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1. Introduction

Sums of independent and identically (exponentially) distributed random variables having the Erlang distribution are well
studied. Random motions with constant velocities alternating at Erlang-distributed times have been studied in Di Crescenzo
(2001).

If all terms have different exponential distributions, the distribution is called a generalised Erlang (or hypo-exponential),
and this case is also well known, see e.g. Ross (2007).

However, the case of a sum of the exponentially distributed terms with alternating parameters is not studied. This case
is important for applications, notably for financial modelling, see e.g. Ratanov (2007) and Kolesnik and Ratanov (2013).
The complete and arbitrage-free market models based on the Poisson (Cox) processes with alternating random switching
intensities have been studied by Ratanov (2014). The financial market models based on the telegraph processes with random
jumps (e.g. with the exponentially distributed jumps) have been studied before by Lopez et al. (2012) and Ratanov (2015),
see also Ratanov (2013). Some generalisation of the hypo-exponential distribution recently appears for reliability modelling,
see Saboor et al. (2015).

This paper concerns the two main different cases: the hypo-exponential distribution with the terms of the same sign
and the hypo-exponential distribution with alternating signs of summands. The distributions of terms are assumed to be
alternating. The analysis is based on convolutions of the standard Erlang distributions. These convolutions are expressed
explicitly by the confluent hypergeometric Kummer functions (if the jumps have the same signs) and by the Bessel
polynomials (if the jumps have alternating signs).
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The compound Poisson processes (with Poisson subordinator and with i.i.d. jumps) are recently studied by Di Crescenzo
et al. (2015). The present paper generalises some of the results Di Crescenzo et al. (2015) to the case with alternating
parameters.

Then, we study the marginal distributions of a Markov modulated compound Poisson process with alternating
parameters. The similar problems on the Markov modulated compound Poisson process are studied by Xu et al. (2015) by
applying the double Laplace transform with respect to the level and time of the process. See there some numerical results
and plots of the marginal distributions.

In the present paper we study the distributions of the alternating sums of the exponentially distributed independent
random variables by direct methods. As a by-product we collect some useful explicit formulae.

In Section 2 we get hypo-exponential distributions with alternating parameters. The cases with the same and with
alternating signs are discussed separately. In Sections 3 and 4 we study various forms of compound Poisson processes with
alternating states by applying the results of Section 2.

2. Hypo-exponential distributions with alternating parameters

Let X™, n > 1, be independent random variables, which are distributed with alternating cumulative distribution
functions Go and G;. Consider the jump process

XEW = x® L x@ 4. +X(”), n>1. (2.1)
Assume that X*9 = 0. Note that the cumulative distribution function of the sum X", n > 1, is given by the n-fold
convolution of alternating Gy and G; (beginning with Gy), G,i*’") (%) = Gg * Gk * G * - - - * Gg,, ,, and g,g*’") = g(-; n; Gy,

n
Gy—x) are the corresponding density functions, k € {0, 1}. Here o, x = k, if nis odd, and o, , = 1 — k, if n is even.
By symmetry, g(x; 2n; Go, G1) = g(x; 2n; Gq, Gp).
In this section we provide explicit formulae for the distribution of the jump process X*'™, assuming the alternating
exponential distributions of jumps X ™. Consider first the process with positive jumps.

2.1. Positive exponential jumps

IfX™, n > 1, are identically and exponentially distributed, Go(x) = G;(x) = (1 — e”®)1L,~0), the variable X" has
the standard Erlang-n distribution with the density function

n,n—1

fx;n;a) = ;__1Me‘“1g>m. (2.2)

If the alternating exponential distributions Gy and G; are different, Gy # G;, we say, that the distribution of X+™ is the
generalised Erlang (or hypo-exponential) distribution with alternating intensities.

