,t] ⊗F(t). Indeed, sin
e ν̃ is progressively

measurable,

O∗ := {(s, ω) ∈ [0, t] × Ω : s < θ(ω)} ∩ ν̃−1(A) ∈ B[0,t] ⊗F(t).

Also for ea
h k, Bk ∈ F(θ). Then, by the de�nition of the σ−algebra F(θ),

Ok : = {(s, ω) ∈ [0, t]× Ω : θ(ω) ≤ s} ∩ ([0, t] ×Bk)

= {(s, ω) ∈ [0, t]× Ω : θ(ω) ≤ s} ∩ ([0, t] × {ω ∈ Ω : θ(ω) ≤ t} ∩Bk) ∈ B[0,t] ⊗F(t)
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Hen
e ν−1(A) = O∗ ∪ (∪k≥1Ok) ∈ B[0,t] ⊗F(t).

Now, sin
e A is separable, there exists a sequen
e of maps φn : Ω → A whi
h are simple fun
tions

as in Step 1, and limn φn = φ. Let νn be as in (1) with φn. Then, by Step 1, νn is F−progressively
measurable and moreover νn 
onverges to ν everywhere. Hen
e ν is F−progressively measurable as

well.

Our 
hoi
e for the set of admissible 
ontrols A is the 
olle
tion of all adapted pro
esses in Lp([0, T ]×
Ω;Leb ⊗ P) with values in some 
losed subset U ⊂ IRd

and p ≥ 1. In this 
ase, property A1 is

trivially satis�ed.

In view of lemma 3, for the property A2 to hold, we would like A to be separable: indeed, sin
e the

set of progressively measurable pro
esses is a 
losed subset of Lp([0, T ]×Ω;Leb⊗P), the separability
of A follows from the separability of Lp. A

ording to 
lassi
al results on separability (see for instan
e

[DOOB 94℄, page 92), any Lp
spa
e is separable if the underlying σ−algebra is 
ountably generated

upto null sets, and sin
e the Brownian paths are 
ontinuous, F is 
ountably generated. Therefore,

this 
hoi
e of A is separable, and Assumption A2 follows from Lemma 3.

2.3 The state pro
ess

Given an initial data z = (x, y) ∈ IRd × IR, an initial time t ∈ [0, T ] and a 
ontrol pro
ess ν ∈ A, the
state pro
ess will be the pair of pro
esses Zν

t,z = (Xν
t,x, Y

ν
t,x,y) solution of the 
ontrolled SDE

dXν
t,x(s) = µ(s,Xν

t,x(s), ν(s)) ds + σ(s,Xν
t,x(s), ν(s))

∗ dW (s),

dY ν
t,x,y(s) = b(s, Zν

t,z(s), ν(s)) du + a(s, Zν
t,z(s), ν(s))

∗ dW (s),
s ∈ (t, T ) (2)

with initial data

Xν
t,x(t) = x, Y ν

t,x,y(t) = y.

We set Zν
t,z(s) = 0 for 0 ≤ s < t. The fun
tions

µ :[0, T ]× IRd × U −→ IRd σ : [0, T ]× IRd × U −→ IRd×d

b :[0, T ]× IRd × IR× U −→ IR a : [0, T ]× IRd × IR× U −→ IRd

are assumed to be bounded and globally Lisp
hitz in (x, y, ν) ∈ IRd× IRd×U uniformly in s ∈ [0, T ],
i.e.

|µ(s, x, ν)− µ(s, x′, ν ′)|+ ||σ(s, x, ν)− σ(s, x′, ν ′)|| ≤ K
(
|x− x′|+ |ν − ν ′|

)

|b(s, x, y, ν)− b(s, x′, y′, ν ′)|+ |a(s, x, y, ν)− a(s, x′, y′, ν ′)| ≤ K
(
|x− x′|+ |y − y′|+ |ν − ν ′|

)

for all x, x′ ∈ IRd, y, y′ ∈ IR, ν, ν ′ ∈ U and s ∈ [0, T ], so that the state pro
essZν
t,z = (Xν

t,x, Y
ν
t,x,y) is

well de�ned and satis�es the following properties:

Z1. Pathwise uniqueness: let θ, τ ∈ Σ0,T and ξ ∈ L2(Ω,F(θ),P; IRd × IR). If θ ≤ τ P−a.s., then

Zν
θ,ξ = Zν

τ,ζ on [τ, T ], where ζ := Zν
θ,ξ(τ).

Z2. Casuality : if ν1 = ν2 on [θ, τ ], then

Zν1
θ,ξ = Zν2

θ,ξ on [θ, τ ].
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Z3. Measurability : the map

(t, z, ν) ∈ [0, T ]× IRd ×A 7−→ Zν
t,z(T ) ∈ L2(Ω,F(T ),P; IRd × IR)

is Borel measurable.

Properties Z1 and Z2 are standard results for solutions of SDEs (see e.g. [GI/SK 72℄). We know

also from 
lassi
al estimates of su
h solutions that for ea
h ν ∈ A, the map (t, z) ∈ [0, T ]×IRd×IR 7→
Zν
t,z ∈ L2(Ω,F(T ),P; IRd × IR) is 
ontinuous. So it remains only to prove that for any �xed data

(t, z) ∈ [0, T ] × IRd × IR, the map

ν ∈ U 7−→ Zν
t,z ∈ L2(Ω,F(T ),P; IRd × IR)

is 
ontinuous uniformly in (t, z) : indeed, if we set

γ(t, x, y, r) :=

(
µ(t, x, r)
b(t, x, y, r)

)
and α(t, x, y, r) :=

(
σ∗(t, x, r)
a∗(t, x, y, r)

)

for ν1, ν2 ∈ A we 
an then dire
tly estimate

|Zν1
t,z(T )− Zν1

t,z(T )| ≤

∫ T

t

∣∣γ(s, Zν1
t,z(s), ν1(s))− γ(s, Zν2

t,z(s), ν2(s))
∣∣ ds

+

∣∣∣∣
∫ T

t

[α(s, Zν1
t,z(s), ν1(s))− α(s, Zν2

t,z(s), ν2(s))] dW (s)

∣∣∣∣

The global Lips
hitz property, Fubini's theorem and It�'s Isometry yield

E
[
|Zν1

t,z(T )− Zν1
t,z(T )|

2
]
≤C

∫ T

t

E
[
|γ(s, Zν1

t,z(s), ν1(s))− γ(s, Zν2
t,z(s), ν2(s))|

2
]
ds

+C

∫ T

t

E
[
||α(s, Zν1

t,z(s), ν1(s))− α(s, Zν2
t,z(s), ν2(s))||

2
]
ds

≤C

(
||ν1 − ν2||

2
IH2

d
+

∫ T

t

E
[
|Zν1

t,z(s)− Zν1
t,z(s)|

2
]
ds

)

where C is a generi
 
onstant whose value may vary. By Gronwall's inequality,

E
[
|Zν1

t,z(T )− Zν1
t,z(T )|

2
]
≤ CeC(T−t))||ν1 − ν2||

2
IH2

d
,

proving that the map ν ∈ U 7→ Zν
t,z(T ) ∈ L2(Ω,F(T ),P; IRd × IR) is Lips
hitz uniformly in (t, z) ∈

[0, T ]× IRd × IR.

2.4 Formulation of the problem: the value fun
tion

For a given real-valued measurable fun
tion g de�ned on IRd, the sto
hasti
 target 
ontrol problem

onsists in �nding the minimal initial data y for whi
h the random 
onstraint Y ν

t,x,y(T ) ≥ g(Xν
t,x(T ))

holds almost surely. Then, the value fun
tion of the sto
hasti
 target problem is given by

v(t, x) := inf{y ∈ IR : ∃ν ∈ A s.t. Y ν
t,x,y(T ) ≥ g(Xν

t,x(T )) P− a.s.}. (3)

In some 
ases, it is possible to �nd an initial datum and a 
ontrol so that Y ν
t,x,y(T ) = g(Xν

t,x(T )). In
this 
ase the problem is equivalent to a ba
kward-forward SDE, see e.g. [PARD 98℄ and [MA/YO 99℄.
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In parti
ular, when U = IRd, the 
orresponding ba
kward-sto
hasti
 SDE has a solution (see e.g.

[PA/TA 99℄), and it is equal to the value fun
tion v. However, when the 
ontrol set U is bounded,

in general there is no solution for this equation, and v is the natural generalization of the ba
kward-

forward SDE.

An alternative generalization 
an be formulated by involving a nonde
reassing pro
ess as follows:

�nd a triple of F−adapted pro
esses (X,Y, ν) satisfying

(X,Y ) solves (2) with ν ∈ A, X(0) �xed, and Y (T ) +A(T ) = g(X(T )) (4)

for some nonde
reassing F−adapted pro
ess with A(0) = 0, as well as the minimality 
ondition

(X̃, Ỹ , ν̃, Ã) satis�es (4) =⇒ Y (·) ≤ Ỹ (·) P− a.s.

Noti
e that the nonde
reasing pro
ess A is involved in the above de�nition to a

ount for possible


onstraints on the 
ontrol ν, see e.g. [C/K/S 98℄.

Let us simplify the notation by de�ning the following sets:

Epi(g) := {(x, y) ∈ IRd × IR : y ≥ g(x)}

G(t, x, y) := {ν ∈ A : Zν
t,x,y(T ) ∈ Epi(g) P− a.s.}

Note that G(t, x, y) may be empty for some initial data (t, x, y). Finally, we de�ne

Y(t, x) := {y ∈ IR : G(t, x, y) 6= ∅}

Thus the sto
hasti
 target problem 
an be then written as

v(t, x) = inf Y(t, x).

We 
on
lude this se
tion with the following remark

Remark 4. The pro
ess Y ν
t,x,y is stri
tly in
reasing in the initial 
ondition y. Indeed, for given initial

data (t, x) ∈ [0, T ]× IRd
and a given 
ontrol ν ∈ A, as Xν

t,x is independent of y, the pro
ess Y ν
t,x,y is

solution of the one-dimensional SDE with 
oe�
ients

(s, y) 7−→ b(s,Xν
t,x(s), y) and (s, y) 7−→ a(s,Xν

t,x(s), y)
∗.

Then, if y ≥ y′, from standard 
omparison results for solutions of one-dimensional SDEs (e.g.

[KA/SH 91℄, Proposition 5.2.18, pp. 293) follows that Y ν
t,x,y′(s) ≥ Y ν

t,x,y(s) P−a.s. for all s ∈ [t, T ].

Therefore, the set Y(t, x) satis�es the following important property

for all y ∈ IR, if y ∈ Y(t, x) ⇒ [y,∞) ⊆ Y(t, x). (5)

3 Dynami
 programming prin
iple for sto
hasti
 target problems

Dynami
 Programming is usually an approa
h developed to solve sequential, or multi-stage, de
ision

problems; hen
e, the name �dynami
" programming. The idea is to de
ompose a hard-to-solve

problem into equivalent formats easier to solve. The essen
e of dynami
 programming is Ri
hard

Bellman's Prin
iple of Optimality. This prin
iple, even without rigorously de�ning the terms, is

intuitive:
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�An optimal poli
y has the property that whatever the initial state and the initial de
i-

sions are, the remaining de
isions must 
onstitute an optimal poli
y with regard to the

state resulting from the �rst de
ision" [BELL 57℄.

This is a self-evident prin
iple in the sense that a proof by 
ontradi
tion is immediate.

The sto
hasti
 target problem, as formulated in Se
tion 1, does not have the standard form of

sto
hasti
 optimal 
ontrol problems for whi
h the 
lassi
al dynami
 programming prin
iple holds,

and although it 
an be transformed in some 
ases into that form by using 
onvex duality, our approa
h

here is to prove a (non-
lassi
al) `geometri
' dynami
 programming prin
iple for the value fun
tion

v.

We start with a measurable sele
tion result whi
h is mainly based on the following theorem and is

the key step in the proof of our dynami
 programming prin
iple (see [BE/SH 78℄ for the de�nition

of analyti
 set and analyti
ally measurable fun
tion):

Proposition 5 (Jankov-von Neumann Theorem). Let S and A be Borel Spa
es and B and analyti


subset of S ×A. Then, there exists an analyti
ally measurable fun
tion φ : projS(B) → A su
h that

Gr(φ) ⊆ B.

Proof. see [BE/SH 78℄, Proposition 7.49.

Set S := [0, T ]× IRd × IR and D := {(t, z) ∈ S : G(t, z) 6= ∅} .

