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Abstract. The paper concerns a piecewise linear process controlled by the set of
velocities {¢, }n>0 consecutively switched after exponentially distributed, Exp(A,,),
n > 0, time intervals. The distribution of such process is studied in detail, including
the distribution of the first passage time through the constant boundary.

The processes which moves by alternating patterns and with a double jump
component are also studied.

1. Introduction

A class of random processes with excitation at random times is studied for a
long time in various aspects. The main example of the process of that manner
of modeling is the telegraph process. On the physical parlance such process is
also called “steady-state random walks”. The telegraph processes describing non-
interacting particles, which move with finite constant velocities switchable over an
exponentially distributed random time intervals have been studied by many authors
beginning with Taylor (1922).

This model with the alternating velocities +c has been later developed by Gold-
stein (1951) in connection with hyperbolic partial differential equations. In 1956
Mark Kac began to study the telegraph model in detail, see Kac (1974). The distri-
bution density p = p(x,t) of the particles’ positions follows the telegraph (damped
wave) equation
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where A is the switching intensity.

Afterwards, the telegraph process has been studied in great detail with many

generalisations. In particular, the motions with the velocities alternating in gamma-
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or Erlang-distributed random intervals have been studied many times, see e. g.
Di Crescenzo (2001); Zacks (2004); Di Crescenzo and Martinucci (2010). Motions
characterised by more then two possible deterministic velocities (Orsingher and
Bassan, 1992; Kolesnik, 1998; Samoilenko, 2002) or random velocities (Stadje and
Zacks, 2004; Lopez and Ratanov, 2012) have been also considered.

Here we present the similar processes L = L(t), ¢ > 0, with the sequential
velocities, {¢,}n>0, switched by the successive intensities {A,}n>0. The model
is based on piecewise-deterministic Markov processes which originally have been
designed for queueing theory, see Gnedenko and Kovalenko (1968). These models
are used in various fields, see Costa and Davis (1989); Davis (1984); de Saporta and
Dufour (2012). Instead of PDE (1.1), by conditioning on the first switching one can
easily get integral equations for distributions of these processes, see equations (2.10)
and (3.13). However, a detailed analysis of the distributions of these processes still
was not done.

These processes can be considered as an example of self-exciting Hawkes pro-
cesses well-studied before, beginning with the seminal paper by Hawkes (1971).
Recently the Hawkes processes are intensively applied in finance, see e.g. Em-
brechts et al. (2011). See also an overview by Bacry et al. (2015). In the context of
market model based on Hawkes processes the optimal execution problem is solved
explicitly by Alfonsi and Blanc (2016).

This presentation continues the author’s paper Ratanov (2014), where the ex-
plicit formula for the moment generating function of the piecewise linear process
L(t), t > 0, was given. The distributions of these processes are studied in Section
2, including the distribution of the first passage time T'(x) (for the process with
positive velocities, where the level x is also positive, see Section 2.2). In Section 2.3
we derive explicit formulae for the expectations of L(t) with jumps r,, occurring
after each velocity switching.

Section 3 presents the piecewise linear processes, which are developing in ac-
cordance with alternately changing patterns. These processes are supplied with a
double jump component. First, there is a jump immediately after each velocity
switching (during the current pattern). Second, a jump accompanies the patterns
changing. In the latter case a jump amplitude depends on the number of the ve-
locity switchings during the current pattern. The system of integral equations for
expectations of such process X = X(¢) is obtained. Further, there are described
martingales of this form.

Telegraph-like processes have multiple applications including the applications to
financial market modelling, see Di Mazi et al. (1994), and then, Ratanov (1999);
Di Crescenzo and Pellerey (2002). Nowadays, these applications became the theory
of Markov-modulated market models based on telegraph processes with alternating
velocities, see e. g. Ratanov (2007, 2010); Lopez and Ratanov (2014) (see also the
survey in Kolesnik and Ratanov, 2013).

It has long been clear that for the purpose of financial modelling a simple replace-
ment of a Wiener process on a telegraph usually produces arbitrage opportunities
since the (stochastic) exponential of a telegraph process is not a martingale. To
resolve the problem, one can study the model with jump and/or diffusion compo-
nent, Kolesnik and Ratanov (2013); Ratanov (2010). However, erroneous models
based only on the telegraph process continue to appear in publications, see e.g.
De Gregorio (2016, Section 4).
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A sketch of the financial market model based on the double-jump process with
alternately changing piecewise linear patterns is presented in Section 4. This model
involves switching tendencies (accompanied by jumps of random amplitude) due
to the internal market forces (small investors). Meanwhile, switching between the
patterns is determined by a regulator policy (or an institutional/strategic investor).
It turns out that a certain policy of the strategic investor could provoke arbitrage.

2. Jump-telegraph processes with distinct parameters

We repeatedly use the following notations.

Let ¢ = {cy}n>0 and X = {An}n>0 be two numerical sequences. Assume that all
pairs (cp, An), n > 0, are distinct, i. e., if for I # k, ¢; = ¢, then \; # A\g. The
products

Kn,lc(a X) = H (Cl - Ck)_l X H ()\l - )\k)_l, (21)
0, ¢;=c
k

1=0, ci#ck 1= %
l

n>1, 0<k<n,

are well-defined; oo = 1. If all ¢,, are distinct, ¢; # ¢, for k # n, then we use the
shortened notation,

n

o,k (€) = H (cj —cr)™ n>1,0<k<n. (2.2)
Jj=0, j#k
Note that due to the known Vandermonde properties, for n > 1
il zm

kZ:O/-en,k(c*) o) - T 0<m<n, (2.3)

(if ¢k # cp for k # n), where I1,,(z) = IL,,(2; ) = [[_o(2 + cx). Hence,

n
Zfﬁmk(é’)c’,;”’ =0, 0<m<n-—1
k=0
Moreover,

Y run(@c = (=1)",
k=0

Kuznetsov (2003, p.11), see also Ratanov (2014, Remark 1 and (2.8)-(2.9)).
In what follows we assume > - =0and [] ,-=1if A=9.