Proposition 2.1. Let jumps X™ be positive and exponentially distributed with the alternating cumulative distribution functions
Go(x) = (1 — exp(—apx))Lx=0y and Gi(x) = (1 —exp(—aix))Lx~0;, do, a1 > 0.
The density functions g(-; n; Go, G1) of XH™ are given by

xnfl
g(x; n; Go, G1) = a(()x,m ao D exp(—apx)® ([n/2]; n; (ap — a1)x) Lixsgp, n > 1. (2.3)
Here
(x.n) ag/za’{/z, if nis even
Gy " =dp-01-0g - ... Ug,q =

aé"+”/2a§"_l)/2, if nis odd,

n

[n/2] is the integer part of n/2 and & (-; -; z) is the confluent hypergeometric Kummer function.

Note that the identity g(x; 2n; Go, G1) = g(x; 2n; Gy, Go) (which is valid by symmetry) follows from (2.3) by formula
(9.212.1), Gradshteyn and Ryzhik (1980). Moreover, by (2.3) with n = 1 we have, see (9.211.2), Gradshteyn and Ryzhik
(1980),

_ Goh —a1x —agx
2(x;2; Go, G1) = g(x; 2; Gy, Go) = ——— (e — e ) 1, ),
ap — aq
which is the well-known two-phase hypo-exponential distribution, see e.g. Ross (2007). If ay = a4, formula (2.3) coincides
with the standard Erlang-n distribution, (2.2).
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Proof. We prove (2.3) with an even number of jumps, in the case of an odd n the proof is similar.
The density function g(-; 2n; G, G1) is represented by convolution of two Erlang-n densities, (2.2),

X
g(x; 2n; Go, G1) = g(x; 2n; Gy, Go) =f fx —y;n; ao)f (v; n; ar)dy
0

_ ad
I CERIE
By applying (3.383.1), Gradshteyn and Ryzhik (1980) we obtain formula (2.3) for the sum with an even number of terms. O

X
e*“O"/ (x —y)"lyrlel@=ayqy - x> 0. (24)
0

Remark 2.1. Let Go(x) = (1 — exp(—aopx))Lx-0y and G1(x) = (1 — exp(—aiX))Lx=0y, do,a; > 0. Note that conditioning
on the first arrival we have

X
g(x; n; Go, Gy) =f ape” “gx —y;n—1;Gy,Go)dy, n>1. (25)
0
The set of the integral equations (2.5) is equivalent to
A ap .
&(&;n; Gy, G) = —8(&;n—1,G1,Gp), n>1, (2.6)
§+ao

where g(§) = fo e 5*g(x)dx is the Laplace transform.
Since X+ = 0, system (2.6) is supplied with the initial equation g(£; 0; Gy, G;) = 1. One can easily obtain the solution
of (2.6):

(x,n)

o
(& + ag)xm’ nz1 (2.7)

By applying the inverse Laplace transform to (2.7) one can get the different proof of (2.3).

g(&;n; Gy, Gy) =

2.2. Exponential jumps with alternating signs
Bearing in mind financial applications assume jumps X™ in (2.1) to be of alternating signs. Let

exp(apx), ifx <0
Go(x) = {l’p o0 G0 = (1 —exp(=a1%) L) (2.8)

be their cumulative distribution functions.
We express the density functions of X+™ by the Bessel polynomial

n—1

n+m-—
z z/2 n>1,
Yn-1@) ZO . /2", n=
(see Krall and Frink (1948)), and its derivative y;,_;(z) = 3 Y n_} G (2/2)™ 1.

Proposition 2.2. The density functions g(x; n; Go, G1) are given by

g(x; 2n; Go, G1) = hy(X)yn—1(a(x)), (2.9)
Yo @) + (—)yn @), x>0,
gx;2n+1; Gy, Gy) = hy (%) a(x) (2.10)
0+ ! (1+ ()>Yn 1(a(x))+—yn (@), x<0,
2 ax)
1+ Yn—1(a(®)) + —yn (ax), x>0,
20620+ 15 Gy, Go) = ——hy(0) na () w0 | (2.11)
o Va1 @) + =y, @()), x <0,
Nz L Herea(x) = ot () = s B9 gng (x) = {ZJOQ_X* A