Lemma 6. For any probability measure µ on S, there exists a Borel measurable fun
tion φµ :
(D,BD) → (A,BA) su
h that

φµ(t, z) ∈ G(t, z) for µ-almost every (t, z) ∈ D

Proof. By assumption, S and A are Borel Spa
es. Set

B := {(t, z, ν) ∈ S ×A : ν ∈ G(t, z)} .

First, we 
laim that B is a Borel subset of S × A. Indeed, in view of Z3, the map (t, z, ν) ∈
S ×A 7→ Zν

t,z(T ) ∈ L2(Ω,P,FT ; IR
d+1) is Borel measurable. Therefore, for any bounded 
ontinuous

real-valued fun
tion f, the map

Ψf : S ×A −→ IR

(t, z, ν) 7−→ E
[
f
(
Zν
t,z(T )

)]

is Borel measurable. If G is a 
losed subset of IRd+1, then there exists a sequen
e of 
ontinuous

fun
tions fn su
h that fn(z) → 1G(z) when n→ ∞ for all z ∈ IRd+1, fn = 1 on G, and 0 < fn ≤ 1
outside G.

If G is open, Ψ1G
= 1 − Ψ1Gc is Borel measurable by the last step. This property extends to any


ountable union ∪nGn of open or 
losed disjoint subsets Gn of IRd+1
sin
e 1∪nGn =

∑
n 1Gn . Hen
e,

Ψ1G
is Borel measurable for any Borel subset G of IRd+1, in parti
ular, for G = Epi(g).

Sin
e P
(
Zν
t,z(T ) ∈ G

)
= E

[
1G

(
Zν
t,z(T )

)]
= Ψ1G

(t, z, ν),

B = {(t, z, ν) ∈ S ×A : Ψ1G
(t, z, ν) = 1}

is a Borel subset of S ×A.
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Now, sin
e any Borel set is also analyti
 (see e.g. [BE/SH 78℄, Proposition 7.36), B is an analyti


subset of of S ×A. We may now apply the Jankov-von Neumann Theorem to dedu
e the existen
e

of an analyti
ally measurable fun
tion φ : D → A su
h that Gr(φ) ⊆ B, i.e. φ(t, z) ∈ G(t, z) for all
(t, z) ∈ D.

Finally, we 
onstru
t a Borel measurable map φµ whi
h is equal to φ, µ almost everywhere: let

P (S) be the set of all probability measures on S. For µ ∈ P (S) let

µ∗(E) := inf {µ(K) : E ⊆ K, K ∈ BS}

be the outer measure w.r.t. µ and let

BS(µ) := {E ⊆ S : µ∗(E) + µ∗(Ec) = 1}

be the 
ompletion of the Borel σ−algebra BS under µ. Then US := ∩µ∈P (S)BS(µ) is 
alled the

universal σ−algebra. In view of Corollary 7.42.1 in [BE/SH 78℄, every analyti
 subset of S is univer-

sally measurable. In parti
ular, any analyti
ally measurable map φ is universally measurable. Sin
e

US ⊆ BS(µ) for any µ ∈ P (S), it follows that φ is BS(µ)−measurable. Then, the de�nition of BS(µ)
implies that there exists a Borel measurable φµ whi
h is equal to φ for µ almost every (t, z) ∈ D.

Lemma 7. Let (t, x, y) ∈ [0, T ]× IRd × IR, θ ∈ Σt,T and ν ∈ A be su
h that

Y ν
t,x,y(θ) ≥ v(θ,Xν

t,x(θ)), P− a.s. (6)

Then G(t, x, y) 6= ∅.

Proof. Let µ the probability measure on [0, T ]× IRd × IR indu
ed by

(
θ, Zν

t,x,y(θ)
)
, i.e.

µ(A×B) = P(θ ∈ A,Zν
t,x,y ∈ B), A ∈ B[0,T ], B ∈ BIRd+1 ,

and let φµ be the Borel measurable map 
onstru
ted in Lemma 6 for whi
h

φµ(t
′, z′) ∈ G(t′, z′) for µ-a.e. (t′, z′) ∈ D

i.e. Z
φµ(t′,z′)
t′,z′ (T ) ∈ Epi(g), for µ− a.e. (t′, z′) ∈ D. In view of (6), the remark 4 and the de�nition of

v, we have
(
θ, Zν

t,x,y(θ)
)
∈ D a.s. Therefore, the map φµ ◦ (θ, Zν

t,x,y(θ)) is F(θ)−measurable, and by


ondition A2, there exists ν1 ∈ A su
h that

ν1 = φµ ◦
(
θ, Zν

t,x,y(θ)
)
, on [θ, T ]× Ω, Leb×P− almost everywhere.

It follows that

Zν1
t′,z′(T ) = Z

φµ(t′,z′)
t′,z′ (T ) ∈ Epi(g), on the event {

(
θ, Zν

t,x,y(θ)
)
= (t′, z′)}, (7)

for µ−almost every (t′, z′) ∈ D. De�ne ν̃ := ν
θ
⊕ ν1. A

ording to the property A1, stability under


on
atenation, ν̃ is an admissible 
ontrol in A. Finally, we get

Z ν̃
t,x,y(T ) = Z ν̃

θ,Z ν̃
t,x,y(θ)

(T ) by Z1

= Z ν̃
θ,Zν

t,x,y(θ)
(T ) by Z2, sin
e ν̃ = ν on [t, θ]

= Zν1
θ,Zν

t,x,y(θ)
(T ) by Z2, sin
e ν̃ = ν on [θ, T ]

∈ Epi(g) by (7).

Hen
e ν̃ ∈ G(t, x, y).
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We are now in position to state our `geometri
' dynami
 programming prin
iple:

Theorem 8 (Soner, Touzi (2002)). For all (t, x) ∈ [0, T )× IRd
and θ ∈ Σt,T , we have

v(t, x) = inf{y ∈ IR : ∃ν ∈ A s.t. Y ν
t,x,y(θ) ≥ v(θ,Xν

t,x(θ)) P− a.s.}. (8)

Proof. Let w(t, x) denote the right-hand side of (8). In view of Remark 4, for all y > w(t, x) we have
Y ν
t,x,y(θ) ≥ v(θ,Xν

t,x(θ)). From Lemma 7 follows then that G(t, x, y) 6= ∅, and therefore y ≥ v(t, x).
Letting y 
onverge to w(t, x) we get w(t, x) ≥ v(t, x).

Conversely, for all y > v(t, x), from 
ondition Z1 we have

Zν
θ,Zν

t,x,y(θ)
(T ) = Zν

t,x,y(T ) ∈ Epi(g)

for some ν ∈ A and therefore Y ν
t,x,y(θ) ≥ v(θ,Xν

t,x(θ)). Hen
e y ≥ w(t, x) and the required inequality

follows by letting y 
onverge to v(t, x).

Remark 9. The above dynami
 programming prin
iple (DPP) 
an be interpreted as follows: at a

given initial time t, the sto
hasti
 target problem with terminal time T and target Epi(g) is equivalent
to the sto
hasti
 target problem with terminal time θ and target Epi(v(θ, ·)).

The following DPP is a dire
t 
onsequen
e of Theorem 8 and will be the main tool to 
hara
terize

the value fun
tion of the sto
hasti
 target problem as a vis
osity solution of a nonlinear se
ond order

partial di�erential equation:

Corollary 10. Let (t, x) ∈ [0, T ]× IRd.

(DP1) Let y ∈ IR be su
h that G(t, x, y) 6= ∅. Then, for all ν ∈ G(t, x, y) and θ ∈ Σt,T ,

Y ν
t,x,y(θ) ≥ v(θ,Xν

t,x(θ)), P− a.s.

(DP2) Set y∗ := v(t, x) and let θ ∈ Σt,T . Then for all ν ∈ A and η > 0,

P
[
Yν
t,x,y∗−η(θ) > v(θ,Xν

t,x(θ))
]
< 1.

Remark 11. The part (DP2) says that y∗ = v(t, x) is pre
isely the minimal (optimal!) value of y for

whi
h the optimality property of the value fun
tion (DP1) holds at time θ ∈ Σt,T .

4 Dynami
 programming PDE and vis
osity solution property

The aim of this se
tion is to prove that the value fun
tion of the sto
hasti
 target problem solves

a se
ond order partial di�erential equation (PDE) in the vis
osity sense. First, we motivate and

introdu
e the notion of vis
osity solution, and then give the proof of the vis
osity sub- and super-

solution properties by means of the dynami
 programming prin
iple stated in Corollary 10. Then,

we present a 
hara
terization of the value fun
tion as the unique vis
osity solution by spe
ifying a

terminal 
ondition.

9



4.1 Vis
osity solutions of se
ond order PDEs: introdu
tion and de�nition

The primary virtue of the theory of vis
osity solutions is that it allows non-di�erentiable fun
tions

to be solutions of fully non-linear se
ond order partial di�erential equations of the form

F (x, u(x),Du(x),D2u(x)) = 0, x ∈ O (9)

where O is an open subset of IRN ,

F : O × IR× IRN × S(N) −→ IR,

and S(N) is the set of real symmetri
 N ×N matri
es. Du(x) and D2u(x) 
orrespond respe
tively

to the gradient and the Hessian of the unknown u : O → IR at x ∈ O.

The main assumptions on the fun
tion F will be the following

De�nition 12. F is said to be degenerate ellipti
 if it is nonin
reasing in its matrix argument:

F (x, r, p,X) ≤ F (x, r, p, Y ) whenever Y ≤ X.

If F is degenerate ellipti
, we say that it is proper if it is also nonde
reasing in r, i.e.

F (x, r, p,X) ≤ F (x, s, p, Y ) whenever Y ≤ X and r ≤ s.

Re
all the usual ordering in S(N) : Y ≤ X i� 〈Xη, η〉 ≤ 〈Y η, η〉 for all η ∈ IRN .

Sin
e it is a bit di�
ult to �nd examples of se
ond order PDEs whi
h 
annot be solved in the


lassi
al sense unless the equation is very degenerate, we will 
onsider �rst the 
ase

F (x, u(x),Du(x)) = 0, x ∈ O (10)

i.e. PDEs of �rst order (so very degenerate!), and then provide a pre
ise de�nition for the se
ond

order 
ase.

Example 13. On the need for non-smooth solutions. Consider the boundary problem given

by the �rst order PDE

|Du(x)|2 − 1 = 0, x ∈ O ⊂ IR2

u(x) = 0, x ∈ ∂O,
(11)

whi
h 
orresponds to (10) with F (x, u, p) = p21 + p22 − 1. If the boundary ∂O is smooth, the distan
e

fun
tion u(x) = dist(x, ∂O) is smooth in a neighborhood of the boundary and solves the equation

in su
h neighborhood.

To establish the desirability of allowing non-di�erentiable solutions, let us assume u smooth on O
and use the method of 
hara
teristi
s towards a 
ontradi
tion: let x(t) ∈ IR2

be the solution of the

initial value problem

x′(t) =
d

dt
x(t) =

∂F

∂p
(x(t), u(x(t)),Du(x(t))) = 2Du(x(t)), x(0) = y ∈ ∂O

over the largest interval for whi
h this solution exists. A 
omputation yields

d

dt
Du(x(t)) = D2u(x(t))x′(t) = 2D2u(x(t))Du(x(t)) = 0

10



O

γ

x̄

y1

y2

Figure 1: 
rossing 
hara
teristi
s

where the last equality arises from di�erentiating F (x, u(x),Du(x))) = 0 with respe
t to x. Hen
e,
Du(x) is 
onstant on the 
urve t→ x(t). It would then follow that u is 
onstru
ted along the ray

x(t) = y + 2tn,

where n = Du(y) is the interior unit normal to the set O at the point y, and along this ray, one has

u(x) = |x− y|. However, the resulting equality

Du(y + 2tDu(y)) = Du(y)

yields a 
ontradi
tion as soon as O is bounded, sin
e in this 
ase one 
ould �nd a set γ of interior

points x̄ with 
rossing 
hara
teristi
s (Figure 1), that is, points of the form

x̄ = y1 + 2tDu(y1) = y2 + 2tDu(y2)

with t > 0 but y1 6= y2, for whi
h Du(x̄) = Du(y1) = Du(y2), whi
h is not ne
essarily true as Du(y1)
and Du(y2) are not ne
essarily equal. In 
on
lusion, the distan
e fun
tion is not di�erentiable at

the points x̄ su
h that

dist(x, ∂O) = |x̄− y1| = |x̄− y2|

for two distin
t y1, y2 ∈ ∂O, and therefore, the boundary value problem for the �rst order PDE (11)

does not admit a global C1
solution.