2.1. Piecewise linear process. In this paper we study the continuous piecewise linear
process L = L(t), t > 0,
N(t)—1

t
L(t) = / enedu= Y enTo +engy(t —7HNO)
0 n=0
N(t)-1 (2.4)
- Z (en = en())Tn T+ eN (i)t
n=0

which corresponds the position of a particle moving with successive velocities ¢y,
switching after elapsed times 7,,. Here 7™ denotes the switching instants, 7" =
ZZ;; Tk, n > 1, 770 =0, and N = N(t) is the corresponding counting process.
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Let 7(¢;n), n > 0, be the probability mass function, 7(t;n) = P{N(t) = n}.
The expectation of L(t), t > 0, can be expressed by

E[L(t)] = /O Elen(wldu =Y ¢ /0 7(u; n)du, (2.5)

n=0

if the series converges.
Let 7, be independent and exponentially distributed, 7, ~ Exp(A,), Ap > 0,
n > 0.
The probability mass functions 7(¢;n) = P{N(t) = n} satisfy the system,
dr(t;n)
dt
and 7(t;0) = e~ t >0, see Feller (1950).

Random variables 7+, n > 1, are Erlang-distributed. If all X's are distinct,
then the density function ¢, (t) of 77" is given by

= -\, 7(t;n) + Ap_a7m(t;n — 1), t>0; n>1 (2.6)

n—1
en(t) = An Z ’fn—l,k(x)eiAktl{bo}a n =1, (2.7)
k=0

Here A, = H,L_1(O;X) = Z;é M, n>1, Ag =1, and nn_l,k(X) are defined by
(2.2). The usual modifications can be applied if two or more Ay are equal. For
)\ntn—l B )
me )\tl{t>0}, if An = )\, n > 0.
If all \'s are distinct, then by (2.7) the probability mass function of N(¢), t > 0,
is given by

instance, ¢, (t) =

n(t;n) = P{N(t) = n} =P{r 7" >t} —P{rT" > ¢}

- - 2.8
=A, Z Fon k(N)e M n >0, (28)
k=0

with the usual modifications, if some of A\; are equal. Cf. Ratanov (2014, (2.4)).
It’s known that process N is non-explosive, P{lim, ., 77" = oo} = 1, if and
only if

Z)\gl = 00, (2.9)

n>0

see Feller (1950, XVIL.4). Examples of explosive processes can be found e.g. in
Snyder and Miller (1991), see Example 6.3.1 with \,, = (n + 1)2.

Let (cn, An), n > 0, be the sequence of states of the process L = L(t).

We find an explicit formula for the density function p = p(z,t) of L(t) in the
form

p(z,t) = an(z,t), x € (—o0,0), t > 0.
n=0

Here p, (-, t) are the density functions of L(t)1{n()=n}, Which are determined by
the set of n + 1 states {{cx, Ax) | k=0,...,n}.

Note that if there are no switchings, N(t) = 0, L(t) = ¢ot, then the distribution
of L(t)1¢n ()=o) corresponds to Dirac’s é-measure located at cot (with probability
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7(t;0) = e *t) i, e., po(x,t) = e *'§(x — cot). Moreover, functions p,, follow the
set of integral equations, n > 1

t
pr(x,t) = Ao / e UG 1 (z — cou, t — u)du, (2.10)
0

where p,,_1 are determined by the set parameters {(cx, A\r) | k =1,...,n}, begin-
ning with (¢, A1).

The detailed properties and the explicit formulae for the distributions of L(¢),
t > 0, with the states (co, \o) and {(c1, A1), alternating at times 77", n > 0, are
known. The density functions p,,(z,t) of L(t)1{n)=n}, 7 > 1, are given by

ANy [(n—1)/2]
Pulet) = —
o exp(—AoTe — A1(t — 7))
Cop— C1

1{0<T*<t}7

xr — cit cot —x
where 7, = ——, t — 7, =
Cco — C1 Co —C1
state is (cg, Ao). See Kolesnik and Ratanov (2013, Chapter 4), where system (2.10)
is solved for the case of alternating states.

This result can be also obtained by using the moment generating functions
QZJn(Z,t) = E{GZL(t)l{N(t):n}}, n > 1.

The explicit formulae for ¢, see in Lépez and Ratanov (2014, Theorem 2.1).

In this paper we study the distribution of L(t), when all states {¢,, An), n > 0,
are distinct. By Ratanov (2014, Theorem 3.1) in this case the moment generating
functions are

, [-] denotes the integer part and the initial

n
Un(z,t) = E{e* X D1 n(ny } = An Z Fon e (N)e M n>1. (2.11)
k=0
Here the linear functions A, = 5\~k (2) = A —cpz, 0 <k < n, are distinct, and [2] is
sufficiently small, such that all Ax(z) remain to be positive, \p(z) >0, 0 < k < n.
The latter means that
if ¢ > 0, then z < A\g/cx; if g <0, then z > A\g/ck,, 0<k<n. (%)

If some of states are equal, formula (2.11) can be modified.
It is easy to see that

n

rnsN) = [T Oy =M —z2(e; =) = rusn@X) - [] Gis—2)7"

J=0, j#k I
. ‘ A=A
where k, 1(C,A) are defined by (2.1) and b; = , if ¢; # cx. Hence, by
Cj — Ck
(2.11)
eZth

Yn(2,t) = Ap D K k(8 X)e ™M x (2.12)
k=0

H?:O, cj#Ck (bjak - Z)

for z satisfying condition (*). The distribution of L(¢) can be obtained by in-
verse Laplace transformation of (2.12), i. e., one can find the density function p,
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satisfying the equation
oo
/ e“pp(z, t)dx = P, (2, 1).
—00
Throughout the paper we will use the notations:
AkCj — Ajck T — ¢t

Bk = =bjkck + A = oo and 7k = Tik(2,t) = P (2.13)

cj #ck, Ji k>0,
Notice that b; = by j, Bjr = Bij, Tj5(x,t) + 15 ;(x,t) =t and
NiTjk(2, ) + AT (2, t) = bj gz + Byt = bj p(x — cxt) + Ait, (2.14)
¢ # ¢k, J, k> 0.
We will consider two cases:

Al: all bj;, are distinct, if they are defined:

bik # bjx (foralll # j, ¢ # cx, ¢; # cx);
B1: all b, are identical, b, = 3, 0 < j, k < n (for ¢; # cx).