Note that the density functions (2.9) with n = 1 correspond to the asymmetric Laplace distribution, Kotz et al. (2001),

g(x;2; Go, Gy) = 0(x), —oo <x < 00. (2.12)

ap + a;



74 N. Ratanov / Statistics and Probability Letters 107 (2015) 71-78

Proof. Similarly to the proof of the previous proposition, see (2.4), we obtain formulae (2.9)-(2.10) by the convolution of
two Erlang distributions. For instance, in the case of even number of jumps,

o0
/ f;n;a))f(x+y;n;apdy,  ifx >0,
g(x; 2m; Go, Gy) = g(x; 2n; Gy, Go) = {0

/ f;n;a)f(=x+y; n; ag)dy, ifx <0,
0

where f is the Erlang density (2.2).
If x > 0, we have
anan o0
g(x; 21; Go, G1) = g(x; 2n; Gy, Go) = WHIX/ (x+y)" "y e Gty
— 1 o

—1
— agaq K2n—la—aix nZ (n—1)! /ooyn+m71e—(a0+a1)xydy
[(n—1)!]? ml(n—m—1!J,

m=0

ala’ Bl 4 m— 1) o
= 7(710—]1)')(2” le Wzim‘(n—m— ])‘[((104—(11))(] m
: m=o0 :

which gives (2.9) (for x > 0). In the case of x < 0 we proceed similarly.
Likewise, we obtain forn > 1

o0
/ fyin+1a0)f(x+y;n;a;)dy,  ifx>0,
gx;2n+1;Go, G) = 170 (2.13)
f f;n;a)f(—x+y;n+1;a0)dy, ifx <0,
0
and
o0
/ Fy:n;a0)f (x+y; n+ 1; a))dy, ifx >0,
gx;2n+1; Gy, Go) = {70 (2.14)
/ f;n+1;a)f(—x+y; n; ap)dy, ifx <O.
0

We complete the proof by applying to formulae (2.13)-(2.14) the manipulations similar to the case of even number of
jumps. O

Remark 2.2. Note, that if the independent jumps X™ are identically distributed with the asymmetric Laplace distribution
(the density functionis g(x) = 2L 9(x), — 0o < x < 00, dg, d; > 0, see (2.12)), then the density functions of X*™ are

ap+aq
given by (2.9).

Example 2.1. Let the independent jumps {X (”)}nzl be exponentially distributed with common parameter, Exp(a), and
N = N(t) be the homogeneous Poisson process with parameter A. Consider the Cramér-Lundberg risk process (the com-
pound Poisson process with drift)

Y(t) = ct — XN,

Let t,, n > 1, be arrival times. The distribution of Y (t,) is given by (2.9) with parameters a and A /c instead of ay and a;.
The similar approach can be applied to a jump-telegraph process driven by N(t), which is supplied with exponential
jumps X™.

3. Compound Poisson processes with alternating states
Leto = o(t) € {0, 1}, t > 0, be a two-state self-exciting right-continuous Markov process independent of {X (”)}nzl
with the alternating intensities Ao, A; > O:
Plo(t +dt) #o(t) | o(t)} = Asdt +o(dt), dt — 0. (3.1)

The time intervals {z™},>; between the consequent switchings of o are independent exponentially distributed random
variables with alternating intensities A¢ and A;. By summing up ™, n > 1, one can obtain the flow of switching instants

-L-(+~,n) = T(]) _|_ T(Z) _|_ e + T(”); ‘[(+’0) = 0 (32)

Let N(t) := max{n : T™™ < t}, t > 0, be the counting process, which can be considered as the Cox process with the
instantaneous random switching intensities A(t) = A5(). Notice that the underlying Markov process o (state variable) is
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given by
o(t)=1—onpk t>0,kel{0,1}.