The previous example suggests that, in order to over
ome the problem of de�ning a non-regular

solution to (10), we should relax our requirements and 
onsider solutions in a more general sense.

As, by Radema
her´s theorem, every Lips
hitz 
ontinuous fun
tion u : O → IR is di�erentiable

almost everywhere, Kruzkow introdu
ed in the 60's the notion of generalized solutions, i.e. solutions

whi
h satisfy the equation almost everywhere. This is a powerful idea and a lot of results have

been obtained under di�erent set of hypothesis (for a 
omplete des
ription see [LIONS 83℄ and the

referen
es therein).

Unfortunately, this 
on
ept of solution is far too weak, and does not lead to any useful uniqueness

result:

Example 14. Consider the 1−dimensional equation |u′(x)| = 1 in (−1, 1) with boundary 
onditions

u(−1) = u(1) = 0. Clearly there are not 
lassi
al solutions, but one 
an build in�nitely many

generalized solutions: is it enough to alternate segments with slope 1 and segments with slope −1
(Figure 2). Furthermore one 
an 
onstru
t a sequen
e of generalized solutions whi
h 
onverge to

u ≡ 0 that is not a generalized solution. From the appli
ation point of view this la
k of uniqueness

and stability is an important problem.

11



−1 0 1

1

u0

u1
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Figure 2: generalized solutions of |u′(x)| = 1.

So, how 
ould the new 
on
ept of solution be de�ned? Our approa
h is to 
onsider the approximate

problem

F (x, uǫ(x),Duǫ(x)) = ǫ∆uǫ(x), x ∈ O (12)

where ∆uǫ =
∑N

i=1
∂2uǫ

∂x2
i

is the Lapla
ian operator and ǫ > 0. The idea is that whereas (10) involves a

fully nonlinear �rst order PDE, (12) is a quasilinear PDE whi
h, under suitable 
onditions, turns out

to have a smooth solution. Indeed, the term ǫ∆ in (12) regularizes the Hamilton-Ja
obi equation.

Then of 
ourse we hope that as ǫ → 0 the solutions uǫ of (12) will 
onverge to some sort of weak

solution of (10). This te
hnique is known as the method of vanishing vis
osity, sin
e the term ǫ∆uǫ

is used to model �uid vis
osity.

Unfortunately, as ǫ→ 0 we 
an expe
t to lose 
ontrol over the various estimates of the fun
tion uǫ

and its derivatives: these estimates depend strongly on the regularizing e�e
t of ǫ∆ and blow up as

ǫ→ 0. However, it turns out that we 
an often in pra
ti
e at least be sure that the family {uǫ}ǫ>0 is

bounded and equi
ontinuous on 
ompa
t subsets of O. Consequently the Arzela-As
oli 
ompa
tness


riterion ensures that

uǫj → u, lo
ally uniformly on O, (13)

for some subsequen
e {uǫj}∞j=0 and some 
ontinuous fun
tion u : O → IR. Now we 
an surely expe
t

that u is some kind of solution of (10), but as we only know u is 
ontinuous, and have absolutely no

information wheter Du exists in any sense, su
h an interpretation is di�
ult.

We will 
all the solution we build a vis
osity solution, in honor to the vanishing vis
osity te
hnique.

Our main goal now is to dis
over an intrinsi
 
hara
terization of su
h generalized solution of (10).

Motivation for the de�nition of vis
osity solutions. Let us assume hen
eforth that F is


ontinuous. The te
hnique alluded above works as follows: �x any smooth test fun
tion ϕ ∈ C∞(O)
and suppose

u− ϕ has a stri
t lo
al maximum at x0 ∈ O (14)

This means

(u− ϕ)(x0) > (u− ϕ)(x)

12



for all points x su�
iently 
lose to x0 but with x 6= x0. We 
laim that for ea
h su�
iently small

ǫj > 0, there exists a point xǫj su
h that

uǫj − ϕ has a lo
al maximum at xǫj (15)

and

xǫj → x0 as j → ∞. (16)

Indeed, note that for ea
h su�
iently small r > 0, (14) implies

max
|x−x0|=r

(u− ϕ)(x) < (u− ϕ)(x0).

In view of (13), uǫj → u uniformly on Br(x0), so

max
|x−x0|=r

(uǫj − ϕ)(x) < (uǫj − ϕ)(x0)

provided that ǫj is small enough. Consequently uǫj − ϕ attains a lo
al maximum at some point on

Br(x0). We 
an next repla
e r by a sequen
e {rn}n≥0 tending to zero to obtain (15) and (16).

Now, owing to (15), we see that the equation

D(uǫj − ϕ)(xǫj ) = 0 (17)

and the inequality

∆(uǫj − ϕ)(xǫj ) ≤ 0, (18)

hold. We 
an 
onsequently 
al
ulate

F (xǫj , u
ǫj (xǫj),Dϕ(xǫj )) = F (xǫj , u

ǫj (xǫj ),Du
ǫj(xǫj )), by (17)

= ǫj∆u
ǫj(xǫj ), by (12)

≤ ǫj∆ϕ(xǫj ), by (18). (19)

Now let ǫj → 0 and remember (16). Sin
e ϕ is smooth and F is 
ontinuous, we dedu
e

F (x0, u(x0),Dϕ(x0)) ≤ 0. (20)

Suppose now, instead of (14), that

u− ϕ has a lo
al maximum at x0 ∈ O (21)

but that this maximum is not ne
essarily stri
t. Then u− ϕ̃ has a stri
t lo
al maximum at x0 where
ϕ̃(x′) := ϕ(x0) + δ|x′ − x|2, δ > 0. We thus 
on
lude as above that

F (x0, u(x0),Dϕ(x0)) ≤ 0,

whereupon (20) again follows, sin
e sin
e ϕ and ϕ̃ agree at x0. Consequently (21) implies the in-

equality (20). Similarly, the reverse inequality

F (x0, u(x0),Dϕ(x0)) ≥ 0 (22)


an be dedu
ed, provided that

u− ϕ has a lo
al minimum at x0 ∈ O. (23)
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The proof is exa
tly like that above, ex
ept that the inequalities in (18), and thus in (19), are

reversed.

In summary, we have dis
overed for any smooth fun
tion ϕ that (20) follows from (21), and (22)

from (23), and thus, we managed to �put all the derivatives onto ϕ”, at the expense of 
ertain

inequalities holding.

A vis
osity solution will be then de�ned pre
isely as a 
ontinuous fun
tion u satisfying the 
orre-

sponding inequalities (20) and (22) in the se
ond order 
ase, provided that (21) and (23) hold:

De�nition 15. Let F : O × IR× IRN × S(N) → IR be proper and 
onsider the se
ond order PDE

F (x, u(x),Du(x),D2u(x)) = 0, x ∈ O. (24)

(a) u : O → IR is a vis
osity subsolution of (24) if it is upper semi
ontinuous and for ea
h ϕ ∈ C2(O)
and x0 ∈ O su
h that u− ϕ has a lo
al maximum at x0 we have

F (x0, u(x0),Dϕ(x0),D
2ϕ(x0)) ≤ 0.

(b) u : O → IR is a vis
osity supersolution of (24) if it is lower semi
ontinuous and for ea
h ϕ ∈ C2(O)
and x0 ∈ O su
h that u− ϕ has a lo
al minimum at x0 we have

F (x0, u(x0),Dϕ(x0),D
2ϕ(x0)) ≥ 0.

Finally, u : O → IR is a vis
osity solution of (24) if it is both vis
osity sub- and supersolution of (24).

Remark 16. As in the vanishing vis
osity method, the above de�nition does not 
hange if the mini-

mum or maximum are lo
al and\or stri
t.

Re
all that u : O → IR is upper (respe
tively, lower) semi
ontinuous if for any x ∈ O and ε > 0
there is δ su
h that f(y) < f(x) + ε (respe
tively, f(y) > f(x)− ε) for all y ∈ O ∩Bδ(x). Therefore,
a

ording to De�nition 15, a vis
osity solution is automati
ally 
ontinuous.

Observe furthermore that the notion of vis
osity solutions is 
onsistent with that of a 
lassi
al

solution: it is not di�
ult to 
he
k that every 
lassi
al solution is also a vis
osity solution, and

moreover, if a vis
osity solution is di�erentiable at some point, it solves the PDE (24) there in the


lassi
al sense.

Example 17. In 
onne
tion with Example 14, the fun
tion u0(x) = 1 − |x| is a vis
osity solution

of |u′(x)| = 1 in (−1, 1) with boundary 
onditions u(−1) = u(1) = 0. Indeed, if x0 6= 0 is a lo
al

extremum of u−ϕ, then u′(x0) = ϕ′(x0). Therefore, at these points both the sub- and supersolution


onditions are trivially satis�ed. Also, if 0 is a lo
al minimum of u−ϕ, a simple 
al
ulation shows that

|ϕ′(0)| ≤ 1 and the supersolution 
ondition holds. Observe that 0 
annot attain a lo
al maximum

for u− ϕ, as this would imply −1 ≥ ϕ′(0) ≥ 1.

Moreover, u0 
an be shown to be the only one, among those shown in Figure 2, that 
an be obtained

as a vanishing vis
osity limit.

As the value fun
tion of the sto
hasti
 target problem 
an be dis
ontinuous, we need to extend the

de�nition of vis
osity solutions and in
lude solutions that are not ne
essarily 
ontinuous. First, we

need the following additional tool:
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De�nition 18. Let u : O ⊆ IRN → IR = [−∞,∞]. We denote respe
tively by u∗ and u∗ the lower

and upper semi
ontinuous envelope of u, i.e.

u∗(x) := lim inf
y→x

u(y) := lim
r→0+

inf{u(y) : y ∈ O, |y − x| ≤ r}

u∗(x) := lim sup
y→x

u(y) := lim
r→0+

sup{u(y) : y ∈ O, |y − x| ≤ r}

It is easy to verify that u∗ (resp. u∗) is lower (resp. upper) semi
ontinuous:

De�nition 19. A lo
ally bounded fun
tion u : O → IR is a (dis
ontinuous) vis
osity solution of (24)

if u∗ and u
∗
are, respe
tively, vis
osity super- and subsolution of (24), a

ording to De�nition 15.

Finally, we mention (without proof) a standard 
omparison result whi
h is general strategy to prove

uniqueness of vis
osity solutions of se
ond order PDEs

Theorem 20. Let O be a bounded open subset IRN
and F : O × IR × IRN × S(N) → IR be proper

and 
ontinuous. Assume that there exists γ > 0 su
h that

γ(r − s) ≤ F (x, r, p,X) − F (x, s, p,X), for r ≥ s, (x, p,X) ∈ O × IRN × S(N).

Assume further that there exists a fun
tion ω : [0,∞] → [0,∞] su
h that ω(0+) = 0 and

F (y, r, α(x − y), Y )− F (x, r, α(x − y),X) ≤ ω(α|x− y|2 + |x− y|)

whenever x, y ∈ O, r ∈ IR, X, Y ∈ S(N) and

(
X 0
0 −Y

)
≤ 3α

(
I −I
−I I

)

holds. Let u and v be, respe
tively, sub- and supersolution of F = 0 in O and u ≤ v on ∂O. Then
u ≤ v on O.

For a proof of the previous theorem and a mu
h more 
omplete des
ription of the theory of vis
osity

solutions see [C/I/L 92℄ and the referen
es therein.

4.2 The dynami
 programming PDE for the sto
hasti
 target problem

Re
all that the value fun
tion of our sto
hasti
 target problem is given by

v(t, x) := inf{y ∈ IR : Y ν
t,x,y(T ) ≥ g(Xν

t,x(T )) P− a.s., for some ν ∈ A}. (25)

where g : IRd → IR is some measurable fun
tion and Zν
t,z = (Xν

t,x, Y
ν
t,x,y) is the IRd × IR−valued

pro
ess solution of the 
ontrolled SDE

dXν
t,x(s) = µ(s,Xν

t,x(s), ν(s)) ds + σ(s,Xν
t,x(s), ν(s))

∗dW (s),

dY ν
t,x,y(s) = b(s, Zν

t,z(s), ν(s)) ds + a(s, Zν
t,z(s), ν(s))

∗ dW (s),
s ∈ (t, T )

with initial data (Xν
t,x(t), Y

ν
t,x,y(t)) = (x, y) ∈ IRd × IR. The set of admissible 
ontrols A is the


olle
tion of all adapted pro
esses in Lp([0, T ]×Ω;Leb⊗P) with values in the 
ontrol set U ⊂ IRd,
whi
h we assume to be 
onvex and 
ompa
t.
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De�nition 21. Let δU be the support fun
tion of U,

δU (ζ) := sup
ν∈U

(ν∗ζ), ζ ∈ IRd.