By applying (2.3) one can notice that in case Al the moment generating function
Y, (2.12), becomes

n e n . eZCkt
Un(2,8) = An Y kn k(@ X)e M x Y- K:mj(bk)m. (2.15)

— . Js

k=0 C;;(C)k.

Here nn,j(gk) is defined similarly to (2.2),

Iin’j(l_)'k) = H (bl,k - bj’k)_l. (216)

Note that in case B1 functions
ATik(x,t) + ApTe i (z,8) = Mt + Bz — ext), j€{0,...,n},
do not depend on j, see (2.14). Moreover, in this case by (2.12) 1, (z,t) becomes
erext
(B—z)m
The following theorem proposes some explicit formulae for the density functions
Pn = pn(z,t) of L(t)1{n@#)=n}, t >0, n > 1.

Un(2,t) = Ap > K i (E, X)e M x (2.17)
k=0

Theorem 2.1. e In case Al:
Po(@,t) = An Y et () k(8 N)im i (Or) - exp(=Aj7 k(2. t) — MeTh j (2, 1))
by

(2.18)
e In case Bl:

pn(z,t) = Ay Z Gert.8(x)kn (G X) - (x—mic:ct)m exp(—Apt — Bz —cit)). (2.19)
k=0

Here for each k, k € {0,...,n}, we denote by m = my, the number of j,
j €{0,...,n}, such that c¢; # cy.
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Function ¢q(x) is defined in Appendiz,

1{z>a}a Zf b> 0,

¢a7b(l‘) - { _1{x<a}a if b<O.

Proof: In cases Al and B1 we apply the inverse Laplace transform to functions
(-, t), defined by (2.15) and (2.17) respectively. Formulae (2.18)-(2.19) follow by
Proposition 1 of Appendix.

If all b; 5, are distinct, then by (2.15) and formula (1) of Appendix we obtain

pn(x,t) = Ay Z Kok (€, X)e_’\"'tqbckty bk (x)mnj(gk) exp (—=bjx(x —cpt)). (2.20)
oo
Moreover, b; k(2 — cit) + At = bj px + Bj xt = NjTjn(x, t) + At (2, ).
Similarly, (2.19) follows from (2.17) and formula (1) of Appendix. O

Remark 2.2. In a situation comprised between the extreme cases Al and B1 similar
formulae can also be obtained. This is the usual modifications based on partial
fraction decomposition of v,, which can be applied if some (not all) of b, are
equal.

Remark 2.3. By definition (2.4) after n steps the support of random variable L(t)
is compact. If N(t) = n, then

L(t) € [ant, Ant], Vi, >0, n>1.
Here a,, = orgr}clgn{ck}’ A, = m]?é(n{ck}_

< 0<k<
By using representation (2.18) one can also show

P{L(t) € [ant, Ant] | N(t) =n} =1, t>0, n>1, (2.21)
(in the case of distinct b; x). Indeed, it is easy to see that
Kok (€ X) i, (i) + K (6 Nk (by) =0, G,k €40,....n}, j £k, n>1

Therefore, (2.18) can be transformed to
n
pu(z,t) = Ay Z |’§n7k(a /\)"fn,j(bk)|€j7k(xat)’
k<. ey e

where

6j7k(56, t)= Ck.j (z,1) = exp(i/\jTj,k(xa t) — AkTk j (z, t))]-{x is between c¢;t and cpt}+
This gives (2.21).

Further, by the definition we have

/00 pn(x,t)de = w(t;n) = P{N(t) = n}, n>1.

— 00
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This also follows by integrating in (2.18) and (2.19). Indeed, if all b; s, are distinct,
by (2.20) and (2.3) (with by, instead of &) one can obtain

n

oo
/ pu(m )z =An S Ml (@ N (Be)b L
- k,j=0, c;#ck
n n n
=0 Y e M @X) | T bl = An D Enk(X)e
k=0 7=0, ijﬁck k=0

oat

08|

034 7

. /
ozl \
\ \

i} / \ \\\

FIGURE 2.1. Density functions p(z, t) with ¢, = 1+(=1)"In(n+1)
and A\, =2 and t =1, 2, 3 (from left to right).

Figure 2.1 displays the density functions in the case of slowly accelerating move-
ment with reversals, ¢, = (—1)"In(n + 1) (the switching intensity is constant).
Next, we present some other examples.

Example 2.4. Consider an accelerating movement with linearly increasing velocities

and switching intensities.
Let ¢, =e¢(n+1) and A, = A(n+1), n > 0.
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Density functions : example 2.1
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FIGURE 2.2. Density functions p(z,t) with ¢, = n + 1 and A, =
n+1and ¢t =1, 1.5, 2 (from left to right).

—1)k
In this case bjx = Ac, Bjr =0, k,%(6) = m, A, = A"n! and by
(2.19)
n,—Az/c . <_1)k(x_ckt)n_1
pn(x,t) =n(N/c)"e Z F(n — k)l Tasent) n>1.
k=0

Therefore, the absolutely continuous part of the distribution of L(t) can be simpli-
fied by

> e e (DR (= ept)nt
len(xat) =€ Az/ ZTL()\/C) ( )k'((n — ]:JC)') 1{x>ckt}

n=1 k=0
Z n

N A Mk z,t "
= Ze M eyt 7o WCE:( ku) (2, 1) 1{z>ckt}z(”+k)(n—')’
1 n=0 '

th)n—l

>\ (oo}
_ 2=t —Az/c
= Ce 1{w>ct}+e ; ]g

where i (z,t) = AMa — cxt)/c.
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By summing up in the latter series one can obtain the density function p = p(z, t)
of L(t),

) = e {3 — ety + 2 30 CL MmO

k=0

(k + TIk(iF: t)) ekAtl{w>th}] .