The distributions of the sums +™, n > 1, defined by (3.2), are given by Proposition 2.1 with Ao, A; instead of ag, a;.
Denote the density function of ™ by fo(t; n) = fo(t; n; Ao, A1), (if T ~ Exp(Xo)). If the initial state is 1, function
fi(t; n) = fi1(t; n; Ao, A1) = fo(t; n; A1, Xg). Functions fi(t; n), k € {0, 1}, n > 1, were obtained in Proposition 2.1, see (2.3).
Let i (t; n) = my(t; n; Ag, A1) :=P{N(t) =n | 0(0) =k}, n > 0, be the probability mass function of N(t).
Conditioning on the first switching of o (¢t) similarly to (2.5) we obtain two systems of integral equations: forn > 1

t
T(t; n) = / e M (t — u; n — 1du, (3.3)
0

t
ftsm) = f At — u; m — T)du (3.4)
0

Egs. (3.3) and (3.4) are supplied with the initial functions:
m(t;0) =P{N(t) =0]0(0) =k} =e ™, t>0, and fi(t;0) =3(t), k € {0, 1},
where § = §(t) is Dirac’s 8-function. By (3.3)-(3.4) we have fi(t; 1) = Are ! = A,m(t; 0) and then,
t;n+1; Ag, A
Tt g, ayy = PERET 2020 g sy ke g0, 1), (35)

)\'UnJrLk

From (2.3) and Eq. (3.5) (with Aq, A; instead of ay, a;) one can obtain

I((x,n) ot n+1
nk(t;n):Te K —5 n4+1; Ay —Aipt), t>0,n>1, ke{0,1}. (3.6)

We study the compound Poisson process J (t) with jumps X™ occurring at times ¢+,

J(©) = XHNO, (3.7)

where sums X" are defined by (2.1).
If the initial state is k = o (0), the distribution function @, (x, t) of J(t) is given by

Dy, 1) =P (1) < x| 0(0) =k} = e M Lpmg) + Y 7t 15 2o, 1)GL" (), (38)

n=1

where i (t; n) is given by (3.6) and G,((*’")

The corresponding density function is

(x) is the alternating n-fold convolution of the distributions of jumps, Section 2.

o0
Pix, ) = e 8(X) + Y mi(t; 1 Ao, AE (X 15 G, Grp). (3.9)

n=1
In the case of positive exponentially distributed jumps we have

o0
Qe 1) = e () + Al n+ 1 ko, Afe(x: s ag, @), (3.10)
n=1

On+1.k
where fi(t; -; -, -) are given by (2.3).
Formulae (3.8)-(3.10) generalise the results of Di Crescenzo et al. (2015, Section 4).
Let T = T be exponentially distributed, Exp(1), independent of ¢ and X™, n > 1, random variable. Consider the

compound Poisson process J(t) stopped at time T. The density function of the random variable J(T) is given by u@y(x; 1),
where @, (x; (1) = f0°° e My (x, t)dt. The Laplace transform ¢ (x; ) takes the form:

5(x)
M+ Ak

o0
Pl ) = + ) Al mg(x; m; Go, Gy),
n=1

where 7t (u; n) = [~ e " m(t; n)dt. Due to (2.7) and (3.5)

(X) [ee) )\’(x,n)
o . — K c -
Pl ) = = +y° G g m: Go. G, (3.11)

n=1



76 N. Ratanov / Statistics and Probability Letters 107 (2015) 71-78

Remark 3.1. In the case of identical exponential distributions of jumps (Proposition 2.1 with ag = a; = a) formula (3.11)

anxn—l

can be obtained in the simple closed form. In this case g(x; n; Go, G1) = f(x; n; a) = D

distribution. We have
S(x) e (a)" Ao
ptr x A (=D (A Ao

Or(x; p) = Lix=0)

and after easy algebra we obtain the densities of the random variable J(T),

wPo(x; ) = " J’: o [8(x) + aBo exp(—ax) (Bo cosh(BoB1ax) + B sinh(BoB1ax))],
wP(x; ) = " j: . [8(x) + aB1 exp(—ax) (B1 cosh(BoB1ax) + Bo sinh(BpB1ax))],
1
where

fo= |20 p= |
TV T T a e

4. Markov-modulated compound Poisson processes

Let e = g(t), t > 0, be the right-continuous 2-state Markov chain with the infinitesimal generator

= <—M0 Mo )
1531 —H1

Denote by ¢; the process ¢ = ¢(t), t > 0, under the given initial state i, &;(0) = i.

e~ ®1x-.q) is the standard Erlang

Consider the doubly stochastic counting Poisson process N = N(t) with instantaneous arrival rates, Ay, Ao, A1 > 0,

that are controlled by the underlying process €.