We shall denote by Ũ the e�e
tive domain of δU and by Ũ1 the restri
tion of Ũ to the unit 
ir
le:

Ũ = {ζ ∈ IRd : δU (ζ) ∈ IR} and Ũ1 = {ζ ∈ Ũ : |ζ| = 1}

so that Ũ is the 
losed 
one generated by Ũ1.

One 
an think as Ũ1 as the set of allowable dire
tions in whi
h a 
ontrol 
an a
t. However, under

our assumptions, sin
e U is a bounded subset of IRd,

Ũ = IRd
and Ũ1 = {ζ ∈ IRd : |ζ| = 1}

Remark 22. The 
ompa
tness of U is only needed to establish some results whi
h require us to extra
t


onvergent subsequen
es from sequen
es in U. Therefore, many results 
ontained in this se
tion hold

for a general 
losed 
onvex subset U. For this reason, we shall keep using the notation Ũ and Ũ1.

Remark 23. For later referen
e, note that the 
losed 
onvex set U 
an be 
hara
terized in terms of

Ũ (see, e.g., [ROCK 70℄):

ν ∈ U i� inf
ζ∈Ũ

(δU (ζ)− ζ∗ν) ≥ 0,

i� inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν) ≥ 0;

the se
ond 
hara
terization follows from the fa
ts that Ũ is the 
losed 
one generated by Ũ1 and δU
is positively homogeneous.

Remark 24. We shall also use the following 
hara
terization of int(U) in terms of Ũ1 :

ν ∈ int(U) i� inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν) > 0.

To see this, suppose that the right-hand side in�mum is zero. Then, for all ε > 0, there exists some

ζ0 ∈ Ũ1 su
h that 0 ≤ δU (ζ0)−ζ
∗
0ν ≤ ε/2. Then δU (ζ0)−ζ

∗
0 (ν+εζ0) < 0, and therefore ν+εζ0 /∈ U by

the previous remark. Sin
e ε > 0 is arbitrary, this proves that ν /∈ int(U). Conversely, suppose that
l := inf

ζ∈Ũ1
(δU (ζ)− ζ∗ν) > 0. Then, by the Cau
hy-S
hwartz inequality and the 
hara
terization of

the previous remark, it is easily 
he
ked that the ball around ν with radius l is in
luded in U.

Remark 25. Let χU be the fun
tion de�ned on IRd
by

χU (ν) := inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν).

Then χU is 
ontinuous. Indeed, sin
e Ũ1 is a 
ompa
t subset of IRd, the in�mum in the above

de�nition of χU (ν) is attained, say, at ζ̂(ν) ∈ Ũ1. Then, for all ν, ν
′ ∈ IRd,

χU (ν
′) ≤ δU (ζ̂(ν))− ζ̂(ν)∗ν + ζ̂(ν)∗(ν − ν ′) ≤ χU (ν) + |ν − ν ′|

by the Cau
hy-S
hwarz inequality. By simmetry, this proves that χU is a 
ontra
ting mapping.

16



The 
ru
ial assumption in this se
tion will be the following: the matrix σ(t, x, r) is invertible for

every (t, x, r) ∈ [0, T ] × IRd × U, and the fun
tion

r 7→ σ(t, x, r)−1 a(t, x, y, r)

is one-to-one for all (t, x, y) ∈ [0, T ]× IRd × IR. We will denote with ψ its inverse, i.e.

σ(t, x, r)−1 a(t, x, y, r) = p ⇐⇒ r = ψ(t, x, y, p), (26)

for all (t, x, y, r) ∈ [0, T ] × IRd × IR × U, p ∈ IRd. Sin
e we wish to hit the deterministi
 target

Epi(g) with probability one, the di�usion pro
ess has to degenerate along 
ertain dire
tions and the

fun
tion ψ 
aptures this fa
t: the equation (26) will enable us to mat
h the sto
hasti
 parts of X
and Y by a judi
ial 
hoi
e of the 
ontrol pro
ess ν. Similar assumptions were also utilized in the four

step s
heme used to solve forward-ba
kward SDEs.

Finally, we introdu
e the se
ond order di�erential operator asso
iated to the pro
ess Xν :

Lνu(t, x) :=
∂u

∂t
(t, x) + µ∗(t, x, ν)Du(t, x) +

1

2
Tr(σ(t, x, ν)∗σ(t, x, ν)D2u(t, x)),

where Du and D2u denote, respe
tively, the gradient and the Hessian matrix of u with respe
t to

the x variable.

The next theorem 
hara
terizes the value fun
tion v as (dis
ontinuous) vis
osity solution of an

asso
iated se
ond order PDE:

Theorem 26. Assume that µ, σ, a and b are all bounded and satisfy the usual Lips
hitz 
onditions

(1.2) and that v∗, v∗ are �nite everywhere. Further assume that U has non-empty interior. Then the

value fun
tion v of the sto
hasti
 target problem is a dis
ontinuous vis
osity solution of the equation

on [0, T )× IRd,

min {−Lν0u(t, x) + b(t, x, u(t, x), ν0(t, x));H(t, x, u(t, x),Du(t, x)))} = 0, (27)

where

ν0(t, x) := ψ(t, x, u(t, x),Du(t, x))), (28)

H(t, x, u(t, x),Du(t, x)) := χU

(
ψ(t, x, u(t, x),Du(t, x))

)
, (29)

i.e., v∗ and v∗ are, respe
tively, vis
osity supersolution and subsolution of (27).

Remark 27. In view of Remark 23, H ≥ 0 i� ν0 ∈ U. Sin
e U has a nonempty interior, it follows

from Remark 24 that H > 0 i� ν0 ∈ int(U).

Remark 28. Although [0, T ) × IRd
is not an open domain, in our setting the time variable moves

forward so that the zero boundary is not relevant and the general theory of vis
osity solutions is still

valid.

The proof of the Theorem 26 will be 
ompleted in the following two subse
tions. The supersolution

part of the 
laim follows from (DP1) in Se
tion 3 and a 
lassi
al argument in the vis
osity theory

whi
h is due to P.L. Lions. We shall take advan
e of the fa
t that the inequality (DP1) is in the a.s.

sense. This allows for a suitable 
hange of measure before taking expe
tations. The subsolution part

is obtained from (DP2) by means of a 
ontraposition argument.

The above result will be 
ompleted in Theorem 31 by the des
ription of the boundary 
ondition.

The reader who is not interested in the te
hni
al proof of the Theorem 26 
an go dire
tly to the

Se
tion 5.

17



4.3 Proof of the vis
osity supersolution property

Fix (t0, x0) ∈ [0, T )× IRd, and let ϕ be a C2([0, T ] × IRd)−fun
tion satisfying

(v∗ − ϕ)(t0, x0) = min
(t,x)∈[0,T )×IRd

(v∗ − ϕ).

We 
an assume w.l.o.g. that v∗(t0, x0) = ϕ(t0, x0) (just take ϕ − ϕ(t0, x0) + v∗(t0, x0) instead of ϕ,
whi
h does not a�e
t the derivatives on ϕ). Observe furthermore that v ≥ v∗ ≥ ϕ on [0, T ) × IRd.

Step 1. Let (tn, xn)n≥1 be a sequen
e in [0, T ) × IRd
su
h that

(tn, xn) → (t0, x0) and v(tn, xn) → v∗(t0, x0).

Set yn := v(tn, xn) + (1/n) and zn := (xn, yn). Then, by de�nition of the sto
hasti
 target 
ontrol

problem, the set G(tn, zn) is not empty. Let νn be any element of G(tn, zn).

For any [0, T−tn)−valued stopping time θn (to be 
hosen later), the dynami
 programming prin
iple

(DP1) yields

Y νn
tn,zn

(tn + θn) ≥ v(tn + θn,X
νn
tn,xn

(tn + θn)) P− a.s.

Set βn := yn − ϕ(tn, xn). Sin
e yn → v∗(t0, x0) and ϕ(tn, xn) → ϕ(t0, x0) = v∗(t0, x0) as n tends to

in�nity, we get βn → 0. Further, sin
e v ≥ v∗ ≥ ϕ, we have

v(tn + θn,X
νn
tn,xn

(tn + θn)) ≥ ϕ(tn + θn,X
νn
tn,xn

(tn + θn)) P− a.s.

Then

βn + [Y νn
tn,zn

(tn + θn)− yn]− [ϕ(tn + θn,X
νn
tn,xn

(tn + θn))− ϕ(tn, xn)] ≥ 0 P− a.s.

By It�'s Lemma,

0 ≤βn +

∫ tn+θn

tn

[b(s, Zνn
tn,zn

(s), νn(s))− Lνn(s)ϕ(s,Xνn
tn ,xn

(s))] ds

+

∫ tn+θn

tn

[a(s, Zνn
tn,zn

(s), νn(s))− σ(s,Xνn
tn,xn

(s), νn(s))Dϕ(s,X
νn
tn,xn

(s))]∗dW (s).

(30)

Step 2. For some large 
onstant C, set

θn := inf{s > tn : |Xνn
tn,xn

(s)| ≥ C}.

Sin
e U is bounded in IRd
and (tn, xn) → (t0, x0), one 
an easily show that

lim inf
n→∞

(t ∧ θn) > t0, for all t > t0. (31)

For ξ ∈ IR, we introdu
e the probability measure P
ξ
n equivalent to P de�ned by the density pro
ess

M ξ
n(t) := E

(
−ξ

∫ t∧θn

tn

(a− σDϕ)
(
s, Zνn

tn,zn
(s), νn(s)

)∗
dW (s)

)
, t ≥ tn,

where E(·) is the Doléans-Dade exponential operator:

E

(
−

∫ t

0
λ(s)∗dW (s)

)
= exp

(
−

∫ t

0
λ(s)∗dW (s)−

1

2

∫ t

0
|λ(s)|2ds

)
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for a IRd−valued adapted pro
ess λ(s), 0 ≤ s ≤ T.We shall denote by Eξ
n the 
onditional expe
tation

with respe
t to F(tn) under P
ξ
n.

We take the 
onditional expe
tation with respe
t to F(tn) under P
ξ
n in (30). The result is

0 ≤ βn + Eξ
n

[∫ tn+h∧θn

tn

[b(s, Zνn
tn,zn

(s), νn(s))− Lνn(s)ϕ(s,Xνn
tn,xn

(s))] ds

]

− ξ Eξ
n

[∫ tn+h∧θn

tn

|a(s, Zνn
tn,zn

(s), νn(s))− σ(s,Xνn
tn,xn

(s), νn(s))Dϕ(s,X
νn
tn ,xn

(s))|2ds

]

for all h > 0. We now 
onsider two 
ases:

• Suppose that the set {n ≥ 1 : βn = 0} is �nite. Then there exists a subsequen
e, renamed

(βn)n≥1, su
h that βn 6= 0 for all n ≥ 1. Set hn =
√

|βn| and kn := θ ∧ (tn + hn).

• If the set {n ≥ 1 : βn = 0} is not �nite, then there exists a subsequen
e, renamed (βn)n≥1,
su
h that βn = 0 for all n ≥ 1. Set hn := 1/n and kn := θ ∧ (tn + hn).

The last inequality still holds if we repla
e t ∧ θn by kn. We then divide this inequality by hn and

send n to in�nity by using (31), the dominated 
onvergen
e theorem, and the right 
ontinuity of the

�ltration. The result is

0 ≤ lim inf
n→∞

1

hn

∫ tn+hn

tn

[
b(s, Zνn

tn,zn
(s), νn(s))− Lνn(s)ϕ(s,Xνn

tn,xn
(s))

− ξ
∣∣a(s, Zνn

tn,zn
(s), νn(s))− σ(s,Xνn

tn,xn
(s), νn(s))Dϕ(s,X

νn
tn,xn

(s))
∣∣2
]
ds.

We 
ontinue by using the following lemma, whose proof is given after the proof of the supersolution

property at the end of this se
tion:

Lemma 29. Let z0 := (x0, ϕ(t0, x0)) and ψ : [0, T ] × IRd+1 × U → IR be lo
ally Lips
hitz in

(t, z) ∈ [0, T ] × IRd+1
uniformly in r ∈ U. Then

1

hn

∫ tn+hn

tn

[
ψ(s, Zνn

tn,zn
(s), νn(s))− ψ(t0, z0, νn(s))

]
ds→ 0 P− a.s.

along some subsequen
e.