(2.22)

Notice that for fixed « and ¢ the sum in (2.22) is of finite number of terms. Figure

2.2 shows the absolutely continuous part of the density function p(z,t) defined by
(2.22).

Ezxample 2.5. Consider an accelerating movement with linearly increasing velocities
and constant intensities.

- Density functions : example 2.2

(50
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oz} \ -
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oAt

FIGURE 2.3. Density functions p(z,t) with ¢, =n+1and A, =1
and t =1, 1.5, 2 (from left to right).

Let ¢, = ¢(1 +n), ¢ >0, and A\, = A, n > 0. In this case the density function
p=np(x,t)=> " pa(x,t) of L(t), t >0, can be simplified up to

p(z,t) = e M |§(x — cot)
(2.23)

Ao (SD)kagy (e, 1) B0
ZZ X I (2 nk(x,t)> Lioseut |
k=0 ’

where I, = I,(2) = Y7, %, v > 0; I_; = I are modified Bessel func-

tions; nx(x,t), k > 0, are defined in Example 2.4.
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Indeed, by (2.19) the functions p,, n > 1, become

A" aix~ (DM — o)t
pn(xvt) = (TL— 1)'(3 A ];) k'(n— ]:)’ 1{I>th}'

Therefore,
o0
= Z pn(a?, t)
n=0

i ey 4 5 M (Ve

(n — 1! Hn—k)  levat

=0 (2.24)

n

— )
— At S C) n—1
[(5 x — cot) + z:: 1)'n' —ct)"  Lpsen

+ I; (716' 1{;E>Ck:t} Z n(m_ 1 th ) (/\/C)

which by definition of I,, gives (2.23).
Notice that for fixed  and ¢ the sum in (2.23) is of finite number of terms. Figure

2.3 represents the absolutely continuous part of the density functions expressed by
(2.24).

Ezample 2.6. Let L = L(t) be a process with alternating velocities ¢a, = ¢, copt1 =
—v, n > 0, and with switching intensities, Ao, = A1 + n), Aopt1 = u(l + n),
A, v > 0. This example has been analysed in detail by Di Crescenzo and Martinucci
(2010).
Formulae (2.18) enable to repeat their result and, moreover, solve the unsolved
PDEs, written at the beginning of Section 3 in Di Crescenzo and Martinucci (2010).
One can see that in this case the coefficients in (2.18) are given by

A2n :/\nﬂn(n!)Zv A2n+1 = )\n+1lunn!(n + 1)'
T+ vt ct—w
Tok,2j+1 =t o’ Toj41,2k = — Tok2j41 = ot o’
b A4 —p(l k)
25,2k+1 = s )
b AR ()
2j+1,2k — c+uv )
wan,2e(8 X) =(=1)"* (e + ) AT R = R (2.25)
Ko 2k+1 (6 X) =(=1)*(c+v) " T R (n — k= 1)1
Kant1,.20(6 X) =(=1)" (e + v) "IN kI (n — )Y,
Kant1.2641(G ) =(—1)F(c+0) " [kl (n — k)17,
Kan,2j+1(bor) =(—=1)" 7 (e +v)" LT Gl (n - j - 1) 7!
"f2n+1,2j+1(_‘2k) Z( 1)” ](C + U)n/fn[j!(n - j)!]il,
K2n,2j<_‘2k+1) 2%2n+1,2j(52k+1) = (=17 (c+ )" A" [l n - )],

for n,k,j € {0,...,n}.
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By summing up in (2.18) with (2.25) we get, for —vt < z < ct
pon(x,t) = ﬂe_/\T*_“(t—T*)(l —e M) (1 — el > 10 (2.26)

c+v
DA
Pont1(z,t) = %e_’\“_“(tﬂ'*)(l — A1 — MY >0, (2.27)
c+wv
Here 7. = x +Ut.
c+v

Furthermore, functions ps, = fn(z,t | ¢) and pap+1 = by(z,t | ¢) defined by
(2.26)-(2.27) solve PDEs of Di Crescenzo and Martinucci (2010, p.88). Functions
falx,t | —v) and b, (z,t | —v) can be written similarly.

Formulae Di Crescenzo and Martinucci (2010, (3.5)-(3.6)) for the density func-
tions f(z,t | ¢) = Y00 pon(x,t) and bz, t | ¢) = Y07 pan+1(z,t) easily follow
from (2.26) and (2.27). Multiple plots depicting the density functions p = p(-,t)
with different A, u and t are as well presented by Di Crescenzo and Martinucci
(2010).

Density functions : example 2.4

12} \

os | ’l/' \‘:‘X

06k \"5

7\
14 )

FIGURE 2.4. Density functions p(x,t) with ¢, = (—2/3)" and
Ap =3 and t =1, 2, 3 (from top to bottom).

plx 1)

Ezample 2.7. Consider the fading case, ¢, = (—a)”, 0 < a < 1, and A\, = A,
A >0, n>0.By (2.19) we have

P -t "

pr(x,t) = (n%l)! I;)/ink(é’)(x —cpt)" 1 {x > et} n > 1. (2.28)
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In this case by “three-series theorem” L(t) converges a. s., as t — oco. The distri-
bution of L(oo) is given by

P{L(c0) < x} = /OOO {1 —F <y_x>} dF(y),

a
where
o0 2 o0
F(x) = [1 —s! Z(—l)”Ane_)‘m/a n] 1501, s = Z(—l)”An_
n=0 n=0
an(n+1) )
Here A,, = cf Samoilenko (2002).