More precisely, in contrast with Section 3, denote by {t*'™},.; the flow of instants with independent interarrival

intervals (™, assuming that when the Markov chain e(t) is in state j, j € {0, 1}, the arrivals occur at rate Aj.
Process N = N(t) = No(t) + N;(t) counts the number of arrivals in [0, t], where Ny (t) and N;(t),

o0 o0
No(t) = Z Lirtrm<t, p(cCHmy=o)s Ni(t) = Z Lirtm <¢, gz Hm)=1}5

n=1 n=1

count separately the arrivals that occur at the states e(t*'™) = 0 and ¢(z‘*'™) = 1.
Define the probability mass function 7 (t; -, -) with i-entry

mi(t; no, 1) = P{No(t) =no, N1(t) =n;1 | e(0) =i}, mno,m =0, i € {0, 1}.
First, note that with np = n; = 0 we have the differential equation
d7 (t; 0,0)
dt
with the initial condition 77 (0; 0, 0) = 1. Here A = diag(1g, A1) and 1 = (1, 1)’. The solution is

= (# — AT (t;0,0)

T (t;0,0) = e ~M1q,
see Fischer and Meier-Hellstern (1993, (22)).
Then, conditioning on the first switching we obtain the set of equations
t
mo(t; 0,ny) = / poe MO0 (¢ — u; 0, ny)du,  ny >0,
0
t
m1(t; ng, 0) = / pae g (6 — s ng, 0)du,  np > 0,
0

and, moreover,

t t
7o (t; ng, 1) 2/ Ao MOy (t — Uy ng — 1, nl)du+f o€ T Ty (¢ — us mg, ny)du,  mg > 1,
0 0

t t
wi(t; ng, ny) = / Aqe MU (b — ;i ng, ny — 1)du +f e MRl (b — s ng, ny)du,  ng > 1.
0 0

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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Egs. (4.3)-(4.6) can be rewritten in the differential form

d7 (t; no, ny)

i = (M — AT (t; 1o, my) + g (t; 1, M), (4.7)

where ?(t; ng, N1) = (Aomo(t; ng — 1, ny), Aqmy(t; ng, ny — 1))/, presuming that g;(t; ng, n;) = 0,if ng < 0 orn; < 0.
Therefore,

t
7 (t:ng, my) = [ =M (u; ng, ny)du. (4.8)
0
Equations in (4.8) can be successively solved, using (4.2).
The solution can be expressed by using the spending time distributions.
Let Z(t) = fot Ligaw=0ydu, i € {0, 1}, be the time spent by &;(-) in (0, t) at the state O starting at the state i. The
distribution of .Z(t) is well-known. The density functions of Z;(t) are given by

Yols, ) = e Ho'S(s — 1) 4 e oSt [Molo(zx/ Hot1S(t —3))

s
+ Vo[ T 511 (2+/ o 1s(t — S))]]l(0§s§t} (4.9)

t

and

t—s
P16, 6) = e118(5) + e 0D 312 lopuns(E = 9) + ol —— 112/ ops(E = 5) [ Lozsq, (4.10)

N

where Iy and I; are the modified Bessel functions (Ratanov, 2010, (2.21)-(2.22)). See also Di Crescenzo and Zacks (2015),
where sojourn times .;(t) have been analysed in detail.