In view of this lemma,

0 ≤ lim inf
n→∞

1

hn

∫ tn+hn

tn

[
b(t0, z0, νn(s))− Lνn(s)ϕ(t0, x0)

− ξ
∣∣a(t0, z0, νn(s))− σ(t0, x0, νn(s))Dϕ(t0, x0)

∣∣2
]
ds.

Then, sin
e h−1
n

∫ tn+hn

tn
ds = 1,

1

hn

∫ tn+hn

tn

[
b(t0, z0, νn(s))− Lνn(s)ϕ(t0, x0)

−ξ
∣∣a(t0, z0, νn(s))− σ(t0, x0, νn(s))Dϕ(t0, x0)

∣∣2
]
ds ∈ c̄oV(t0, z0),

(32)
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where c̄oV(t0, z0) is the 
losed 
onvex hull of the set

V(t0, z0) :=
{
b(t0, z0, ν)−Lνϕ(t0, x0)− ξ

∣∣a(t0, z0, ν)− σ(t0, x0, ν)Dϕ(t0, x0)
∣∣2 : ν ∈ U

}
.

Therefore, it follows from (32) that

0 ≤ sup
φ∈c̄oV(t0,z0)

φ

= sup
ν∈U

{
ξ
∣∣−a(t0, z0, ν) + σ(t0, x0, ν)Dϕ(t0, x0)

∣∣2 − Lνϕ(t0, x0) + b(t0, z0, ν)
}

(33)

for all ξ ∈ IR.

Step 3. For a large positive integer n, set ξ = −n. Sin
e U is 
ompa
t, the supremum in (33) is

attained at some ν̃n ∈ U, and

−n
∣∣−a(t0, z0, ν̃n) + σ(t0, x0, ν̃n)Dϕ(t0, x0)

∣∣2 − Lν̃nϕ(t0, x0) + b(t0, z0, ν̃n) ≥ 0.

By passing to a subsequen
e, we may assume that there exists ν0 ∈ U su
h that ν̃n → ν0. Now let n
tend to in�nity in the last inequality to prove that

|a(t0, z0, ν̃n)− σ(t0, x0, ν̃n)Dϕ(t0, x0)|
2 → 0 (34)

and

−Lν0ϕ(t0, x0) + b(t0, z0, ν0) ≥ 0. (35)

In view of (34) and (26) we 
on
lude that

ν0 = ψ(t0, z0,Dϕ(t0, x0)). (36)

Sin
e ν0 ∈ U, it follows from Remark 23 that

inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν0) ≥ 0. (37)

The supersolution property follows from (35), (36) and (37).

Proof of Lemma 29. Sin
e ψ(t, z, r) is lo
ally Lips
hitz in (t, z) uniformly in r,

1

hn

∫ tn+hn

tn

[
ψ(s, Zνn

tn,zn
(s), νn(s))− ψ(t0, z0, νn(s))

]
ds

≤ K
1

hn

∫ tn+hn

tn

(
|s− t0|+ |Zνn

tn,zn
(s)− z0|

)
ds

≤ K

(
hn + |tn − t0|+ sup

tn≤s≤tn+hn

|Zνn
tn,zn

(s)− z0|

)

for some 
onstant K. Thus, to 
omplete the proof of this lemma, it su�
es to show

sup
tn≤s≤tn+hn

|Zνn
tn,zn

(s)− z0| → 0 P− a.s.

along a subsequen
e. Set

γ(t, x, y, r) :=

(
µ(t, x, r)
b(t, x, y, r)

)
and α(t, x, y, r) :=

(
σ∗(t, x, r)
a∗(t, x, y, r)

)
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The fun
tions α and γ inherit the pointwise bounds from µ, b, σ and a. We dire
tly 
al
ulate that,

for tn ≤ s ≤ tn + hn,

Zνn
tn,zn

(s)− z0 ≤ |zn − z0|+ ||γ||∞hn +

∣∣∣∣
∫ s

tn

α(r, Zνn
tn,zn

(r), νn(r)) dW (r)

∣∣∣∣ ,

and, therefore,

sup
tn≤s≤tn+hn

∣∣Zνn
tn,zn

(s)− z0
∣∣+ ≤ |zn − z0|+ ||γ||∞hn

+ sup
tn≤s≤tn+hn

∣∣∣∣
∫ s

tn

α(r, Zνn
tn ,zn

(r), νn(r)) dW (r)

∣∣∣∣ .

The �rst two on the right-hand side 
onverge to zero. We estimate the third term by Doob's maximal

inequality for submartingales. The result is

E

[
sup

tn≤s≤tn+hn

∣∣∣
∫ s

tn

α(r, Zνn
tn ,zn

(r), νn(r)) dW (r)
∣∣∣
2
]

≤ 4E

[∫ tn+hn

tn

||α(r, Zνn
tn ,zn

(r), νn(r))||
2 dr

]

≤ 4||α||2∞hn.

This proves that

sup
tn≤s≤tn+hn

|Zνn
tn,zn

(s)− z0| → 0 in L2(P),

and, therefore, it also 
onverges P−a.s. along some subsequen
e.

4.4 Proof of the vis
osity subsolution property

We start with a te
hni
al lemma whi
h will be used both in the proof of the subsolution property

and also in the next subse
tion on the 
hara
terization of the terminal data. We �rst introdu
e some

notation: given a smooth fun
tion ϕ(t, x), we de�ne the open subset of [0, T ]× IRd

M0(ϕ) :=
{
(t,x) ∈ [0, T ]× IRd : ν0(t, x) ∈ int(U) and

− Lν0(t,x)ϕ(t, x) + b(t, x, ϕ(t, x), ν0(t, x)) > 0
}
,

where ν0(t, x) := ψ(t, x, ϕ(t, x),Dϕ(t, x)).

Lemma 30. Let ϕ be a smooth test fun
tion and suppose that there are t1 < t2 ≤ T su
h that

cl(M) ⊂ M0(ϕ), where M := (t1, t2)×BR(x0).

Then

sup
∂pM

(v − ϕ) = max
cl(M)

(v∗ − ϕ),

where ∂pM is the paraboli
 boundary of M, i.e., ∂pM = ([t1, t2]× ∂BR(x0)) ∪ ({t2} ×BR(x0)).

Proof. We shall denote M := cl(M). Suppose, to the 
ontrary, that

max
M

(v∗ − ϕ)− sup
∂pM

(v − ϕ) := 2β > 0,

21



and let us work toward a 
ontradi
tion of the dynami
 programming prin
iple (DP2): 
hoose

(t0, x0) ∈ M so that (v − ϕ)(t0, x0) ≥ −β +maxM(v∗ − ϕ) and

(v − ϕ)(t0, x0) ≥ β + sup
∂pM

(v − ϕ) (38)

Step 1. In view of Remark 27, inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν0) is equivalent to ν0 ∈ int(U). Set

N := {(t, x, y) ∈ [0, T ]× IRd × IR : ν̂(t, x, y) ∈ int(U) and

− Lν̂0(t,x,y)ϕ(t, x) + b(t, x, y, ν̂(t, x, y)) > 0},

where ν̂(t, x, y) = ψ(t, x, y,Dϕ(t, x)) and, for η ≥ 0,

Mη := {(t, x) ∈ [0, T ] × IRd : (t, x, ϕ(t, x) − η) ∈ N}.

Note that this de�nition of M0 := M0(ϕ) agrees with the previous de�nition. Moreover, in view of

our hypothesis, for all su�
iently small η we have M ⊂ Mη . Fix η ≤ β satisfying this in
lusion.

Step 2. Let η be as in the previous step. Let (Xη, Yη) be the solution of the state equation with

initial data Xη(t0) = x0, Yη(t0) = v(t0, x0)− η and the 
ontrol ν given in the feedba
k form

ν(t, x) = ψ(t, x, ϕ(t, x) − η,Dϕ(t, x)).

Set ν(t) := ν(t,Xη(t)) so that

(Xη, Yη) = Zν
t0,x0,v(t0,x0)−η = (Xν

t0,x0
, Y ν

t0,x0,v(t0,x0)−η).

Set

Ŷη(t) := ϕ(t,Xη(t))− η + (v − ϕ)(t0, x0),

and observe that Yη(0) = Ŷη(0) = v(t0, x0) − η. In the next step, we will 
ompare the pro
esses Yη
and Ŷη.

Step 3. By It�'s rule,

dŶη(t) = Lν(t)ϕ(t,Xη(t)) dt +Dϕ(t,Xη(t)) · σ(t,Xη(t), ν(t))
∗dW (t).

In view of (26) and the de�nition of ν(t),

Dϕ(t,Xη(t)) · σ(t,Xη , ν(t))
∗ = a(t,Xη(t), Ŷη(t), ν(t))

∗.

Hen
e

dŶη = b̂(t) dt+ a(t,Xη(t), Yη(t), ν(t))
∗dW (t),

where b̂(t) := Lν(t)ϕ(t,Xη(t)). Re
all that Yη solves the same SDE with a di�erent drift term:

dYη(t) = b(t) dt+ a(t,Xη(t), Yη(t), ν(t))
∗dW (t),

where b(t) := b(t,Xη(t), Yη(t), ν(t)). Let θ be the stopping time

θ := inf{s > 0 : (t0 + s,Xη(t0 + s)) /∈ M)}.

Sin
e M is an open set 
ontaining (t0, x0), the stopping time θ is positive P−a.s.
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Now, from the de�nition of η, we have M ⊂ Mη. It follows that, for t ∈ [t0, t0 + θ), (t,Xη(t)) ∈

Mη P−a.s., i.e. (t,Xη(t), Ŷη(t)) ∈ N P−a.s. by de�nition of Mη. Hen
e

b(t) > Lν(t)ϕ(t,Xη(t)) = b̂(t), t ∈ [t0, t0 + θ), P− a.s.

Sin
e Yη(0) = Ŷη(0) = v(t0, x0) − η, it follows from sto
hasti
 
omparison (see, for instan
e,

[KA/SH 91℄, Proposition 5.2.18) that

Ŷη(t) ≤ Yη(t), t ∈ [t0, t0 + θ), P− a.s.

Step 4. We now pro
eed to 
ontradi
t (DP2). First, observe that by 
ontinuity of the pro
ess Xη,
(t0 + θ,Xη(t0 + θ)) ∈ ∂pM P−a.s. Also, from inequality (38), we have v ≤ ϕ − β + (v − ϕ)(t0, x0)
on ∂pM. Therefore,

Yη(t0 + θ)− v(t0 + θ,Xη(t0 + θ)) ≥ β + Yη(t0 + θ)− ϕ(t0 + θ,Xη(t0 + θ))

+ (v − ϕ)(t0, x0)

= (β − η) + Yη(t0 + θ)− Ŷη(t0 + θ)

= β − η ≥ 0

from Step 3. By (38) and the de�nition of (Xη, Yη), we have Yη = Y ν
t0,x0,v(t0,x0)−η

and Xη = Xν
t0,x0

.

Then the previous inequality 
ontradi
ts (DP2).

Proof of the vis
osity subsolution property. Fix (t0, x0) ∈ [0, T )× IRd, and let ϕ be a C2([0, T ]× IRd)
fun
tion satisfying

(v∗ − ϕ)(t0, x0) = (stri
t) max
(t,x)∈[0,T )×IRd

(v∗ − ϕ).

Set z0 := (x0, ϕ(t0, x0)). Let M0 := M0(ϕ) be as in the previous lemma. Sin
e (t0, x0) is a stri
t

maximizer of (v∗ − ϕ) and sin
e M0 is an open set, by the previous lemma we 
on
lude that

(x0, y0) /∈ M0. Then, by the de�nition of M0,

min

{
inf
ζ∈Ũ1

(δU (ζ)− ζ∗ν̂0(t0, z0)),−Lν̂0(t0,z0)ϕ(t0, x0) + b(t0, z0, ν̂0(t0, z0))

}
≤ 0,

and therefore v∗ is a vis
osity subsolution of (27).

4.5 Terminal 
ondition

To 
hara
terize the value fun
tion as the unique solution of the dynami
 programming equation, we

need to spe
ify the terminal data. The de�nition of the value fun
tion implies that

v(T, x) = g(x), x ∈ IRd.