(1 — a2)n(nt1)/2
Figure 2.4 displays the absolutely continuous part of the density functions of the
fading movement, defined by (2.28).

2.2. First passage time. Let x, x > 0, and T = T'(x) be the first passage time
T(z) =inf{t >0 | L(t) = z}. (2.29)
In the case of alternating parameters, ¢, € {co,c1}, A\n € {Xo, M}, o >0 >
¢1, the distribution of T'(x) is well-studied. See Foong (1992), Foong and Kanno
(1994), Orsingher (1995) and Pinsky (1991) for symmetric processes, (A\g = A1
and ¢y = —¢1), Stadje and Zacks (2004) and Lopez and Ratanov (2014, Theorem
3.1) in the asymmetric case. The case of alternating velocities ¢, —v with linearly
increasing reversal rates is studied by Di Crescenzo and Martinucci (2010).
Here we study the distribution of T'(z) assuming all velocities ¢, to be positive.
Under the non explosion condition, see (2.9),
o0
Y =, (2.30)
n=0 )\n
we have T'(x) < 00, a.s. Notice that ¢, 7, is exponentially distributed, Exp(\,,/cy),
n > 0.
The distribution of T'(x) possesses an atom at x/cg,
P{T(z) = x/co} = e o=/,
We compute the absolutely continuous part of the distribution in the following two
cases:
A2: all B;, are distinct, if they are defined:
By # By (forall I # j, ¢ # ck, ¢ # ci);
B2: all Bj, are identical, B = B, 0 < j,k <n (for ¢; # cx).
Here Bj . are defined by (2.13).
It is easy to see, that in the case B2 all b; ;. are also equal: b, = .
Let gn(t;z) be the density function of the random variable T'(2)1{n(7(x))=n}
n>1.

Theorem 2.8. Let ¢, > 0 Vn, and condition (2.30) be hold. The density functions
gn(t; ) are given by
e in case A2:

gn(t;x) =—Apc, Z C?ilﬂn,k(a X)Hn,j(_B’k)ei(Bj’ktdkbj’kz)l{ckt>:c}v (231)
&%
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where coefficients mn,j(gk) are defined by (2.16);
e in case B2:

(x —cpt)™ 1

gn(t;z) = _Ancne—(Bt+ﬁr) Z /{n,k(é’, X) (m—1)!

k=0

e t>z)- (2.32)

Here, as in Theorem 2.1, for each k, k € {0,...,n}, we denote by m = my, j
the number of j, j € {0,...,n}, such that ¢; # c.

Proof: Let N(T'(x)) =n, n > 1. Under this condition we have

P < T(@) <7t n>
which is equivalent to
n—1 n—1
Tk <x, enTa >T— Y CrTh, (2.33)
k=0 k=0

where 73, are independent exponentially distributed, 7, ~ Exp(\x), random vari-
ables.
In this case by definition (2.4) we have

n—1

z=L(T(x)) =Y (ck — cn)T + cnT(x).
k=0

This equation gives

n—1 n—1
oy = 2 Dho e 2 SX(L_ Ly
k=0 n ;

C7l C'I’L

where & = cx7i ~ Exp(Ag/ck), k > 0, are independent.
Therefore by (2.33) we have

E |71y (r(a))=n) |

n—1
1 1
=exp{zz/c,}E [exp {—z Z < — ) fk} Lictineg, £n>w—£+»"}] .

C C
k=0 n k

Here €77 = 37070 &
Applying formula Ratanov (2014, (2.5)) for the joint distribution of (&g, ...,&—1)
we obtain

E |71y (r(a))=n)

n—1
1 1 A An N
e L B B D ( ( - ) * <k B >) @
=0 Cn Ck Ck Cn

I, (z)
n—1
= A, O exp{—ay(2)z} / exp {— Z yi (ai(z) — ozn(z))} dg, n>1,
() k=0

(2.34)



Self-exciting piecewise linear processes 459

16

14}

12§ \'

gitx)
(=]
m
- ol
1

08}
04 L
e,
%2r \
0 ] l
0 2 25 3 3a

FIGURE 2.5. Density functions g(¢;x) with ¢, =n+ 1 and A\, =
n+1, n>0,and x =1, 2, 3 (from left to right).

n—1
where Cp, = [] ¢k, an = an(2) =
k=0 Cn

n

z
, 2 < Ap, Vn, and

n—1
I, (x) = {272 (Yo -+ » Yn—1) | y(+’") = Zyz < x} .
i=0

By integrating in (2.34), see Proposition 3 (Appendix), we get

o0 n
| ottt = B [T )] = MGt S mus(@E)e .
k=0

Note that
AkCj — Ajcp ¢ — cg cj — Ck
a; — g = = (—Bji + 2).
CjCk CjCk CjCk
Since
n n n
Fon, e (0) = H (2 = Bjx) ™' x H [(¢j —ex)"tejer] x H (A =) ey
ij;gk ij;gk cj —gk:,Oj?fk
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FIGURE 2.6. Density functions g(¢; z) with ¢, =n+1 and A, =
An+1),n>0, x=1and A=7, 5, 3, 1 (from left to right).

we get

2T (x) . Mp,p—1 > Y\a—AeT/C ez:r/ck
E [e l{N(T(x))zn}] = Ancn Z Cy, ’ Iin’k(c, )\)e k k n .
= 0 (B +2)
Cj];gk

Here and below m = m,,  are defined as above, see Theorem 2.1.
If all B;j, are distinct (case A2), this expression can be simplified as (2.15):

E [T (1 a))=m) |

n n zx/cr
:Ancn I;)C;gn_lﬂnyk(a X)ei)\kﬂ?/ck X ; ﬁan(—B’k)#]Zﬁ_Z).
ciFCk
In case B2 we have
E [T L nry=n) | = Ancn i TNCY I
P AT (=B + z)m

By applying the inverse Laplace transform, formulae (2.31)-(2.32) follow from
Proposition 2 (see Appendix) and from the identity Bj i = —bj xcr+ Ai, Jj # k (see
(2.13)). O
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The absolutely continuous part of the distribution of T'(z) is given by

glt;z) = gn(tiz).