Therefore

r‘0)\"’11 t

7o (t; Mo, Nq) = Me‘“/ ST (t — s)Me” oSy (s t)ds, (4.11)
ng'ng! 0
np 4 N1 t

A

71(t; N, Np) = %ef“f/ s (t — s)Me~*oASy (s t)ds. (4.12)

Ng:Nq: 0

Here vy (s, t) and ¥4 (s, t) are the density functions of % (t) and 7 (t) respectively, see (4.9)-(4.10).
Note that from (4.11)-(4.12) it follows:

t
To(t; 0, 0) = e~ Gotrolt 4 / Yo(s, t)e 059, (4.13)
0

t
71(t; 0, 0) = e~ Grtrot 4 / Ve (s, t)e r0s—A1E=9)gg. (4.14)
0

where v and v/ are the regular parts of 1/ (s, t) and (s, t).

Consider two independent sequences of i.i.d. random variables {Xé")}, {Xf")}, n > 1, with distribution functions Gy and
G respectively. Let JM(t), t > 0, be the compound process summing up the jumps alternatively from the sets {Xé")}nz1 and
Xz,

WX (n)

M n

M) = 1xg(r(ﬂ,)). (4.15)
n=

The distribution of J™ (t) is determined as follows.
Proposition 4.1. Under the given initial state £(0) = i the density function of J (t) is

pi(x, ©) = mi(£;0,008(0 + Y mi(t; ng, m) fo (- mo) = fi(s n) (), i € {0, 1}. (4.16)
ng,n1=0
ng+nq>0

Here fo(-; ng), fi(-; n1) are the density functions of the sums XSJ“"O), X1(+’"‘) respectively, and the probability mass functions
m;(t; ng, ny), ng, ny > 0, are determined by (4.11)-(4.14).
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The distribution of /™ (t) has an atom at 0 of size 7;(t; 0, 0), (4.13)-(4.14), cf. Xu et al. (2015).
If jumps are positive and exponentially distributed (see Proposition 2.1), then fy(-; n) = f(-; n; ax), k € {0, 1}, n > 1,
are the Erlang-n densities, see (2.2). Therefore for ng, n; > 1

x LM0,,n9—1 m -1
a5’y —ay 1 X =) —ar(x—
o5 o) * f1 (5 1)) (1) = /0 o L UL (4.17)
Moreover, fi(x; 0) = 8(x). Hence for ng, n; > 0, ng +n; > 0,
a’ay’ 1
[fo(-s no) xfi(snp] (%) = mxnoJrn]_ e~ ® (ng; np + ny; (a1 — Ap)X) L x>0y, (4.18)
0 1 .

see Gradshteyn and Ryzhik (1980, (3.383.2)).
In the case of the alternating signs of jumps (Proposition 2.2) we have

ni—1

A (o +m — 1)! .
ng n aw(ng — 1)! r;) m!(n; —m — 1)!(ax)m, ifx > 0,
[fo(:; no) * f1(:; n)] (%) = ay’ay'6(x) no—1 (4.19)
|x|mo~1 0 (4 m—1)! .
Z ifx <0,

am(ng — 1)! ml(ng —m — 1)!(ax)™’

m=0

for ng,n; > 1, see Gradshteyn and Ryzhik (1980, (3.381.4)). Moreover, [fo(-; 0) x fi(-; n1)] (x) = f(x;ny;a;) and
[fo(s o) * f1(-; 0)] (%) = f(—x; no; ap).

Egs. (4.16)-(4.19) provide the explicit form of the distribution of the Markov-modulated compound Poisson process.

Remark 4.1. If one of the arrival rates is zero, such that Ay = 0 or A; = 0, then the Markov-modulated Poisson process N
is called the interrupted Poisson process, which is equivalent to a hyper-exponential renewal process, Kuczura (1973) and
Fischer and Meier-Hellstern (1993). In this case the times between switchings are distributed with the density function,

A(t) = pore ™" + (1 —p)oe ™, t>0,

where p = ;;‘;22 and
1
o =3 [)»-Hto‘l'l«h + V(O + po + 111)? —4)»M1],
1
02 =3 [A+Mo+m — VO A o + 1)? —4f\m].
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