However, it is known that

G(x) := lim inf
t↑T,x′→x

v(t, x′)

may be stri
tly larger than g(x) (see, for instan
e, [B/C/S 98℄ and lemma 33 below).

In this se
tion we will 
hara
terize G as the vis
osity supersolution of a �rst order PDE. We will

also study

G(x) := lim sup
t↑T,x′→x

v(t, x′)

and prove that G is a vis
osity subsolution of the same equation. More pre
isely, we have the

following theorem.
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Theorem 31. Let the assumptions of Theorem 26 hold, and assume that G and G are �nite for

every x ∈ IRd. Suppose, further that (g∗)
∗ ≥ g. Then G is vis
osity supersolution of the �rst order

PDE on IRd

min {G(x) − g∗(x);H(T, x,G(x),DG(x))} = 0

and G is vis
osity subsolution of the �rst order PDE

min {G(x)− g∗(x);H(T, x,G(x),DG(x))} = 0.

In most 
ases, sin
e a subsolution is not greater than the supersolution, this implies that G ≤ G
and therefore that G = G. In the next se
tion, we provide examples for whi
h this holds, and we

will also 
ompute G := G = G expli
itly in those examples.

Remark 32. In the de�nition of G, we may repla
e v by v∗ :

G(x) = lim sup
t↑T,x′→x

v∗(t, x′).

Similarly,

G(x) := lim inf
t↑T,x′→x

v∗(t, x
′).

The rest of this se
tion is devoted to the proof of Theorem 31. We need �rst the following lemma:

Lemma 33. Suppose that G(x) and G(x) are �nite for every x ∈ IRd. Then

G(x) ≥ g∗(x) for all x ∈ IRd.

Proof. Take a sequen
e (tn, xn) → (T, x) with tn < T. Set yn := v(tn, xn) + (1/n). Then, for ea
h n
there exists a 
ontrol νn ∈ A satisfying

Y νn
tn,xn,yn

(T ) ≥ g(Xνn
tn,xn

(T )) P− a.s.

Sin
e a and b are bounded,

E
[
Y νn
tn,xn,yn

(T )
]
≤ yn + ||b||∞(T − tn) = v(tn, xn) +

1

n
+ ||b||∞(T − tn).

We 
ontinue by using the following 
laim, whose proof will be provided later:

{
Y νn
tn,xn,yn

(T ), n ≥ 0
}

is uniformly integrable. (39)

Then, by Fatou's lemma

lim inf
n→∞

v(tn, xn) ≥ lim inf
n→∞

E
[
Y νn
tn,xn,yn

(T )
]

= E
[
lim inf
n→∞

Y νn
tn,xn,yn

(T )
]

≥ E
[
lim inf
n→∞

g(Xνn
tn,xn

(T ))
]
.

Sin
e U is 
ompa
t and (tn, xn) 
onverges to (T, x), Xνn
tn,xn

(T ) approa
hes x as n tends to in�nity.

The required result then follows from the de�nition of the lower semi
ontinuous envelope g∗ of g.
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It remains to prove the 
laim (39). Sin
e b is bounded,

∣∣Y νn
tn,xn,yn

(T )
∣∣ ≤ |yn|+ (T − tn)||b||∞ +

∣∣∣∣
∫ T

tn

a(u,Zνn
tn,xn,yn

(u), νn(u))
∗dW (u)

∣∣∣∣

≤ |v(tn, xn)|+ T ||b||∞ +

∣∣∣∣
∫ T

tn

a(u,Zνn
tn,xn,yn

(u), νn(u))
∗dW (u)

∣∣∣∣ .

Now observe that

lim sup
n→∞

v(tn, xn) ≤ lim sup
n→∞

v∗(tn, xn) ≤ G(x)

and

lim inf
n→∞

v(tn, xn) ≥ lim inf
n→∞

v∗(tn, xn) ≤ G(x).

This proves that the sequen
e v(tn, xn) is bounded. In order to 
omplete the proof, it su�
es to

show that the sequen
e

Un :=

∫ T

tn

a(u,Zνn
tn,xn,yn

(u), νn(u))
∗dW (u), n ≥ 0

is uniformly integrable, Sin
e a is bounded,

sup
n≥0

E[U2
n] ≤ sup

n≥0
(T − tn)||a

∗a||∞ ≤ T ||a∗a||∞.

Hen
e {Un, n ≥ 0} is bounded in L2, and, therefore, it is uniformly integrable.

Next, we will show that G is a vis
osity supersolution of H = 0, where H is as in (29):

Lemma 34. Suppose that G(x) is �nite for every x ∈ IRd. Then G is a vis
osity supersolution of

H(T, x,G(x),DG(x)) = 0.

Proof. By de�nition, G is lower semi
ontinuous. Let f be a C2(IRd)−fun
tion satisfying

0 = (G− f)(x0) = min
x∈IRd

(G− f)

at some x0 ∈ IRd. Observe that G ≥ f on IRd.

Step 1. In view of Remark 32, there exists a sequen
e (sn, ξn) 
onverging to (T, x0) su
h that sn < T
and

lim
n→∞

v∗(sn, ξn) = G(x0).

For a positive integer n, 
onsider the auxiliary test fun
tion

ϕn(t, x) := f(x)−
1

2
|x− x0|

2 +
T − t

(T − sn)2
.

Let B := B1(x0) be the unit ball in IRd

entered at x0. Choose (tn, xn) ∈ [sn, T ]×B, whi
h maximizes

the di�eren
e v∗ − ϕn on [sn, T ]×B.

Step 2. We 
laim that, for su�
iently large n, tn < T, and xn 
onverges to x0 : indeed, for
su�
iently large n,

(v∗ − ϕn)(sn, ξn) ≤ −
1

2(T − sn)
.
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On the other hand, for any x ∈ B,

(v∗ − ϕn)(T, x) = G(x)− f(x) +
1

2
|x− x0|

2 ≥ G(x)− f(x) ≥ 0.

Comparing the two inequalities leads us to 
on
lude that tn < T for large n. Suppose that, on a

subsequen
e, xn 
onverges to x∗. Sin
e tn ≥ sn and (tn, xn) minimizes the di�eren
e (v∗ − ϕ),

(G− f)(x∗)− (G− f)(x0)

≤ lim inf
n→∞

(v∗ − ϕn)(tn, xn)− (v∗ − ϕn)(sn, ξn)−
1

2
|xn − x0|

2

≤ lim sup
n→∞

(v∗ − ϕn)(tn, xn)− (v∗ − ϕn)(sn, ξn)−
1

2
|xn − x0|

2

≤ −
1

2
|x∗ − x0|

2.

Sin
e x0 minimizes the di�eren
e G− f,

0 ≤ (G− f)(x∗)− (G− f)(x0) ≤ −
1

2
|x∗ − x0|

2.

Hen
e x∗ = x0. The above argument also proves that

0 = lim
n→∞

(v∗ − ϕn)(tn, xn)− (v∗ − ϕn)(sn, ξn)

= −G(x0) + lim
n→∞

v∗(tn, xn) +
(T − sn)− (T − tn)

(T − sn)2

≥ −G(x0) + lim sup
n→∞

v∗(tn, xn).

This proves that lim supn→∞ v∗(tn, xn) ≤ G(x0). Sin
e

lim sup
n→∞

v∗(tn, xn) ≥ lim inf
n→∞

v∗(tn, xn) ≥ G(x0),

by de�nition of G, we obtain that

lim
n→∞

v∗(tn, xn) = G(x0). (40)

This implies that, for all su�
iently large n, (tn, xn) is a lo
al minimizer of the di�eren
e (v∗ −ϕn).
In view of the general theory of vis
osity solutions (see, for instan
e, [FL/SO 93℄), the vis
osity

property of v∗ holds at (tn, xn).

Step 3. We now use the vis
osity property of v∗ in [0, T )× IRd : for every n,

H(tn, xn, v∗(tn, xn),Dϕ(tn, xn) ≥ 0.

Note that Dϕn(tn, xn) = Df(tn, xn) − (xn − x0), and re
all that H is 
ontinuous; see Remark 25.

Sin
e (tn, xn) tends to (T, x0), (40) implies that

H(T, x0, G(x0),Df(x0)) ≥ 0.
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These results imply that G is a vis
osity supersolution of

min {G(x)− g∗(x);H(T, x,G(x),DG(x))} = 0, (41)

proving the �rst part of Theorem 31. The following result 
on
ludes the proof of the theorem,

Lemma 35. Suppose that G(x) and G(x) are �nite for every x ∈ IRd
and that (g∗)

∗ ≥ g. Then G is

a vis
osity subsolution on IRd
of

min {G(x)− g∗(x);H(T, x,G(x),DG(x))} = 0.

Proof. By de�nition, G is upper semi
ontinuous. Let x0 ∈ IRd
and f ∈ C2(IRd) satisfy

0 = (G− f)(x0) = max
x∈IRd

(G− f).

We need to show that, if G(x0) > g∗(x0), then

H(T, x0, G(x0),DG(x0)) ≤ 0. (42)

So we assume that

G(x0) > g∗(x0). (43)

For a positive integer n, set sn := T − 1
n2 , and 
onsider the auxiliary test fun
tion

ϕn(t, x) := f(x) +
1

2
|x− x0|

2 + n(T − t), (t, x) ∈ [sn, T ]× IRd.

In order to obtain the required result, we will �rst prove that the test fun
tion ϕn does not satisfy

the 
ondition of Lemma 23 on [sn, T ]× BR(x0) for some R > 0, and then we will pass to the limit

as n→ ∞.

Step 1. By de�nition, G ≥ G. From lemma 33, this provides G ≥ g∗ and then G ≥ (g∗)
∗
by

uppersemi
ontinuity of G. Hen
e, by assumption of the lemma,

G ≥ g. (44)

This proves that (v−ϕn)(T, x) = (g− f)(x)− |x− x0|
2/2 ≤ (G− f)(x) ≤ 0 by de�nition of the test

fun
tion f. Then, for all R > 0,
sup

BR(x0)
(v − ϕn)(T, ·) ≤ 0.

Now suppose that there exists a subsequen
e of (ϕn), still denoted by (ϕn), su
h that

lim
n→∞

sup
BR(x0)

(v − ϕn)(T, ·) = 0,

and let us work toward a 
ontradi
tion. For ea
h n, let (xkn)k be a maximizing sequen
e of (v −
ϕn)(T, ·) on BR(x0), i.e.,

lim
n→∞

lim
k→∞

(v − ϕn)(T, x
k
n) = 0.

Then it follows from (44) that (v − ϕn)(T, x
k
n) ≤ −|x− x0|

2/2, whi
h provides

lim
n→∞

lim
k→∞

xkn = x0.
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Therefore,

0 = lim
n→∞

lim
k→∞

(v − ϕn)(T, x
k
n) = lim

n→∞
lim
k→∞

g(xkn)− f(x0)

≤ lim sup
x→x0

g(x) − f(x0) = (g∗ − f)(x0) < (G− f)(x0)

by (43), but this 
annot happen sin
e (G− f)(x0) = 0. The 
onsequen
e of this is

lim sup
n→∞

sup
BR(x0)

(v − ϕn)(T, ·) < 0, for all R > 0. (45)

Step 2. Let (tn, xn) be a maximizing sequen
e of (v∗ − ϕn) on [sn, T ] × ∂BR(x0). Then, sin
e
T − tn ≤ T − sn = n−2,

lim sup
n→∞

sup
[sn,T ]×∂BR(x0)

(v∗ − ϕn) ≤ lim sup
n→∞

(v∗(tn, xn)− f(xn))−
1

2
R2.

Sin
e tn → T and, after passing to a subsequen
e, xn → x∗ for some x∗ ∈ ∂BR(x0), we get

lim sup
n→∞

sup
[sn,T ]×∂BR(x0)

(v∗ − ϕn) ≤ (G− f)(x∗)−
1

2
R2 ≤ −

1

2
R2.

This, together with (45), implies that for all R > 0 there exists n(R) su
h that, for all n > n(R),

max{(v − ϕn) : ∂p((sn, T )×BR(x0))} < 0 = (v∗ − ϕn)(T, x0).

Hen
e, it follows from Lemma 30 that

(sn, T )×BR(x0) is not a subset of M0(ϕn) for all n > n(R). (46)

Step 3. Observe that, for all ν ∈ U and (t, x, y),

−Lνϕn(t, x) = n− Lνf(x)− µ(t, x, ν)∗(x− x0)−
1

2
Tr[σ∗σ](t, x, ν) > b(t, x, y, ν),

provided that n is su�
iently large. Then, for large n,

M0(ϕn) ∩ ((sn, T )×BR(x0))

= {(t, x) ∈ (sn, T )×BR(x0) : H(t, x, ϕn(t, x),Dϕn(t, x)) > 0} .