In the case of Example 2.4 the plots of g(t;x) are presented in Fig. 2.5 and Fig.
2.6.

One can easily write the distribution of number of switchings till the first hitting
of level z.

Corollary 2.9. Let x > 0, all ¢, be positive, ¢, >0, n >0, and T = T(x) be the
first crossing time of the level z, (2.29).
o If No/co,A1/c1y. .y An/cn are distinct, then

n—1
P{N(T) = n} = An/Cr Y tin (M) ro/e, (2.35)
k=0
o If \p/ck, =a, ke {0,...,n}, then
P{N(T) = n} = (“Z!)ne*w. (2.36)

Proof: By (2.34) one can get

A —1 A A
T n —Mxz/c j : k n N
HD{N( )7n}7cie )\n /n/ ( )exp ( Yk (C}gC))dy
n nlx k=0 n

Formula (2.35) follows by integrating, see Proposition A3 (Appendix).
If all A\;/cx = a are equal, then

P{N(T) =n} =a"e **V |[II,,(2)],
which gives (2.36). O

2.3. Jumps are added. Let {r,}n,>0 be the set of independent random variables
which are independent of the driving Poisson process N. Let

r(t) = /0 TN (u—)dN (u) = Z Tn, t>0. (2.37)

be the compound Poisson process accompanying L = L(¢): jumps occur at times
of the velocity’s switchings.

Process L(t) +r(t), t > 0, generalises well-known jump-telegraph processes. For
the case of the alternating deterministic parameters ¢, € {co,c1}, ™ € {ho,h1}
process L(t) +r(t), t > 0, is studied by Kolesnik and Ratanov (2013, Chapter 4).

In general, the distribution of [L(t) +7(t)] - 1{n(1)=n} is given by the density
function

net) = | " pule — y. )™ (dy),

which is the convolution of the density p,(z,t) of L(t) (see (2.18)-(2.19)) and the
n-fold convolution of jumps’ distributions ni(dz), 0 < k < n — 1. The density
function ¢=+7(x,t) of L(t) + 7(t), t > 0, is given by

¢L+r(x, t) = e_>‘°t(5(x — cot) + Z Gn(x, 1), (2.38)

n=1
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if the series converges.
Denote by 7, the expected jump amplitude, 7, = ffooo xn,(dz), n > 0, and let

-1
Pn =2 h—oTh, 1 =1
Assume that the series uniformly converges:

a(t) == Z(cn + M)t n) < oo, telo, T, (2.39)
n=0
where 7(t;n) = P{N(t) = n}. Moreover, let
(cn — Anpn)m(t;n) =0, telo, T, (2.40)

as n — o0.

Theorem 2.10. Under conditions (2.39)-(2.40) the expectation of L(t) +r(t), t >
0, is given by

t
E[L(t) + r(t)] = / o(u)du. (2.41)
0
Proof: By definitions (2.4), (2.37) and equations (2.5), (2.6) we have
d
—E[L(t t
SEIL() + (1)
N
=com(t;0) + lim > (cam(t;n) + pu=Anm(t;n) + Ap_17(t;n — 1))
N—o00 ot
N—1
= lim Z (cn + M) m(t;n) + (en — Anpn)7(t; N)] , telo, 1],
N—oc0 o
where the limit is uniform in ¢ € [0, T]. Therefore,
d (o)
—E[L(t) + r(t)] = Z(C" + A7 (tn) = aft). (2.42)
dt o
Equation (2.41) follows from (2.42). O

Corollary 2.11. Let conditions (2.39)-(2.40) hold.
o If all A are distinct, \p, # A\, k # n, then

E[L() +r(6)] = > (e + AaTn)An D n k(MDA (1 — e 1), (2.43)
n=0 k=0

e If A\, =\, n >0, then (by using the incomplete gamma-function )
o0

E[L(t) +r(t)] =Y (ca/A +Ta)y(n+1,At)

=0 (2.44)
o0 o B n ()\t)k :
= (cp/A+T5) |1 —e ] .

Proof: Equations (2.43)-(2.44) follows from (2.41) by integration of a(t). For (2.43)
one can use (2.8), equation (2.44) follows by
o0
_ (A"
at) = Z(cn + /\"T")T exp(—At), t > 0.

n=0
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O

Remark 2.12. Formulae (2.41)-(2.44) seem more simple, than formula Ratanov
(2014, (3.8)), which has been derived by differentiation of the corresponding mo-
ment generating function.

Corollary 2.13. Let
Ccn + AT =0, Vn > 0. (2.45)
The process with jumps, L(t) +r(t), t > 0, is the martingale.
Proof: If (2.45) holds, then (see (2.41) and (2.39)) the expectation is zero,
E[L(t) + r(t)] = 0.

The proof follows from renewal character of the process. [

3. Processes of alternating patterns with a double jump component

Consider the sequence {7}, }m>0 of nonnegative independent random variables
having distributions with the alternating density functions fo(¢) and fi(¢), ¢ > 0.
Consider the flow of time instants 7™ =Ty + ...+ Tp_1, m > 1, TT0 = 0.

Let M = M(t) be the counting process,

M(t) = max{m >0 | TT™ < t}, t>0. (3.1)
The current state €;(t), t > 0, of the model is defined by
1—(—1)M® 1+ (~1)M®
go(t) = %7 e1(t) = %, (3.2)

such that €;(0) =4, i € {0, 1}.

Denote by fém)(t), flm) (t) the conditional density functions of 7™ under the
initial states £(0) = 0 and £(0) = 1 respectively. Functions fi(m), i € {0,1}, are
defined by consecutive convolutions of densities fp and f; (beginning with f;).