In view of this, it follows from (46) that there exists a sequen
e (tn, xn) 
onverging to (T, x0) su
h
that

H(tn, xn, ϕn(tn, xn),Dϕn(tn, xn)) ≤ 0.

We now let n tend to in�nity to obtain (42).

5 Hedging with portfolio 
onstraints and large investors

The 
elebrated papers of Bla
k and S
holes [BL/SCH 73℄ and Merton [MERT 73℄ paved the way for

pri
ing options on sto
ks, based on the following prin
iple: In a 
omplete market every 
ontingent


laim 
an be exa
tly repli
ated at the terminal time by investing wisely in the market and starting

with a large enough initial 
apital. Thus, the �fair pri
e" of the 
laim is taken to be the minimal
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su
h 
apital, whi
h 
oin
ides with the expe
tation of the 
laim's dis
ounted value under the unique,

�risk-neutral" equivalent probability measure. The argument that leads to this result, and to the

asso
iated �valuation formulae", is based on the martingale representation and Girsanov theorems

from sto
hasti
 analysis.

The foregoing argument fails, unfortunately, in the presen
e of 
onstraints on portfolio 
hoi
e, e.g.


onstraints on borrowing, on short-selling of sto
ks, even on a

essing 
ertain sto
ks at all, as in

the 
ase of �in
omplete markets". However, in su
h markets it is often the 
ase that, with su�
ient

initial wealth, a hedging agent 
an 
onstru
t a portfolio whi
h respe
ts the 
onstraints and still leads

to a �nal wealth that super-repli
ates -dominates almost surely- the payo� of the 
ontingent 
laim.

The idea of super-repli
ation (or super-hedging) was �rst suggested by El Karoui and Quenez

[EK/QU 95℄, and in this 
ase, there is no risk (for the hedger) asso
iated with the 
ontingent 
laim,

as the super-repli
ating pri
e is the smallest initial 
apital that allows the seller to 
onstru
t a

portfolio whi
h dominates almost surely the payo� at the terminal time.

Another fundamental assumption that it is removed from the usual 
ontinuous-time model of the

sto
k market pri
es is the so-
alled `small' investor assumption: the 
lassi
al Bla
k-S
holes model


onsidered in mathemati
al �nan
e assumes perfe
t elasti
ity for the supply and demand of traded

assets so that orders of arbitrary size do not a�e
t asset pri
es. This assumption is justi�ed as long as

one 
onsiders `small' investors whose trading volume is easily 
overed by market liquidity. However,

if there is a `large' investor in the market, whose orders involve a signi�
ant part of the available

shares, market pri
es will no longer evolve independently of the trading strategies 
hosen by this

investor

Mathemati
ally speaking, under the 
lassi
al small large investor framework the 
oe�
ients of the

pri
e equations are independent of the wealth and portfolio pro
ess of the investor, but here we will


onsider also the 
ase in whi
h the in�uen
e of the investor's �nan
ial behavior is not a priori known

to be irrelevant and the pri
e model is not ne
essarily linear. In other words, the mean rate of return

and volatility 
oe�
ients 
an both be nonlinear in the pri
e pro
ess and also depend on the portfolio

pro
ess ν of the investor.

The �nan
ial market. We will 
onsider a �nan
ial market 
onsisting of

• a non-risky asset (bond) with pri
e pro
ess S0
normalized to the unity, i.e. S0 ≡ 1.

• d risky assets (sto
ks) with positive pri
es Si, i = 1, . . . , d.

The normalization of the non-risky asset to the unity is, as usual, obtained by dis
ounting, i.e. taking

the non-risky asset as a numéraire.

A portfolio strategy is an F−adapted pro
ess ν = {ν(t), t ∈ [0, T ]} with values in a 
losed and


onvex set U ⊂ IRd, whi
h represents the 
onstraints on portfolio 
hoi
e. At ea
h time t ∈ [0, T ],
νi(t) is the fra
tion of wealth invested in the risky asset Si. The set of all portfolio strategies is

denoted by A.

The so-
alled self-�nan
ing 
ondition states that the variation of the wealth pro
ess is only a�e
ted

by the variation of the pri
e pro
ess. So, under this 
ondition, given an initial 
apital ỹ > 0 and a

portfolio strategy ν, the wealth pro
ess Ỹ is de�ned by

dỸ ν
ỹ (t) =

d∑

i=1

Ỹ ν
ỹ (t)ν

i(t)
dSi(t)

Si(t)
, with Ỹ ν

ỹ (0) = ỹ.
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As we 
onsider a �large investor" model for the sto
k pri
es, whi
h are furthermore assumed to be

positive, we will write the sto
ks pri
es in the �exponential" formSi = exp(Xν)i, where (Xν)i is the
i−th 
omponent of the d−dimensional pro
ess Xν

solution of the SDE

dXν(t) = µ(t,Xν(t), ν(t)) dt + σ(t,Xν(t), ν(t))∗ dW (t), Xν(0) = x.

We will also 
onsider the log-wealth pro
ess

Y ν
y (t) := ln Ỹ ν

ỹ (t), with Y ν
y (0) = y := ln ỹ.

Then, a dire
t appli
ation of It�'s lemma provides

dY ν
y (t) = b(t,Xν(t), ν(t)) dt + ν(t)∗σ(t,Xν(t), ν(t)) dW (t),

where

b(t, x, r) = r∗µ(t, x, r) +
1

2
Tr
[
(σ∗σ)(t, x, r) diag[r]

]
−

1

2
|σ(t, x, r)r|2

and diag[r] is the d × d−matrix with diagonal (r1, . . . , rd)∗. Let f : IRd → [0,∞) be a measurable

fun
tion. The super-repli
ation pri
e is then de�ned by

ṽ(0, S(0)) := inf
{
ỹ > 0 : ∃ν ∈ A, Ỹ ν

ỹ (T ) ≥ f(S(T )) P− a.s.
}
.

Here f(S(T )) is a 
ontingent 
laim. The value fun
tion is then the minimal initial 
apital whi
h

allows the seller of the 
ontingent 
laim to fa
e the promised payo� f(S(T )) through some 
lever

portfolio strategy ν ∈ A.

To see that the super-repli
ation problem belongs to the general 
lass of sto
hasti
 target problems

studied in the previous se
tions, we introdu
e

v(t, x) := ln ṽ(t, s) and g(x) := ln f(s),

where s := (ex1 , . . . , exd). Here the s−variable stands for the sto
ks pri
e pro
ess S and x for the

pro
ess Xν . With this 
hange of variable we get

v(0,Xν(0)) := inf
{
y ∈ IR : ∃ν ∈ A, Y ν

y (T ) ≥ g(Xν(T )) P− a.s.
}
.

In the small investor framework, when σ and µ do not depend on the portfolio strategy, the super-

repli
ation problem is usually redu
ed via 
onvex duality to a sto
hasti
 
ontrol problem in standard

form. Indeed, if we de�ne

D :=
{
bounded F− adapted pro
esses with values in Ũ

}
,

and for ea
h ν ∈ D, the equivalent probability measure P
ν
with density

dPν

dP

∣∣∣
F(T )

:= exp

{∫ T

0
[ν(t)− µ̃(t, S(t))]∗ σ̃(t, S(t))−1 dW (t)

−
1

2

∫ T

0

∣∣[ν(t)− µ̃(t, S(t))]∗ σ̃(t, S(t))−1
∣∣2 dt

}

where

µ̃i(t, s) := µi(t, x) +
1

2

d∑

j=1

σij(t, x)
2,

σ̃(t, s) := σ(t, x)
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then, by Girsanov's theorem, the value fun
tion of the super-repli
ation problem 
an be written as

ṽ(0, S(0)) = sup
ν∈D

EP
ν
[
f(S̃ν(T ))e−

∫ T
0

δU (ν(t)) dt
]

where δU is the support fun
tion of U,

S̃ν(0) = Sν(0) and dS̃ν(t) = diag[S̃ν(t)]
(
ν(t) dt+ σ̃

(
t, S̃ν(t)

)
dW (t)

)

(for a proof see e.g. [EK/QU 95℄, [CV/KA 93℄, [FÖ/KR 97℄). From the general theory of sto
hasti


optimal 
ontrol, if ṽ is lo
ally bounded, then ṽ∗ is a vis
osity supersolution of

−
∂u

∂t
(t, s)−

1

2
Tr[diag[s](σ̃∗σ̃)(t, s) diag[s]D2u(t, s)]

− y∗ diag[s]Du(t, s) + δU (y)u(t, s) = 0,
(47)

for all y ∈ Ũ , where σ̃(t, s) = σ(t, ln s1, . . . , ln sd). Using the notation of the previous se
tion, sin
e

Ũ is the 
one generated by Ũ1 = {y ∈ Ũ : |y| = 1}, (47) is equivalent to

min
{
−
∂u

∂t
(t, s)−

1

2
Tr[diag[s](σ̃∗σ̃)(t, s) diag[s]D2u(t, s)] ;

inf
y∈Ũ1

(
δU (y)u(t, s) − y∗ diag[s]Du(t, s)

)}
= 0.

(48)

The analysis developed above 
an also be extended, under mild 
onditions, to the 
ase when the drift


oe�
ient in the dynami
s of S is in�uen
ed by the portfolio ν. Unfortunately, this dual formulation
of the 
onstraints does not extend to the general large investor framework. This is due to the fa
t

that there is no way to get rid of the dependen
e of σ on ν by pro
eeding to some equivalent 
hange of

measure: it is well-known that the measures indu
ed by di�usions with di�erent di�usion 
oe�
ients

are singular.

The methodology developed in Se
tion 3 allows to avoid this step and to obtain the PDE 
hara
-

terization dire
tly from the non
lassi
al formulation of the problem without using 
onvex duality.

Remark 36. Assume that the fun
tion g is bounded. Then the value fun
tion v is bounded. Using

the notation of the previous se
tion, we also have that v∗, v
∗, G and G are bounded fun
tions.

Denote by F and F the fun
tions

F (s) := lim sup
t↑T,s′→s

ṽ(t, s′) and F (s) := lim inf
t↑T,s′→s

ṽ(t, s′)

Applying Theorems 26 and 31, we obtain the following 
hara
terization of the value fun
tion ṽ of

the super-repli
ation problem by a simple 
hange of variable, whi
h is 
learly a generalization of (48)

to the large investor model:

Theorem 37. Let µ and σ be bounded Lips
hitz fun
tions uniformly in the t−variable, and σ > 0.
Suppose further that (g∗)

∗ ≥ g. Then

(i) ṽ is a (dis
ontinuous) vis
osity solution of the se
ond order PDE

min
{
−
∂ṽ

∂t
(t, s)−

1

2
Tr[diag[s](σ̃∗σ̃)(t, s, ν̂0(t, s)) diag[s]D

2ṽ(t, s)] ; χU (ν̂(t, s))
}
= 0

on [0, T ) × [0,∞)d, where

ν̂0(t, s) :=
diag[s]Dṽ(t, s)

ṽ(t, s)
, and σ̃(t, s, ν) := σ(t, ln s1, . . . , ln sd, ν).
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(ii) F is vis
osity supersolution of the �rst order PDE on [0,∞)d

min

{
F (s)− f∗(s); χU

(
diag[s]DF (s)

F (s)

)}
= 0

and F is vis
osity subsolution of the �rst order PDE on [0,∞)d

min

{
F (s)− f∗(s); χU

(
diag[s]DF (s)

F (s)

)}
= 0.

5.1 The 
ase U = [−l, u] with l, u ≥ 0 : 
onstraints on borrowing and short-selling

As an example, we 
on
lude this se
tion by 
onsidering the spe
ial 
ase d = 1 (only one sto
k) and

U = [−l, u] where l, u ≥ 0 and l + u > 0. Then the agent has to adhere to the following 
onstraints

on borrowing and short-selling: the agent 
an not borrow more than u times the agent's 
urrent

wealth, and 
an not short-sell more than −l times the the agent's 
urrent wealth.

For simpli
ity, to avoid the 
hange of variable s = ex, we will assume that the payo� fun
tion f,
and 
onsequently the value fun
tion ṽ, depend dire
tly on the Xν−pro
ess (and not on the sto
k

pri
e S), that is, the value fun
tion of the super-repli
ation problem is given by

ṽ(0,X(0)) := inf
{
ỹ > 0 : ∃ν ∈ A, Ỹ ν

ỹ (T ) ≥ f(Xν(T )) P− a.s.
}
.

Let us introdu
e the support fun
tion of the interval [−1
l
, 1
u
] :

h(p) :=
1

u
p+ +

1

l
p−,

with the 
onvention 1/0 = +∞, and the usual notation p+ := p ∨ 0 and p− := (−p)+. Observe that
h is a mapping from IR into IR ∪∞.

Sin
e for every ϕ ∈ C1(IR), (ϕ′/ϕ)(x) ∈ [−l, u] i� ϕ(x)− h(ϕ′(x)) ≥ 0, for U = [−l, u] the theorem
37 
an be rewritten as

Theorem 38. Let µ and σ be bounded Lips
hitz fun
tions uniformly in the t−variable, and σ > 0.
Suppose further that (g∗)

∗ ≥ g. Then

(i) ṽ is a (dis
ontinuous) vis
osity solution of

min
{
−ṽt(t, x)−

1

2
σ(t, x, ṽx(t, x))ṽxx(t, x) ; ṽ(t, x)− h(ṽx(t, x))

}
= 0

on [0, T ) × IR.

(ii) F is vis
osity supersolution of

min {F (x)− f∗(x); F (x)− h(Fx(x))} = 0

and F is vis
osity subsolution of

min {F (x)− f∗(x); F (x)− h(Fx(x))} = 0
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The rest of this se
tion is devoted to the 
hara
terization of the terminal fun
tions F and F . It is
known that the �rst order variational inequality appearing in part (ii) of the above theorem 
ould fail

to have a unique bounded dis
ontinuous vis
osity solution. However, under the 
ondition (f∗)
∗ ≥ f,

all vis
osity dis
ontinuous bounded solutions have the same lower semi
ontinuous envelope, see e.g.

[BARL 93℄. Therefore, not mu
h 
an be said in the 
ase where the payo� fun
tion f is not 
ontinuous.

The following a 
hara
terization of the terminal 
ondition of the super-repli
ation problem in the


ase of Lips
hitz payo� fun
tion f.

Proposition 39. Let the 
onditions of Theorem 38 hold. Assume, further, that the payo� fun
tion

f is Lips
hitz on IR. Then

F (x) = F (x) = f̂(x) := sup
y∈IRd

f(x+ y)e−δU (y)

where δU is the support fun
tion of the interval U = [−l, u].

Proof. From Theorem 38, the fun
tions F and F are, respe
tively, upper and lower semi
ontinuous

vis
osity sub- and supersolutions of

min {F (x)− f(x); F (x)− h(Fx(x))} = 0 (49)

on IR. In order to obtain the required result, we prove �rst that f̂ is a (
ontinuous) vis
osity super-

solution of (49) (Step 1). Then we will prove that F ≥ f̂ (Step 2). The proof is then 
on
luded by

means of a 
omparison theorem (Theorem 4.3 in [BARL 94℄, p.93); sin
e f is Lips
hitz, 
onditions

(H1), (H4) and (H11) of this theorem are easily seen to hold. Sin
e F ≥ F by de�nition, the above


laims provide f̂ ≥ F ≥ F ≥ f̂ .

Step 1. Let us prove that f̂ is a 
ontinuous vis
osity supersolution of (49):

(i) f̂ is a Lips
hitz fun
tion. To see this, observe that, sin
e δU is a sublinear fun
tion, it follows

that

ˆ̂
f. Then, sin
e f̂ and δU are nonnegative,

f̂(x+ y)− f̂(x) ≤ f̂(x+ y)(1 − eδU (y)), for all y ∈ IR

≤ f̂(x+ y)δU (y) ≤ ||f ||∞max(u, l)|y|.

(ii) f̂ is a supersolution of (49). To see this, let x0 ∈ R and ϕ ∈ C1(IR) be su
h that

0 = (f̂ − ϕ)(x0) = min(f̂ − ϕ).

Observe that f̂ ≥ ϕ. Sin
e f̂ > 0, we 
an assume without loss of generality that ϕ > 0. By
de�nition, we have f̂(x0) ≥ f(x0).

It remains to prove that (ϕ′/ϕ)(x0) ∈ [−l, u]. Sin
e
ˆ̂
f = f̂ , we have

ϕ(x0) = f̂(x0) ≥ f̂(x0 + h)eδU (y) ≥ ϕ(x0 + h)eδU (y)

for all h ∈ IR. Now let h be an arbitrary positive 
onstant. Then

ϕ(x0 + h)− ϕ(x0)

h
≤ ϕ(x0 + h)

1− euh

h
,

and, by sending h to zero, we get ϕ′(x0) ≤ uϕ(x0). Similarly, by 
onsidering an arbitrary


onstant h ≤ 0, we see that ϕ′(x0) ≥ −lϕ(x0).
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Step 2. We now prove that F ≥ f̂ . From the supersolution property of F, we have that F ≥ f, and
for all y ∈ IR, F is vis
osity supersolution of

δU (y)F (x) − yFx(x) = 0.

By an easy 
hange of variable, we see that G := lnF is vis
osity supersolution of

δU (y)− yGx(x) = 0.

This proves that the fun
tion x −→ δU (y)x − yG(x) is nonde
reasing (see, e.g. [C/P/T 99℄) and

therefore

δU (y)(x+ y)− yG(x+ y) ≥δ(y)x− yG(x), for ally > 0

δU (y)(x+ y)− yG(x+ y) ≥δ(y)x− yG(x), for ally < 0.

Re
alling that F ≥ f, this provides

F (x) ≥ sup
y∈IRd

F (x+ y)e−δU (y) ≥ sup
y∈IRd

f(x+ y)e−δU (y) = f̂(x).

Referen
es

[BARL 93℄ G. Barles. Dis
ontinuous vis
osity solutions of �rst-order Hamilton-Ja
obi equa-

tions: A guided visit, Nonlinear Anal. 20 (1993) 1123-1134.

[BARL 94℄ G. Barles. Solutions de vis
osité des équations de Hamilton-Ja
obi, Math. Appl. 17

(1994) Springer-Verlag, Paris.

[BE/SH 78℄ D.P. Bertsekas, S.E. Shreve. Sto
hasti
 Optimal Control: The Dis
rete Time

Case. Mathemati
s in S
ien
e and Engineering 139 (1978) A
ademi
 Press.

[BELL 57℄ R. Bellman. Dynami
 Programming. (1957) Prin
enton Univ. Press, Prin
enton,

New Jersey.

[BL/SCH 73℄ F. Bla
k, M. S
holes. The pri
ing of options and 
orporate liabilities. J. Politi
al

E
onomy 81 (1973) 637-659.

[B/C/S 98℄ M. Broadie, J. Cvitani¢, H.M. Soner. Optimal repli
ation of 
ontingent 
laims

under portfolio 
onstraints. The Review of Finan
ial Studies 11 (2002) 59-79.

[C/E/L 84℄ M.G. Crandall, L.C. Evans, Ishii, P.L. Lions. Some properties of vis
osity

solutions of Hamilton-Ja
obi Equations. Transa
tions of the Ameri
an Mathemati
al

So
iety 282 (1984) 487-502.

[C/I/L 92℄ M.G. Crandall, H. Ishii, P.L. Lions. User's guide to vis
osity solutions of se
ond

order partial di�erential equations. Bulletin (New Series) of the Ameri
an Mathemat-

i
al So
iety, vol 27, No.1 (1992) 1-67.

[CR/LI 83℄ M.G. Crandall, P.L. Lions. Vis
osity solutions of Hamilton-Ja
obi Equations.

Transa
tions of the Ameri
an Mathemati
al So
iety 277 (1983) 1-42.

34



[CV/KA 93℄ J. Cvitani¢, I. Karatzas. Hedging 
ontingent 
laims with 
onstrained portfolios.

Ann. Appl. Probab., 3, (1993) 652-681.

[C/K/S 98℄ J. Cvitani¢, I. Karatzas, H.M. Soner Ba
kward SDE's with 
onstraints on the

gains pro
ess. Ann. Appl. Probab., 26, (1998) 1522-1551.

[C/P/T 99℄ J. Cvitani¢, H. Pham, N. Touzi. Super-repli
ation in sto
hasti
 volatility models

under portfolio 
onstraints. J. Appl. Probab., 36, (1999) 523-545.

[DOOB 94℄ J.L. Doob. Measure Theory. (1994) Springer-verlag.

[EK/QU 95℄ N. El Karoui, M.-C. Quenez Dynami
 programming and pri
ing of 
ontigent


laims in a in
omplete market. SIAM J. Control Optim., 33 (1995) 29-66.

[FL/SO 93℄ W.H. Fleming, H.M. Soner. Controlled Markov Pro
esses and Vis
osity Solutions

(1993) Springer-Verlag, Berlin.

[FÖ/KR 97℄ H. Föllmer, D. Kramkov. Optional de
omposition under 
onstraints. Probab. The-

ory and Related Fields, 109, (1997) 1-25.

[GI/SK 72℄ I.I Gihman, A.V. Skorohod. Sto
hasti
 Di�erential Equations (1972) Springer-

Verlag, New York, Heidelberg, Berlin.

[KA/SH 91℄ I. Karatzas, S.E. Shreve. Brownian Motion and Sto
hasti
 Cal
ulus. Graduate

Texts in Mathemati
s, 113 (1991) Springer-Verlag, New York.

[KA/SH 98℄ I. Karatzas, S.E. Shreve.Methods of Mathemati
al Finan
e. Appli
ations of Math-

emati
s 39 (1998) Springer-Verlag, New York.

[LIONS 83℄ P.L.Lions. Generalized solutions of Hamilton-Ja
obi equations (1983) Pitman.

[LIONS1 83℄ P.L. Lions. Optimal 
ontrol of di�usion pro
esses and Hamilton-Ja
obi-Bellman

equations, Part I: The dynami
 programming prin
iple and appli
ations. Comm.

P.D.E. 8 (1983) 1101-1174.

[LIONS2 83℄ P.L. Lions. Optimal 
ontrol of di�usion pro
esses and Hamilton-Ja
obi-Bellman

equations, Part II: Vis
osity solutions and uniqueness. Comm. P.D.E. 8 (1983) 1229-

1276.

[MA/YO 99℄ J. Ma, J. Yong. Forward-Ba
kward sto
hasti
 di�erential equations and their appli-


ations. Le
ture Notes in Mathemati
s, 1702 (1999) Springer-Verlag, New York.

[MERT 73℄ R. Merton. Theory of rational option pri
ing. Bell Journal of E
onomi
s and Man-

agement, 4 (1973) 141-183.

[LIONS 85℄ P.L. Lions. Optimal 
ontrol of di�usion pro
esses and Hamilton-Ja
obi-Bellman

equations, Part III. Nonlinear PDE and Appl., Séminaire du Collège de Fran
e, vol V

(1985) Pitman.

[PARD 98℄ E. Pardoux. Ba
kward sto
hasti
 di�erential equations and vis
osity solutions of

systems of semilinear paraboli
 and ellipti
 PDEs of se
ond order. Sto
hasti
 analysis

and related topi
s VI (The Geilo Workshop, 1996), Editado por: L. De
reusefond,

J. Gjerde, B. Øksendal; A.S. Üstünel. Progr. Probab., vol 42, Birkhäuser Boston,

Boston MA (1998) 79-127.

35



[PA/TA 99℄ E. Pardoux, S. Tang. Forward-ba
kward sto
hasti
 di�erential equations and quasi-

linear PDEs' of se
ond order, Probab. Theory and Related Fields 114 (1999) 123-150.

[ROCK 70℄ R.T. Ro
kafellar. Convex Analysis. (1970) Prin
enton University Press., Prin
en-

ton, NJ.

[SO/TO 02℄ H. M. Soner, N. Touzi. Sto
hasti
 target problems, dynami
 programming and

vis
osity solutions. SIAM J. Control Optim., Vol 41, No. 2 (2002) pp. 404-424.

[SO/TO2 02℄ H. M. Soner, N. Touzi. Dynami
 programming for sto
hsati
 target problems and

geometri
 �ows, J. Eur. Math. So
. 4, No. 2 (2002) 201-236.

36


	Portada 170
	Serrano_doc2 (2)
	Introduction
	Stochastic target problems
	Dynamic programming principle for stochastic target problems
	Dynamic programming PDE and viscosity solution property
	Hedging with portfolio constraints and large investors
	References