If the variables T,, are i.i.d. exponentially distributed, fo(t) = fi(t) =
e_“tl{t>0}, i > 0, the sum T is Erlang-m distributed with the density function

mtm—l

f(m) (t) = he_“t, t>0.

In the case when T, are exponentially distributed and independent (with alter-

nating intensities po and py) the distributions fi(m) (t), t > 0, are also known:

tmfl

5" () =pf™ (m—1) exp(—pot)®([m/2];m; (no — pa)t),
A ) = () (2 (i — o))
(m—1)! Y ’
where ®(+;+; z) is the confluent hypergeometric Kummer function. Here [-] denotes

the integer part and ng,m) is the consecutive product of u; and pi_; beginning
with p;, see Ratanov (2015, Proposition 2.1).

In this section we examine the jump-telegraph process L(t) + r(t), t > 0, which
successively follows two alternating patterns during exponentially distributed time
epochs Ty, i. e., for t € [TT™ TT™ 4+ T,.), m >0,

L(t) = Lin(t),  r(t) =rm(D), (3-3)
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where L, Tm, m > 0, are independent processes, defined by (2.4) and (2.37)
respectively.

More precisely, we consider the sequence 7, ,, m,n > 0, of independent expo-
nentially distributed, Exp(Am.n), Am.n > 0, random variables. Let N, (¢), t > 0,
m > 0, be (independent) Poisson processes, counting the arrivals of 7,,, 1, k > 0,

Ny (t) = max {n | i’l‘m7k < t} . (3.4)

k=0

Consider the continuous,

M(t)—1
L(t)= > Lm(Twm) + Lare(t = THM0), (3.5)
m=0
and compound Poisson,
M(t)—1
r(t) = Z P (Do) + 7T arc) (E — T+’M(t)), (3.6)
m=0
random processes. Here
¢ N (t)—1
Lm(t) = /0 N @AW= Y Conn T + Cm ) (E— TN )
n=0
and
t N (t)—1
rm(t) = / rm,N(u)de(u) = Z Tm,n, t >0,
0 n=0

where ¢, , are constants, and r,, , are independent random variables. The sums
in (3.5) and (3.6) can be considered as compound Poisson processes with Poisson
subordinators studied by Di Crescenzo et al. (2015).

The process performs additional jumps that occur when changing patterns. Sup-
pose that the jump amplitude depends on the number of switchings during the
current pattern. So, the jump process R = R(t) is defined by

M (t)
R(t) =" Ru(Np(Tm)), (3.7)

Here R,,(n) are independent random variables, independent of the counting pro-
cesses N and M.

Assume that the patterns are changing alternately, i. e., for the initial state
i, i € {0,1}, i = €(0), let

Aom.n = )\;, A2mt1n = /\,11_1;
Com,n = c;, Com+t1ln = c,ll_i;

Rom(n) 2 R'(n),  Romsr(n) 2 R (n); (3.8)
Tom,n 2 r;, T2m+1,n 2 r}l_i;

m>0,n>0.
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Here 2 denotes the equality in distribution. The distributions of all processes
depending on the initial state could be expressed in terms of parameters introduced

by (3.8).
X /

\/ T + T2
Vo

FIGURE 3.7. Sample path of X = L(t) 4+ r(t) + R(t).

-+

We study the distribution of the sum
X(t) = L(t) + r(t) + R(t), t>0. (3.9)
Denote by P; and E; the conditional probability and the corresponding condi-
tional expectation, if the initial pattern is given, ¢ = €(0). The probability mass
functions 7é(t;n) = P{N(t) = n | (0) = i}, t > 0, i € {0,1}, follow equations
(2.6),

&Wi(t' n) = —\om'(t;n) + N _ 7 (tn — 1), i€ {0,1}. (3.10)
By Theorem 2.10 we have
g (t) = (ilE[L( ) +r(t) [ £(0) =] = 2(62 + AT (t ). (3.11)
Let
ai(t) = E[RY(N(t)) | € Z Ri(n)x'(t;n), ie€{0,1},t>0, (3.12)

assuming that the series in (3.11)—(.3.12) converge. Here
rh=E[r],  Ri(n)=E[R'(n)], i€{0,1},
are the expectations of the jump amplitudes.

The (conditional) density functions p* = p;* (z,t;m) of X (t) - L{ar(t)=m} follow
the integral equations

(,;m) / filu [/ pii(e —y —ai(u),t —u;m — l)d)i(y;U)dy] du,
(3.13)
t>0,i€{0,1},m>1,
where ¢ is the density function of Lf(t ) ri(t) defined by (2.38). For m =
the density function is already known, p; (x t;0) = Fi(t)¢'(x,t), where F;(u)

f fi(s)ds are the survival functions of T,
Let

0

M (1) = B, [X(1)] = E[X(¢) | £(0) =4], i€ {0,1}, (3.14)
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be the expectations of X (¢) under the fixed initial state £(0) = 1.
Assume conditions (2.39)-(2.40) to be hold:

> (d+ Nori)mi(tin) <oo £>0, (3.15)
n=0
and
(¢ = Aupi)mi(t;n) =0, >0, (3.16)

as n — oo; 1 € {0,1}.

Theorem 3.1. Functions M;(t), i € {0,1}, satisfy the following integral equations,

93?0(15) = Ao(t) +/0 fo(’u)ml (t — u)du, (317)
My (1) = Ay (t) + /0 )Mot — ), (3.18)

where .
Ay(t) = /O [E(u)ai(u) n fi(u)ai(u)]du, i€ {0,1}. (3.19)

See the definitions of a; and a; in (3.11) and (3.12).
Proof: By conditioning on the first pattern’s switching one can obtain

Mo (1) =Fo(H)E{Lo(t) + rot) | £(0) = 0} (3.20)
+ /O ol [E{Lo(w) + ro(w) + Ro(N(w)) | £(0) = 0} + M (¢ — )| du,
My (1) =FL(E{Lo(t) + ro(t) | £(0) = 1} (3.21)
- /O i) [E{Lo(u) + ro(u) + Ro(N(w)) | £(0) = 1} + Mo(t — u) | du.
Integrating by parts we get
Mo (t) = /O t E(@%EO{LO@ + ro(u) Yu+ /0 (w0 (u)du (3.22)

+/0 Fo(w)My (t — u)du,

My (1) = /0 E(u)%El{Lo(u)—i—ro(u)}du—i— /0 Fr(w)ax (u)du (3.23)

Jr/o f1(w)Mo(t — u)du.

This gives (3.17)-(3.18). O
Theorem 3.2. Let function «; and a; be defined by (3.11)-(3.12).
it
o Leta; #0, ai(t) <0, Vt>0, and
a;(t)

“alt)
JACTEE
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If the alternating distributions of Ty, are defined by the survival functions

Fy(t) = exp (/Ot O‘i(“)du) . t>0, {01}, (3.24)

a;i(u)
then X = X(t) is the martingale.
o Let Ri(n) =0 and ¢! /ri, <0, Vn, i € {0,1}. _ o
If the wvelocity switchings occur with the intensities \l, = —c&,/rk, ¥n,
i €{0,1}, then X = X(t) is the martingale.

Proof: Due to (3.17)-(3.18) the renewal process X is the martingale if and only if
A;(t) =0, i € {0,1}, see (3.19).
If a;(t) #0, t > 0, then A; =0 is equivalent to the set of identities
i(t i(t ,
£i®) :—O‘(), t>0,ie{0,1}.
Fi(t) a;i(t)
By definition we have Fq’@ = —fi(t), F;(0) = 1. Hence (3.24) holds.
If R'(n) = 0 and ¢, /r}, < 0, VYn, then A; = 0, i € {0,1}, is equivalent to
a; =0, i € {0,1}. The latter means that \, = —c¢, /ri i € {0,1}, n > 0. O

Corollary 3.3. Let the elapsed time T, be exponentially distributed with parame-
ters pu°, ut >0, and ¢!, + \irh + p'Ri, =0, i € {0,1}.
Then process X = X (t) is the martingale.

4. Market model

Let process X = X* be defined by (3.9) and the initial state is given, £(0) = i.
Let T,,,, m > 0, be elapsed times having exponential distributions with alternating
parameters o and 1.

Assume that the market follows two possible (alternating) patterns,
(A 12 X0) >0 and {(cl, 7L, AL}, >0, during the consecutive elapsed times T},,. The

price of risky asset is given by stochastic exponential of X, S¢(t) := &(X), t > 0,

‘ N(t) ‘ M(t) ‘
S'(t) = E(X) = Soexp(L(t)) [T (L +71) x [T A+ R (N (Tw))- - (41)
n=0 m=1

The dynamics defined by (4.1) generalises the well-studied jump-telegraph model,
Kolesnik and Ratanov (2013).

Model (4.1) can be interpreted as follows. Between time instants 7™, m > 1,
market operates in the usual way. Further, at random times 77™, m > 1, a strate-
gic investor (or regulator) provokes a price impact (of the amplitude R, (N (Thn)))
accompanying by a pattern’s switching. The amplitudes of jumps are assumed de-
pending on the regulatory policy, as well as from the historical behaviour of the
current pattern. Such behaviour of the strategic investor can be interpreted as a
price manipulation strategy.

Note that if the regulator does not produce jumps of asset price, then the market

able to hedge all risks; if R!, =0 and

m
Nt =0,  n>0,ic{0,1}, (4.2)

then S(t¢) is the martingale, see Theorem 3.2. Hence, the risk-neutral measure
exists.
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In the case when the prices jump on Ri(n) after regulation, where the jump

amplitudes satisfy the inequality
‘Ri(n +c .
pR@m) e 0, n>0,ie{0,1}, (4.3)
T

then the market is still free of arbitrage, see Theorem 3.2, and cf Kolesnik and
Ratanov (2013).

If inequality (4.3) does not hold, then the risk-neutral measures do not exist and
the risk of such behaviour should be considered as an inherent risk.

A certain policy of the strategic investor could trigger the arbitrage.

Appendix

The following easy results are used in the proofs of Theorem 2.1 and Theorem
2.8.

Let functions

eAz

¥n(2) = (B — z)n+1
where A, B are real numbers, be defined in the neighbourhood of 0, |z| < e. Hence,
if B > 0 we assume z < B, and if B < 0, function 1, is considered for z > B.
Proposition 1. The inverse Laplace transform p, = pn(z) of ¥y, defined by

/oo e p,(x)da = ¥, (2), |z| < e,

— 00

n >0,

can be expressed as
(x—A)" oB(A-2)

pn(®) = ¢A,B($)T (1)

Here

1{w>A}7 ZfB > Oa
0a.8(x) = { ~1pcny, fB<O.

Proof: Formula (1) follows from

/ e (x — A)"ePA g =e*n(B—2)™"1, B—2>0, B>0;
A

A
—/ e (x — A)"eBPU=) 4y =" (B — 2)™""!, B-2<0, B<O0;

— 00

for n > 0. [l

Let functions
eAz
Um(2) = W7

be defined for z < —B and A > 0.
Proposition 2. The inverse Laplace transform g, (t), defined by

/ " e g (0)dt = o (2),
0

m > 0,

can be expressed as
(A-t™ o B(

m) t_A)l{t>A}- (2)

gm(t) =
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Proof: The proof is similar to the proof of Proposition Al. It is based on the
equality

7/ (A — 1)meBU=qt = e I(B 4+ 2)"™"!, B+z<0.
A

O
Proposition 3. LetII,(z) := {gj’: (Yo, -y Yn—1) | Z?;OI Yy < :E} C R™ and

g, . . .y are positive and distinct constants. Therefore,
n—1 n
/ eXp (‘ > ok — an)) g =Y hin p(@)e” 4.
I, () k=0 k=0
Proof: See Ratanov (2014, (3.5)). O
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